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The sixth edition of Business Statistics for Contemporary Decision Making continues the rich
tradition of using clear and complete, student-friendly pedagogy to present and explain
business statistics topics. With the sixth edition, the author and Wiley continue to expand
the vast ancillary resources available through WileyPLUS with which to complement the text
in helping instructors effectively deliver this subject matter and assisting students in their
learning. The resources available to both the instructor and the student through WileyPLUS
have greatly expanded since the fifth edition was launched; and because of this, an effort has
been made in the sixth edition to more fully integrate the text with WileyPLUS.

In the spirit of continuous quality improvement, several changes have been made in
the text to help students construct their knowledge of the big picture of statistics, provide
assistance as needed, and afford more opportunities to practice statistical skills. In the
fifth edition, the 19 chapters were organized into four units to facilitate student under-
standing of the bigger view of statistics. In the sixth edition, these same 19 chapters have
been organized into five units so that chapters could be grouped into smaller clusters. The
nonparametric and the analysis of categorical data chapters have been moved further
toward the back of the text so that the regression chapters can be presented earlier. The
decision trees that were introduced in the fifth edition to provide the student with a taxon-
omy of inferential techniques have been improved and expanded in the sixth edition.
Nonparametric inferential techniques have been separated from other inferential techniques
and given their own decision tree. This has simplified the decision trees for parametric tech-
niques and made the decision trees easier for students to decipher. Further integration of the
text with WileyPLUS is addressed through icons that are used throughout the text to des-
ignate to the reader that a WileyPLUS feature is available for assistance on a particular
topic. The number of databases associated with the text has been expanded from seven to
nine, and one of the fifth edition databases has been replaced, thereby bringing the total of
new databases in the sixth edition to three.

All of the features of the fifth edition have been retained, updated, and changed as
needed to reflect today’s business world in the sixth edition. One Decision Dilemma has
been replaced, and nine new Statistics in Business Today features have been added. In the
sixth edition, as with the fifth edition, there are 17 high-quality video tutorials with the
author explaining key difficult topics and demonstrating how to work problems from chal-
lenging sections of the text.

This edition is written and designed for a two-semester introductory undergraduate
business statistics course or an MBA-level introductory course. In addition, with 19 chapters,
the sixth edition lends itself nicely to adaptation for a one-semester introductory business sta-
tistics course. The text is written with the assumption that the student has a college algebra
mathematical background. No calculus is used in the presentation of material in the text.

An underlying philosophical approach to the text is that every statistical tool presented
in the book has some business application. While the text contains statistical rigor, it is
written so that the student can readily see that the proper application of statistics in the
business world goes hand-in-hand with good decision making. In this edition, statistics are
presented as a means for converting data into useful information that can be used to assist
the business decision maker in making more thoughtful, information-based decisions.
Thus, the text presents business statistics as “value added” tools in the process of convert-
ing data into useful information.

CHANGES FOR THE SIXTH EDITION

Units and Chapters

The fifth edition presented 19 chapters organized into four units. The purpose of the
unit organization was to locate chapters with similar topics together, thereby increasing
the likelihood that students are better able to grasp the bigger picture of statistics. As an

xvii



xviii Preface

example, in the fifth edition, Unit II was about distributions and sampling. In this unit
of four chapters, the students were introduced to eight probability distributions and to
methods of sampling that are used as the basis for techniques presented later in the text.

In the sixth edition, the 18 chapters are organized into five units. The first two units of
the sixth edition are the same as those used in the fifth edition. For several reasons, Unit I1I,
Making Inferences About Population Parameters, which contained six chapters of statisti-
cal techniques for estimating population parameters and testing population parameters in
the fifth edition, has been reduced from six to four chapters in the sixth edition. This makes
Unit III less formidable for students to digest, simplifies tree diagrams, and moves two
chapters that are less likely to be covered in many courses to later in the text. In the sixth
edition, Unit IV, now named Regression Analysis and Forecasting, consists of the same four
chapters as it did in the fifth edition. In addition, these four chapters have been moved up
two chapters in the sixth edition. Thus, the chapter on simple regression analysis, a chap-
ter that is covered in most courses, is now Chapter 12 instead of Chapter 14. This organi-
zation will make it easier for instructors to get to simple regression material without hav-
ing to skip many chapters.

Topical Changes

Sections and topics from the fifth edition remain virtually unchanged in the sixth edition,
with a few exceptions. Correlation analysis has been moved from Section 3.5 in the fifth edi-
tion to Section 12.1 in the sixth edition. With this organization, the student begins the chap-
ter (12) on simple regression analysis by studying scatter plots and correlation. Thus, the stu-
dent is able to see visually what it means for variables to be related and to begin to imagine
what it would be like to fit a line through the data. In addition, students are introduced to the
r statistic as a forerunner of %, and they can see how the five-column analysis used to mechan-
ically solve for ris similar to that used in solving for the equation of the regression line.

In Chapter 2, Charts and Graphs, Section 2.2 of the fifth edition, has been expanded
and reorganized into two sections, Quantitative Data Graphs and Qualitative Data Graphs.
In addition, a treatment of dot plots has been added to Chapter 2 as an additional quanti-
tative data graph. Dot plots are simple to construct and easy to understand and are espe-
cially useful when analyzing small- and medium-size databases. Their importance in visu-
ally depicting business data is growing.

Upon request by text users, presentation of the median of grouped data has been
added to Chapter 3, Descriptive Statistics.

Acceptance sampling, the last section of Chapter 18 of the fifth edition, has been
deleted in the sixth edition. Because acceptance sampling is based on inspection and is gen-
erally only used to accept or reject a batch, it has limited usefulness in the present world of
Six Sigma, lean manufacturing, and quality improvement. In place of acceptance sampling
in the sixth edition, Chapter 18, Statistical Quality Control, additional information on
quality gurus, quality movements, and quality concepts, has been added.

Integration of Text and WileyPLUS

WileyPLUS, with its rich resources, has been a powerful partner to this text in delivering
and facilitating business statistics education for several years. Many instructors have dis-
covered that WileyPLUS can greatly enhance the effectiveness of their business statistics
course, and they use WileyPLUS hand-in-hand with the text. With this in mind, the sixth
edition further integrates the text and WileyPLUS by using icons to represent such
WileyPLUS features as interactive applets, videos by the author, demonstration problems,
Decision Dilemma, Decision Dilemma Solved, flash cards, and databases showing exactly
where each one corresponds to text topics. In this way, students are reminded in the text
when there is a WileyPLUS feature available to augment their learning.

Tree Diagram of Inferential Techniques

To assist the student in sorting out the plethora of confidence intervals and hypothesis test-
ing techniques presented in the text, tree diagrams are presented at the beginning of Unit III
and Chapters 8, 9, 10, and 17. The tree diagram at the beginning of Unit III displays virtually
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all of the inferential techniques presented in Chapters 8—10 so that the student can construct
a view of the “forest for the trees” and determine how each technique plugs into the whole.
Then at the beginning of each of these three chapters, an additional tree diagram is presented
to display the branch of the tree that applies to techniques in that particular chapter. Chapter
17 includes a tree diagram for just the nonparametric statistics presented in that chapter. In
the fifth edition, all of these techniques were shown on one tree diagram; and because it was
determined that this made the diagram less useful and perhaps overwhelming, in the sixth
edition, the nonparametric branches are placed in a separate diagram.

In determining which technique to use, there are several key questions that a student
should consider. Listed here are some of the key questions (displayed in a box in the Unit III
introduction) that delineate what students should ask themselves in determining the
appropriate inferential technique for a particular analysis: Does the problem call for esti-
mation (using a confidence interval) or testing (using a hypothesis test)? How many sam-
ples are being analyzed? Are you analyzing means, proportions, or variances? If means are
being analyzed, is (are) the variance(s) known or not? If means from two samples are being
analyzed, are the samples independent or related? If three or more samples are being ana-
lyzed, are there one or two independent variables and is there a blocking variable?

Decision Dilemma and the Decision
Dilemma Solved

The popular Decision Dilemma feature included in previous editions of the text has been
retained in the sixth edition along with the In Response feature, which has been renamed
as Decision Dilemma Solved. The Decision Dilemmas are real business vignettes that open
each chapter and set the tone for the chapter by presenting a business dilemma and asking
a number of managerial or statistical questions, the solutions to which require the use of
techniques presented in the chapter. The Decision Dilemma Solved feature discusses and
answers the managerial and statistical questions posed in the Decision Dilemma using
techniques from the chapter, thus bringing closure to the chapter. In the sixth edition, all
decision dilemmas have been updated and revised. Solutions given in the Decision
Dilemma Solved features have been revised for new data and for new versions of computer
output. In addition, one new Decision Dilemma has been added in the sixth edition in
Chapter 10. The title of this Decision Dilemma is “Online Shopping,” a current and timely
topic in the business world. In this Decision Dilemma, the results of surveys by the Pew
Internet/American Life Project of 2400 American adults and a Nielsen survey of over
26,000 Internet users across the globe are presented in addition to a Gallup household sur-
vey of 1043 adults and a survey of 7000 people in Europe conducted by the European
Interactive Advertising Association. Some of the findings of these studies include 875 mil-
lion consumers around the world have shopped online, the market for online shopping has
increased by 40% in the past 2 years, and European shoppers spend an average of €750
shopping online over a 6-month period. In the Decision Dilemma, presented at the open-
ing of the chapter, students are asked to consider some managerial and statistical questions
that are later answered in the Decision Dilemma Solved feature at the end of the chapter.
An example of such as question, associated with this new Decision Dilemma is this:

One study reported that the average amount spent by online American shoppers in the
past 30 days is $123 at specialty stores and $121 at department stores. These figures are rela-
tively close to each other and were derived from sample information. Suppose a researcher
wants to test to determine if there is actually any significant difference in the average amount
spent by online American shoppers in the past 30 days at specialty stores vs. department stores.
How does she go about conducting such a test?

Statistics in Business Today

The sixth edition includes one or two Statistics in Business Today features in every chapter.
This feature presents a real-life example of how the statistics presented in that chapter
apply in the business world today. There are nine new Statistics in Business Today features
in the sixth edition, which have been added for timeliness and relevance to today’s students,
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and others have been revised and updated. The nine new Statistics in Business Today
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features are “Cellular Phone Use in Japan,” “Recycling Statistics,” “Business Travel,”
“Newspaper Advertising Reading Habits of Canadians,” “Plastic Bags vs. Bringing Your
Own in Japan,” “Teleworking Facts,” “Sampling Canadian Manufacturers,” “Canadian
Grocery Shopping Statistics,” and “Rising Cost of Healthcare in the U.S.” As an example,
from “Canadian Grocery Shopping Statistics,” Canadians take a mean of 37 stock-up trips
per year, spending an average of 44 minutes in the store. They take a mean of 76 quick
trips per year and average of 18 minutes in the store. On average, Canadians spend four
times more money on a stock-up trip than on a quick trip. Twenty-three percent often buy
items that are not on their list but catch their eye, 28% often go to a store to buy an item
that is on sale, 24% often switch to another check out lane to get out faster, and 45% often
bring their own bag.

New Problems

Every problem in the fifth edition has been examined for timeliness, appropriateness, and
logic before inclusion in the sixth edition. Those that fell short were replaced or rewritten.
While the total number of problems in the text is 950, a concerted effort has been made to
include only problems that make a significant contribution to the learning process. Thirty
new problems have been added to the sixth edition, replacing problems that have become
less effective or relevant. Over one-third of the new problems are in Chapter 3, Descriptive
Statistics, where it is especially important for the student to analyze up-to-date business sit-
uations and data. All other problems in text have been examined for currency, and many
problems have revised with updated data.

All demonstration problems and example problems were thoroughly reviewed and
edited for effectiveness. A demonstration problem is an extra example containing both a
problem and its solution and is used as an additional pedagogical tool to supplement
explanations and examples in the chapters. Virtually all example and demonstration prob-
lems in the sixth edition are business oriented and contain the most current data available.

As with the previous edition, problems are located at the end of most sections in the
chapters. A significant number of additional problems are provided at the end of each
chapter in the Supplementary Problems. The Supplementary Problems are “scrambled”—
problems using the various techniques in the chapter are mixed—so that students can test
themselves on their ability to discriminate and differentiate ideas and concepts.

New Databases

Associated with the sixth edition are nine databases, three of which are new to this edition.
One new database is the 12-year Gasoline database, which includes monthly gasoline
prices, the OPEC spot price each month, monthly U.S. finished motor gasoline production,
and monthly U.S. natural gas well head prices over 12 years. A second new database is
the Consumer Food database, which contains data on annual household income, non-
mortgage household debt, geographic region, and location for 200 households. The third
new database is a U.S. and International Stock Market database with 60 months of actual
stock market data from the Dow Jones Industrial Average, the NASDAQ, Standard and
Poor’s, Japan NIKKEI 225, Hong Kong Hang Seng, United Kingdom FTSE 100, and
Mexico’s IPC. This new International Stock Market database replaced the old Stock Market
database that was in the fifth edition.

VIDEOTAPE TUTORIALS BY KEN BLACK

An exciting feature of the sixth edition package that will impact the effectiveness of student
learning in business statistics and significantly enhance the presentation of course material
is the series of videotape tutorials by Ken Black. With the advent of online business statis-
tics courses, increasingly large class sizes, and the number of commuter students who have
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very limited access to educational resources on business statistics, it is often difficult for
students to get the learning assistance that they need to bridge the gap between theory and
application on their own. There are now 17 videotaped tutorial sessions on key difficult
topics in business statistics delivered by Ken Black and available for all adopters on
WileyPLUS. In addition, these tutorials can easily be uploaded for classroom usage to aug-
ment lectures and enrich classroom presentations. Each session is around 9 minutes in
length. The 17 tutorials are:

Chapter 3: Computing Variance and Standard Deviation

Chapter 3: Understanding and Using the Empirical Rule

Chapter 4: Constructing and Solving Probability Matrices

Chapter 4: Solving Probability Word Problems

Chapter 5: Solving Binomial Distribution Problems, Part I

Chapter 5: Solving Binomial Distribution Problems, Part II

Chapter 6: Solving Problems Using the Normal Curve

Chapter 8: Confidence Intervals
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Chapter 8: Determining Which Inferential Technique to Use, Part I,
Confidence Intervals

10. Chapter 9: Hypothesis Testing Using the z Statistic
11. Chapter 9: Establishing Hypotheses

12. Chapter 9: Understanding p-Values

13. Chapter 9: Type I and Type II Errors

14. Chapter 9: Two-Tailed Tests

15. Chapter 9: Determining Which Inferential Technique to Use, Part II,
Hypothesis Tests

16. Chapter 12: Testing the Regression Model I—Predicted Values, Residuals, and
Sum of Squares of Error

17. Chapter 12: Testing the Regression Model II—Standard Error of the Estimate
and r*

FEATURES AND BENEFITS

Each chapter of the sixth edition contains sections called Learning Objectives, a Decision
Dilemma, Demonstration Problems, Section Problems, Statistics in Business Today, Decision
Dilemma Solved, Chapter Summary, Key Terms, Formulas, Ethical Considerations,
Supplementary Problems, Analyzing the Databases, Case, Using the Computer, and Computer
Output from both Excel 2007 and Minitab Release 15.

Learning Objectives. Each chapter begins with a statement of the chapter’s main
learning objectives. This statement gives the reader a list of key topics that will be
discussed and the goals to be achieved from studying the chapter.

Decision Dilemma. At the beginning of each chapter, a short case describes a real
company or business situation in which managerial and statistical questions are
raised. In most Decision Dilemmas, actual data are given and the student is asked
to consider how the data can be analyzed to answer the questions.

Demonstration Problems. Virtually every section of every chapter in the sixth
edition contains demonstration problems. A demonstration problem contains
both an example problem and its solution, and is used as an additional pedagogi-
cal tool to supplement explanations and examples.

Section Problems. There are over 950 problems in the text. Problems for practice
are found at the end of almost every section of the text. Most problems utilize real
data gathered from a plethora of sources. Included here are a few brief excerpts
from some of the real-life problems in the text: “The Wall Street Journal reported
that 40% of all workers say they would change jobs for ‘slightly higher pay. In
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addition, 88% of companies say that there is a shortage of qualified job candidates.”
“In a study by Peter D. Hart Research Associates for the Nasdaq Stock Market, it
was determined that 20% of all stock investors are retired people. In addition, 40%
of all U.S. adults have invested in mutual funds.” “A survey conducted for the
Northwestern National Life Insurance Company revealed that 70% of American
workers say job stress caused frequent health problems.” “According to Padgett
Business Services, 20% of all small-business owners say the most important advice
for starting a business is to prepare for long hours and hard work. Twenty-five
percent say the most important advice is to have good financing ready.”

Statistics in Business Today. Every chapter in the sixth edition contains at least
one Statistics in Business Today feature. These focus boxes contain an interesting
application of how techniques of that particular chapter are used in the business
world today. They are usually based on real companies, surveys, or published
research.

Decision Dilemma Solved. Situated at the end of the chapter, the Decision
Dilemma Solved feature addresses the managerial and statistical questions raised
in the Decision Dilemma. Data given in the Decision Dilemma are analyzed
computationally and by computer using techniques presented in the chapter.
Answers to the managerial and statistical questions raised in the Decision Dilemma
are arrived at by applying chapter concepts, thus bringing closure to the chapter.
Chapter Summary. Each chapter concludes with a summary of the important
concepts, ideas, and techniques of the chapter. This feature can serve as a preview
of the chapter as well as a chapter review.

Key Terms. Important terms are bolded and their definitions italicized throughout
the text as they are discussed. At the end of the chapter, a list of the key terms from
the chapter is presented. In addition, these terms appear with their definitions in an
end-of-book glossary.

Formulas. Important formulas in the text are highlighted to make it easy for a
reader to locate them. At the end of the chapter, most of the chapter’s formulas are
listed together as a handy reference.

Ethical Considerations. Each chapter contains an Ethical Considerations feature
that is very timely, given the serious breach of ethics and lack of moral leadership
of some business executives in recent years. With the abundance of statistical data
and analysis, there is considerable potential for the misuse of statistics in business
dealings. The important Ethical Considerations feature underscores this potential
misuse by discussing such topics as lying with statistics, failing to meet statistical
assumptions, and failing to include pertinent information for decision makers.
Through this feature, instructors can begin to integrate the topic of ethics with
applications of business statistics. Here are a few excerpts from Ethical Considerations
features: “It is unprofessional and unethical to draw cause-and-effect conclusions
just because two variables are correlated.” “The business researcher needs to
conduct the experiment in an environment such that as many concomitant variables
are controlled as possible. To the extent that this is not done, the researcher has an
ethical responsibility to report that fact in the findings.” “The reader is warned that
the value lambda is assumed to be constant in a Poisson distribution experiment.
Business researchers may produce spurious results if the value of lambda is used
throughout a study; but because the study is conducted during different time
periods, the value of lambda is actually changing.” “In describing a body of data

to an audience, it is best to use whatever statistical measures it takes to present

a ‘full’ picture of the data. By limiting the descriptive measures used, the business
researcher may give the audience only part of the picture and skew the way the
receiver understands the data.”

Supplementary Problems. At the end of each chapter is an extensive set of
additional problems. The Supplementary Problems are divided into three groups:
Calculating the Statistics, which are strictly computational problems; Testing Your
Understanding, which are problems for application and understanding; and
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Interpreting the Output, which are problems that require the interpretation and
analysis of software output.

Analyzing the Databases. There are nine major databases located on the student
companion Web site that accompanies the sixth edition. The end-of-chapter
Analyzing the Databases section contains several questions/problems that require
the application of techniques from the chapter to data in the variables of the
databases. It is assumed that most of these questions/problems will be solved
using a computer.

Case. Fach end-of-chapter case is based on a real company. These cases give the
student an opportunity to use statistical concepts and techniques presented in the
chapter to solve a business dilemma. Some cases feature very large companies—
such as Shell Oil, Coca-Cola, or Colgate Palmolive. Others pertain to small
businesses—such as Thermatrix, Delta Wire, or DeBourgh—that have overcome
obstacles to survive and thrive. Most cases include raw data for analysis and
questions that encourage the student to use several of the techniques presented in
the chapter. In many cases, the student must analyze software output in order to
reach conclusions or make decisions.

Using the Computer. The Using the Computer section contains directions for
producing the Excel 2007 and Minitab Release 15 software output presented in the
chapter. It is assumed that students have a general understanding of a Microsoft
Windows environment. Directions include specifics about menu bars, drop-down
menus, and dialog boxes. Not every detail of every dialog box is discussed; the
intent is to provide enough information for students to produce the same
statistical output analyzed and discussed in the chapter. The sixth edition has a
strong focus on both Excel and Minitab software packages. More than 250 Excel
2007 or Minitab Release 15 computer-generated outputs are displayed.

WileyPLUS is a powerful online tool that provides instructors and students with an inte-
grated suite of teaching and learning resources, including an online version of the text, in
one easy-to-use Web site. To learn more about WileyPLUS, and view a demo, please visit
www.wiley.com/college/WileyPLUS.

WileyPLUS Tools for Instructors
WileyPLUS enables you to:

Assign automatically graded homework, practice, and quizzes from the end of
chapter and test bank.

Track your students’ progress in an instructor’s grade book.

Access all teaching and learning resources, including an online version of the text,
and student and instructor supplements, in one easy-to-use Web site. These include
full color PowerPoint slides, teaching videos, case files, and answers and animations.

Create class presentations using Wiley-provided resources, with the ability to
customize and add your own materials.

WileyPLUS Resources for Students
Within WileyPLUS

In WileyPLUS, students will find various helpful tools, such as an ebook, the student study
manual, videos with tutorials by the author, applets, Decision Dilemma and Decision
Dilemma Solved animations, learning activities, flash cards for key terms, demonstration
problems, databases in both Excel and Minitab, case data in both Excel and Minitab, and
problem data in both Excel and Minitab.
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Ebook. The complete text is available on WileyPLUS with learning links to various
features and tools to assist students in their learning.

Videos. There are 17 videos of the author explaining concepts and demonstrating
how to work problems for some of the more difficult topics.

Applets. Statistical applets are available, affording students the opportunity to
learn concepts by iteratively experimenting with various values of statistics and
parameters and observing the outcomes.

Learning Activities. There are numerous learning activities to help the student
better understand concepts and key terms. These activities have been developed to
make learning fun, enjoyable, and challenging.

Data Sets. Virtually all problems in the text along with the case problems and the
databases are available to students in both Excel and Minitab format.
Animations. To aid students in understanding complex interactions, selected
figures from the text that involve dynamic activity have been animated using Flash
technology. Students can download these animated figures and run them to
improve their understanding of dynamic processes.

Flash Cards. Key terms will be available to students in a flash card format along
with their definition.

Student Study Guide. Complete answers to all odd-numbered questions.

Demo Problems. Step-by-step solved problems for each chapter.

ANCILLARY TEACHING AND LEARNING MATERIALS
www.wiley.com/college/black

Students’ Companion Site

The student companion Web site contains:

All databases in both Excel and Minitab formats for easy access and use.

Excel and Minitab files of data from all text problems and all cases. Instructors and
students now have the option of analyzing any of the data sets using the computer.
Full and complete version of Chapter 19, Decision Analysis, in PDF format. This
allows an instructor the option of covering the material in this chapter in the
normal manner, while keeping the text manageable in size and length.

A section on Advanced Exponential Smoothing Techniques (from Chapter 17),
which offers the instructor an opportunity to delve deeper into exponential
smoothing if so desired, and derivation of the slope and intercept formulas from
Chapter 12.

A tutorial on summation theory.

Instructor’s Resource Kit

All instructor ancillaries are provided on the Instructor Resource Site. Included in this con-
venient format are:

Instructor’s Manual. Prepared by Ken Black, this manual contains the worked out
solutions to virtually all problems in the text. In addition, this manual contains chapter
objectives, chapter outlines, chapter teaching strategies, and solutions to the cases.

PowerPoint Presentation Slides. The presentation slides, prepared by Lloyd
Jaisingh of Morehead State University, contain graphics to help instructors create
stimulating lectures. The PowerPoint slides may be adapted using PowerPoint
software to facilitate classroom use.

Test Bank. Prepared by Ranga Ramasesh of Texas Christian University, the Test
Bank includes multiple-choice questions for each chapter. The Test Bank is
provided in Microsoft Word format.


http://www.wiley.com/college/black

Preface XXV

ACKNOWLEDGMENTS

John Wiley & Sons and I would like to thank the reviewers and advisors who cared enough
and took the time to provide us with their excellent insights and advice, which was used to
reshape and mold the test into the sixth edition. These colleagues include: Lihui Bai, Valparaiso
University; Pam Boger, Ohio University; Parag Dhumal, Winona State University; Bruce Ketler,
Grove City College; Peter Lenk, University of Michigan—Ann Arbor; Robert Montague,
Southern Adventist University; Robert Patterson, Penn State University—Behrend; Victor
Prybutok, University of North Texas; Nikolai Pulchritudoff, California State University—Los
Angeles; Ahmad Saranjam, Northeastern University; Vijay Shah, West Virginia University;
Daniel Shimshak, University of Massachusetts—Boston; Cheryl Staley, Lake Land College—
Mattoon; Debbie Stiver, University of Nevada—Reno; Minghe Sun, University of Texas—San
Antonio.

As always, I wish to recognize my colleagues at the University of Houston—Clear Lake
for their continued interest and support of this project. In particular, I want to thank
William Staples, president; Carl Stockton, provost; and Ted Cummings, dean of the School
of Business for their personal interest in the book and their administrative support.

There are several people within the John Wiley & Sons publishing group whom I
would like to thank for their invaluable assistance on this project. These include: Franny
Kelly, Maria Guarascio, Allie Morris, Lisé Johnson, and Diane Mars.

I want to express a special appreciation to my wife of 41 years, Carolyn, who is the love
of my life and continues to provide both professional and personal support in my writing.
Thanks also to my daughters, Wendi and Caycee, for their patience, love, and support.

—Ken Black






ABOUT THE AUTHOR

Ken Black is currently professor of decision sciences in the School of Business at the
University of Houston—Clear Lake. Born in Cambridge, Massachusetts, and raised in
Missouri, he earned a bachelor’s degree in mathematics from Graceland University, a mas-
ter’s degree in math education from the University of Texas at El Paso, a Ph.D. in
business administration in management science, and a Ph.D. in educational research from
the University of North Texas.

Since joining the faculty of UHCL in 1979, Professor Black has taught all levels of
statistics courses, forecasting, management science, market research, and production/
operations management. In 2005, he was awarded the President’s Distinguished Teaching
Award for the university. He has published over 20 journal articles and 20 professional
papers, as well as two textbooks: Business Statistics: An Introductory Course and Business
Statistics for Contemporary Decision Making. Black has consulted for many different compa-
nies, including Aetna, the city of Houston, NYLCare, AT&T, Johnson Space Center, Southwest
Information Resources, Connect Corporation, and Eagle Engineering.

Ken Black and his wife, Carolyn, have two daughters, Caycee and Wendi. His hobbies
include playing the guitar, reading, traveling, and running.

xxvii






INTRODUCTION

The study of business statistics is important, valuable, and interesting.
However, because it involves a new language of terms, symbols, logic, and
application of mathematics, it can be at times overwhelming. For many
students, this text is their first and only introduction to business statistics,
which instructors often teach as a “survey course.” That is, the student is
presented with an overview of the subject, including a waterfront of tech-
niques, concepts, and formulas. It can be overwhelming! One of the main
difficulties in studying business statistics in this way is to be able to see
“the forest for the trees,” that is, sorting out the myriad of topics so they
make sense. With this in mind, the 18 chapters of this text have been
organized into five units with each unit containing chapters that tend to
present similar material. At the beginning of each unit, there is an intro-
duction presenting the overlying themes to those chapters.

Unit | is titled Introduction because the four chapters (1-4) contained
therein “introduce” the study of business statistics. In Chapter 1, students
will learn what statistics are, the concepts of descriptive and inferential sta-
tistics, and levels of data measurement. In Chapter 2, students will see how
raw data can be organized using various graphical and tabular techniques
to facilitate their use in making better business decisions. Chapter 3 intro-
duces some essential and basic statistics that will be used to both summa-
rize data and as tools for techniques introduced later in the text. There
will also be discussion of distribution shapes. In Chapter 4, the basic laws
of probability are presented. The notion of probability underlies virtually
every business statistics topic, distribution, and technique, thereby making
it important to acquire an appreciation and understanding of probability.
In Unit |, the first four chapters, we are developing “building blocks” that
will enable students to understand and apply statistical concepts to ana-
lyze data that can assist present and future business managers in making
better decisions.
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LEARNING OBJECTIVES

The primary objective of Chapter 1 is to introduce you to the world of
statistics, thereby enabling you to:

1. List quantitative and graphical examples of statistics within a business
context

2. Define important statistical terms, including population, sample, and
parameter, as they relate to descriptive and inferential statistics

3. Compare the four different levels of data: nominal, ordinal, interval,
and ratio




Statistics Describe the State of Business

DECISION
b DILEMMA

India is the second largest country in
the world, with more than a billion
people.  Nearly
three-quarters of
the people live in
rural areas scat-
tered about the countryside in 6,000,000 villages. In fact, it may
be said that 1 in every 10 people in the world live in rural India.
Presently, the population in rural India can be described as poor
and semi-illiterate. With an annual per capita income of less
than $1 (U.S.) per day, rural India accounts for only about one-
third of total national product sales. Less than 50% of house-
holds in rural India have electricity, and many of the roads are
not paved. The annual per capita consumption for toothpaste is
only 30 grams per person in rural India compared to 160 grams
in urban India and 400 grams in the United States.

However, in addition to the impressive size of the popula-
tion, there are other compelling reasons for companies to mar-
ket their goods and services to rural India. The market of rural
India has been growing at five times the rate of the urban India
market. There is increasing agricultural productivity, leading
to growth in disposable income, and there is a reduction in the
gap between the tastes of urban and rural customers. The liter-
acy level is increasing, and people are becoming more con-
scious about their lifestyles and oppor-
tunities for a better life.

Nearly two-thirds of all middle-
income households in India are in rural
areas, with the number of middle- and
high- income households in rural India
expected to grow from 80 million to
111 million over the next three years.
More than one-third of all rural house-
holds now have a main source of
income other than farming. Virtually
every home has a radio, almost 20%
have a television, and more than 30%
have at least one bank account.

In the early 1990s, toothpaste con-
sumption in rural India doubled, and
the consumption of shampoo increased
fourfold. Recently, other products have

in India’s Countryside

done well in rural India, accounting for nearly one-half of all of
the country’s sales of televisions, fans, bicycles, bath soap, and
other products. According to MART, a New Delhi-based
research organization, rural India buys 46% of all soft drinks
and 49% of motorcycles sold in India. In one year alone, the
market for Coca-Cola in rural India grew by 37%, accounting
for 80% of new Coke drinkers in India. Because of such factors,
many US. and Indian firms, such as Microsoft, General
Electric, Kellogg’s, Colgate-Palmolive, Hindustan Lever, Godrej,
Nirma Chemical Works, and Mahotra Marketing, have entered
the rural Indian market with enthusiasm. Marketing to rural
customers often involves building categories by persuading
them to try and adopt products that they may not have used
before. Rural India is a huge, relatively untapped market for
businesses. However, entering such a market is not without
risks and obstacles. The dilemma facing companies is whether
to enter this marketplace and, if so, to what extent and how.

Managerial and Statistical Questions

1. Are the statistics presented in this report exact figures or
estimates?

2. How and where could the researchers have gathered such
data?

3. In measuring the potential of the rural India marketplace,
what other statistics could have been gathered?

4. What levels of data measurement are represented by data
on rural India?

5. How can managers use these and other statistics to make
better decisions about entering this marketplace?

Source: Adapted from Raja Ramachandran, “Understanding the Market
Environment of India,” Business Horizons, January 2000; P. Balakrishna and
B. Sidharth, “Selling in Rural India,” The Hindu Business Line—Internet
Edition, February 16, 2004; Rohit Bansal and Srividya Easwaran, “Creative
Marketing for Rural India,” research paper, http://www.indiainfoline.com;
Alex Steffen, “Rural India Ain’t What It Used to Be,” WorldChanging
http://www.worldchanging.com/archives/001235.html; “Corporates Turn to
Rural India for Growth,” BS Corporate Bureau in New Delhi, August 21, 2003,
http://www.rediff.com/money/2003/aug/2 1 rural.htm; Rajesh Jain, “Tech Talk:
The Discovery of India: Rural India,” June 20, 2003, http://www.emergic.org/
archives/indi/005721.php. “Marketing to Rural India: Making the Ends Meet,”
March 8, 2007, in India Knowledge@Wharton. http://knowledge.wharton.
upenn.edu/india/article.cfm?articleid=4172

Every minute of the working day, decisions are made by businesses around the world that
determine whether companies will be profitable and growing or whether they will stagnate
and die. Most of these decisions are made with the assistance of information gathered about the
marketplace, the economic and financial environment, the workforce, the competition, and
other factors. Such information usually comes in the form of data or is accompanied by data.

3
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Business statistics provides the tool through which such data are collected, analyzed, summa-
rized, and presented to facilitate the decision-making process, and business statistics plays an
important role in the ongoing saga of decision making within the dynamic world of business.

STATISTICS IN BUSINESS

Virtually every area of business uses statistics in decision making. Here are some recent
examples:

m According to a TNS Retail Forward ShopperScape survey, the average amount
spent by a shopper on electronics in a three-month period is $629 at Circuit City,
$504 at Best Buy, $246 at Wal-Mart, $172 at Target, and $120 at RadioShack.

m A survey of 1465 workers by Hotjobs reports that 55% of workers believe that the
quality of their work is perceived the same when they work remotely as when they
are physically in the office.

m A survey of 477 executives by the Association of Executive Search Consultants
determined that 48% of men and 67% of women say they are more likely to
negotiate for less travel compared with five years ago.

m A survey of 1007 adults by RBC Capital Markets showed that 37% of adults would
be willing to drive 5 to 10 miles to save 20 cents on a gallon of gas.

u A Deloitte Retail “Green” survey of 1080 adults revealed that 54% agreed that
plastic, non-compostable shopping bags should be banned.

m A recent Household Economic Survey by Statistic New Zealand determined that
the average weekly household net expenditure in New Zealand was $956 and that
households in the Wellington region averaged $120 weekly on recreation and
culture. In addition, 75% of all households were satisfied or very satisfied with
their material standard of living.

m The Experience’s Life After College survey of 320 recent college graduates showed
that 58% moved back home after college. Thirty-two percent then remained at
home for more than a year.

You can see from these few examples that there is a wide variety of uses and applications of
statistics in business. Note that in most of these examples, business researchers have con-
ducted a study and provided us rich and interesting information.

Nick M Do/iStock

Exclusive/Getty Images, Inc.

Getty Images, Inc.

William King/The Image Bank/

Comstock/Getty Images, Inc.
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In this text we will examine several types of graphs for depicting data as we study ways
to arrange or structure data into forms that are both meaningful and useful to decision
makers. We will learn about techniques for sampling from a population that allow studies
of the business world to be conducted more inexpensively and in a more timely manner.
We will explore various ways to forecast future values and examine techniques for predict-
ing trends. This text also includes many statistical tools for testing hypotheses and for
estimating population values. These and many other exciting statistics and statistical tech-
niques await us on this journey through business statistics. Let us begin.

1A2 BASIC STATISTICAL CONCEPTS

Business statistics, like many areas of study, has its own language. It is important to begin
our study with an introduction of some basic concepts in order to understand and com-
municate about the subject. We begin with a discussion of the word statistics. The word sta-
tistics has many different meanings in our culture. Webster’s Third New International
Dictionary gives a comprehensive definition of statistics as a science dealing with the collec-
tion, analysis, interpretation, and presentation of numerical data. Viewed from this perspec-
tive, statistics includes all the topics presented in this text.

Photodisc/Getty Images, Inc.

The study of statistics can be organized in a variety of ways. One of the main ways is
to subdivide statistics into two branches: descriptive statistics and inferential statistics. To
understand the difference between descriptive and inferential statistics, definitions of popula-
tion and sample are helpful. Webster’s Third New International Dictionary defines popula-
tion as a collection of persons, objects, or items of interest. The population can be a widely
defined category, such as “all automobiles,” or it can be narrowly defined, such as “all Ford
Mustang cars produced from 2002 to 2005.” A population can be a group of people, such
as “all workers presently employed by Microsoft,” or it can be a set of objects, such as “all
dishwashers produced on February 3, 2007, by the General Electric Company at the
Louisville plant.” The researcher defines the population to be whatever he or she is study-
ing. When researchers gather data from the whole population for a given measurement of
interest, they call it a census. Most people are familiar with the U.S. Census. Every 10 years,
the government attempts to measure all persons living in this country.

A sample is a portion of the whole and, if properly taken, is representative of the whole.
For various reasons (explained in Chapter 7), researchers often prefer to work with a sample
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of the population instead of the entire population. For example, in conducting quality-
control experiments to determine the average life of lightbulbs, a lightbulb manufacturer
might randomly sample only 75 lightbulbs during a production run. Because of time and
money limitations, a human resources manager might take a random sample of 40 employees
instead of using a census to measure company morale.

If a business analyst is using data gathered on a group to describe or reach conclusions
about that same group, the statistics are called descriptive statistics. For example, if an
instructor produces statistics to summarize a class’s examination effort and uses those sta-
tistics to reach conclusions about that class only, the statistics are descriptive.

Many of the statistical data generated by businesses are descriptive. They might
include number of employees on vacation during June, average salary at the Denver office,
corporate sales for 2009, average managerial satisfaction score on a company-wide census
of employee attitudes, and average return on investment for the Lofton Company for the
years 1990 through 2008.

Another type of statistics is called inferential statistics. If a researcher gathers data from a
sample and uses the statistics generated to reach conclusions about the population from which the
sample was taken, the statistics are inferential statistics. The data gathered from the sample are
used to infer something about a larger group. Inferential statistics are sometimes referred to as
inductive statistics. The use and importance of inferential statistics continue to grow.

One application of inferential statistics is in pharmaceutical research. Some new drugs are
expensive to produce, and therefore tests must be limited to small samples of patients. Utilizing
inferential statistics, researchers can design experiments with small randomly selected samples
of patients and attempt to reach conclusions and make inferences about the population.

Market researchers use inferential statistics to study the impact of advertising on var-
ious market segments. Suppose a soft drink company creates an advertisement depicting a
dispensing machine that talks to the buyer, and market researchers want to measure the
impact of the new advertisement on various age groups. The researcher could stratify the
population into age categories ranging from young to old, randomly sample each stratum,
and use inferential statistics to determine the effectiveness of the advertisement for the var-
ious age groups in the population. The advantage of using inferential statistics is that they
enable the researcher to study effectively a wide range of phenomena without having to
conduct a census. Most of the topics discussed in this text pertain to inferential statistics.

A descriptive measure of the population is called a parameter. Parameters are usually
denoted by Greek letters. Examples of parameters are population mean (u), population
variance (%), and population standard deviation (). A descriptive measure of a sample is
called a statistic. Statistics are usually denoted by Roman letters. Examples of statistics are
sample mean (x), sample variance (s*), and sample standard deviation (s).

Differentiation between the terms parameter and statistic is important only in the use
of inferential statistics. A business researcher often wants to estimate the value of a param-
eter or conduct tests about the parameter. However, the calculation of parameters is usu-
ally either impossible or infeasible because of the amount of time and money required to
take a census. In such cases, the business researcher can take a random sample of the
population, calculate a statistic on the sample, and infer by estimation the value of the
parameter. The basis for inferential statistics, then, is the ability to make decisions about
parameters without having to complete a census of the population.

For example, a manufacturer of washing machines would probably want to determine
the average number of loads that a new machine can wash before it needs repairs. The
parameter is the population mean or average number of washes per machine before repair.
A company researcher takes a sample of machines, computes the number of washes before
repair for each machine, averages the numbers, and estimates the population value or
parameter by using the statistic, which in this case is the sample average. Figure 1.1 demon-
strates the inferential process.

Inferences about parameters are made under uncertainty. Unless parameters are com-
puted directly from the population, the statistician never knows with certainty whether the
estimates or inferences made from samples are true. In an effort to estimate the level of
confidence in the result of the process, statisticians use probability statements. For this and
other reasons, part of this text is devoted to probability (Chapter 4).
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Process of Inferential Statistics
to Estimate a Population
Mean (w)

Calculate x

/‘[0 estimate u \

Population Sample
u X
(parameter) (statistic)

\ Select a /

random sample

DATA MEASUREMENT

Millions of numerical data are gathered in businesses every day, representing myriad items.
For example, numbers represent dollar costs of items produced, geographical locations of
retail outlets, weights of shipments, and rankings of subordinates at yearly reviews. All such
data should not be analyzed the same way statistically because the entities represented by
the numbers are different. For this reason, the business researcher needs to know the level
of data measurement represented by the numbers being analyzed.

The disparate use of numbers can be illustrated by the numbers 40 and 80, which could
represent the weights of two objects being shipped, the ratings received on a consumer test by
two different products, or football jersey numbers of a fullback and a wide receiver. Although
80 pounds is twice as much as 40 pounds, the wide receiver is probably not twice as big as the
fullback! Averaging the two weights seems reasonable, but averaging the football jersey num-
bers makes no sense. The appropriateness of the data analysis depends on the level of meas-
urement of the data gathered. The phenomenon represented by the numbers determines the
level of data measurement. Four common levels of data measurement follow.

1. Nominal
2. Ordinal
3. Interval
4. Ratio

Nominal Level

The lowest level of data measurement is the nominal level. Numbers representing nominal-
level data (the word level often is omitted) can be used only to classify or categorize.
Employee identification numbers are an example of nominal data. The numbers are used
only to differentiate employees and not to make a value statement about them. Many
demographic questions in surveys result in data that are nominal because the questions are
used for classification only. The following is an example of such a question that would
result in nominal data:
Which of the following employment classifications best describes your area of work?

Educator
Construction worker
Manufacturing worker
Lawyer

M I e

Doctor
6. Other

Suppose that, for computing purposes, an educator is assigned a 1, a construction
worker is assigned a 2, a manufacturing worker is assigned a 3, and so on. These numbers
should be used only to classify respondents. The number 1 does not denote the top classi-
fication. It is used only to differentiate an educator (1) from a lawyer (4).
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Some other types of variables that often produce nominal-level data are sex, religion,
ethnicity, geographic location, and place of birth. Social Security numbers, telephone num-
bers, employee ID numbers, and ZIP code numbers are further examples of nominal data.
Statistical techniques that are appropriate for analyzing nominal data are limited. However,
some of the more widely used statistics, such as the chi-square statistic, can be applied to
nominal data, often producing useful information.

Ordinal Level

Ordinal-level data measurement is higher than the nominal level. In addition to the nominal-
level capabilities, ordinal-level measurement can be used to rank or order objects. For
example, using ordinal data, a supervisor can evaluate three employees by ranking their
productivity with the numbers 1 through 3. The supervisor could identify one employee as
the most productive, one as the least productive, and one as somewhere between by using
ordinal data. However, the supervisor could not use ordinal data to establish that the inter-
vals between the employees ranked 1 and 2 and between the employees ranked 2 and 3 are
equal; that is, she could not say that the differences in the amount of productivity between
workers ranked 1, 2, and 3 are necessarily the same. With ordinal data, the distances or
spacing represented by consecutive numbers are not always equal.

Some questionnaire Likert-type scales are considered by many researchers to be ordi-
nal in level. The following is an example of one such scale:

This computer tutorial is ___ - - - —
not  somewhat moderately very  extremely
helpful ~ helpful helpful helpful  helpful

1 2 3 4 5

When this survey question is coded for the computer, only the numbers 1 through 5
will remain, not the adjectives. Virtually everyone would agree that a 5 is higher than a 4
on this scale and that ranking responses is possible. However, most respondents would not
consider the differences between not helpful, somewhat helpful, moderately helpful, very
helpful, and extremely helpful to be equal.

Mutual funds as investments are sometimes rated in terms of risk by using measures
of default risk, currency risk, and interest rate risk. These three measures are applied to
investments by rating them as having high, medium, and low risk. Suppose high risk is
assigned a 3, medium risk a 2, and low risk a 1. If a fund is awarded a 3 rather than a 2, it
carries more risk, and so on. However, the differences in risk between categories 1, 2, and
3 are not necessarily equal. Thus, these measurements of risk are only ordinal-level meas-
urements. Another example of the use of ordinal numbers in business is the ranking of the
top 50 most admired companies in Fortune magazine. The numbers ranking the companies
are only ordinal in measurement. Certain statistical techniques are specifically suited to
ordinal data, but many other techniques are not appropriate for use on ordinal data. For
example, it does not make sense to say that the average of “moderately helpful” and “very
helpful” is “moderately helpful and a half.”

Because nominal and ordinal data are often derived from imprecise measurements
such as demographic questions, the categorization of people or objects, or the ranking of
items, nominal and ordinal data are nonmetric data and are sometimes referred to as qual-
itative data.

Interval Level

Interval-level data measurement is the next to the highest level of data in which the distances
between consecutive numbers have meaning and the data are always numerical. The distances
represented by the differences between consecutive numbers are equal; that is, interval data
have equal intervals. An example of interval measurement is Fahrenheit temperature. With
Fahrenheit temperature numbers, the temperatures can be ranked, and the amounts of
heat between consecutive readings, such as 20°, 21°, and 22°, are the same.
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In addition, with interval-level data, the zero point is a matter of convention or con-
venience and not a natural or fixed zero point. Zero is just another point on the scale and
does not mean the absence of the phenomenon. For example, zero degrees Fahrenheit is
not the lowest possible temperature. Some other examples of interval level data are the per-
centage change in employment, the percentage return on a stock, and the dollar change in
stock price.

Ratio Level

Ratio-level data measurement is the highest level of data measurement. Ratio data have the
same properties as interval data, but ratio data have an absolute zero, and the ratio of two
numbers is meaningful. The notion of absolute zero means that zero is fixed, and the zero value
in the data represents the absence of the characteristic being studied. The value of zero can-
not be arbitrarily assigned because it represents a fixed point. This definition enables the
statistician to create ratios with the data.

Examples of ratio data are height, weight, time, volume, and Kelvin temperature. With
ratio data, a researcher can state that 180 pounds of weight is twice as much as 90 pounds
or, in other words, make a ratio of 180:90. Many of the data gathered by machines in
industry are ratio data.

Other examples in the business world that are ratio level in measurement are produc-
tion cycle time, work measurement time, passenger miles, number of trucks sold, complaints
per 10,000 fliers, and number of employees. With ratio-level data, no b factor is required in
converting units from one measurement to another—that is, y = ax. Asan example, in con-
verting height from yards to feet: feet =3 - yards.

Because interval- and ratio-level data are usually gathered by precise instruments often
used in production and engineering processes, in national standardized testing, or in stan-
dardized accounting procedures, they are called metric data and are sometimes referred to
as quantitative data.

Comparison of the Four Levels of Data

Figure 1.2 shows the relationships of the usage potential among the four levels of data
measurement. The concentric squares denote that each higher level of data can be analyzed
by any of the techniques used on lower levels of data but, in addition, can be used in other
statistical techniques. Therefore, ratio data can be analyzed by any statistical technique
applicable to the other three levels of data plus some others.

Nominal data are the most limited data in terms of the types of statistical analysis that
can be used with them. Ordinal data allow the researcher to perform any analysis that can
be done with nominal data and some additional analyses. With ratio data, a statistician can
make ratio comparisons and appropriately do any analysis that can be performed on nom-
inal, ordinal, or interval data. Some statistical techniques require ratio data and cannot be
used to analyze other levels of data.

Statistical techniques can be separated into two categories: parametric statistics and
nonparametric statistics. Parametric statistics require that data be interval or ratio. If
the data are nominal or ordinal, nonparametric statistics must be used. Nonparametric
statistics can also be used to analyze interval or ratio data. This text focuses largely on
parametric statistics, with the exception of Chapter 16 and Chapter 17, which contain
nonparametric techniques. Thus much of the material in this text requires that data be
interval or ratio data.

Many changes continue to occur in the healthcare industry. Because
of increased competition for patients among providers and the need
to determine how providers can better serve their clientele, hospital
administrators sometimes administer a quality satisfaction survey to
their patients after the patient is released. The following types of
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questions are sometimes asked on such a survey. These questions will result in what
level of data measurement?
1. How long ago were you released from the hospital?
2. Which type of unit were you in for most of your stay?
__Coronary care
__Intensive care
__Maternity care
__Medical unit
__Pediatric/children’s unit
__Surgical unit
3. In choosing a hospital, how important was the hospital’s location?

(circle one)
Very Somewhat Not Very Not at All
Important Important Important Important

4. How serious was your condition when you were first admitted to the hospital?
__Critical __Serious __Moderate __Minor

5. Rate the skill of your doctor:
__Excellent __Very Good __Good __Fair __Poor

Solution

Question 1 is a time measurement with an absolute zero and is therefore ratio-level
measurement. A person who has been out of the hospital for two weeks has been out
twice as long as someone who has been out of the hospital for one week.

Question 2 yields nominal data because the patient is asked only to categorize
the type of unit he or she was in. This question does not require a hierarchy or rank-
ing of the type of unit. Questions 3, 4, and 5 are likely to result in ordinal-level data.
Suppose a number is assigned the descriptors in each of these three questions. For
question 3, “very important” might be assigned a 4, “somewhat important” a 3,
“not very important” a 2, and “not at all important” a 1. Certainly, the higher the
number, the more important is the hospital’s location. Thus, these responses can be
ranked by selection. However, the increases in importance from 1to 2 to 3 to 4 are
not necessarily equal. This same logic applies to the numeric values assigned in
questions 4 and 5.

STATISTICS IN BUSINESS TODAY

Cellular Phone Use in Japan for personal use. Of all those surveyed, 18.2% used their
handsets to view videos, and another 17.3% were not
currently using their handsets to view videos but were
interested in doing so. Some of the everyday uses of cell
phones included e-mailing (91.7% of respondents), cam-
era functions (77.7%), Internet searching (46.7%), and
watching TV (28.0%). In the future, respondents hoped
there would be cell phones with high-speed data trans-
mission that could be used to send and receive PC files
(47.7%), for video services such as You Tube (46.9%), for
downloading music albums (45.3%) and music videos
(40.8%), and for downloading long videos such as movies
(39.2%).

The Communications and Information Network
Association of Japan (CIAJ) conducts an annual study of
cellular phone use in Japan. A recent survey was taken as
part of this study using a sample of 600 cell phone users
split evenly between men and women and almost equally
distributed over six age brackets. The survey was admin-
istered in the greater Tokyo and Osaka metropolitan
areas. The study produced several interesting findings. It
was determined that 62.2% had replaced their handsets in
the previous 10 months. A little more than 6% owned a
second cell phone. Of these, the objective of about two-
thirds was to own one for business use and a second one
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Statistical Analysis Using the Computer:
Excel and Minitab

The advent of the modern computer opened many new opportunities for statistical analy-
sis. The computer allows for storage, retrieval, and transfer of large data sets. Furthermore,
computer software has been developed to analyze data by means of sophisticated statistical
techniques. Some widely used statistical techniques, such as multiple regression, are so
tedious and cumbersome to compute manually that they were of little practical use to
researchers before computers were developed.

Business statisticians use many popular statistical software packages, including
Minitab, SAS, and SPSS. Many computer spreadsheet software packages also have the capa-
bility of analyzing data statistically. In this text, the computer statistical output presented is
from both the Minitab and the Microsoft Excel software.

DECISION
DILEMM{

Several statistics were reported in the Decision Dilemma
about rural India, including the average annual consumption
of toothpaste per person, the percentage of households having
electricity, and the percentage of households that have at least
one bank account. The authors of the sources from which the
Decision Dilemma was drawn never stated whether the
reported statistics were based on actual data drawn from a
census of rural India households or were based on estimates
taken from a sample of rural households. If the data came
from a census, then the totals, averages, and percentages pre-
sented in the Decision Dilemma are parameters. If, on the
other hand, the data were gathered from samples, then they
are statistics. Although governments especially do conduct
censuses and at least some of the reported numbers could be
parameters, more often than not, such data are gathered from
samples of people or items. For example, in rural India, the
government, academicians, or business researchers could have
taken random samples of households, gathering consumer
statistics that are then used to estimate population parame-
ters, such as percentage of households with televisions, and so
forth.

In conducting research on a topic like consumer con-
sumption in rural India, there is potential for a wide variety
of statistics to be gathered that represent several levels of
data. For example, ratio-level measurements on items such

Statistics Describe the State of Business
in India’s Countryside

as income, number of children, age of household heads,
number of livestock, and grams of toothpaste consumed per
year might be obtained. On the other hand, if researchers use
a Likert scale (1-to-5 measurements) to gather responses
about the interests, likes, and preferences of rural India con-
sumers, an ordinal-level measurement would be obtained,
as would the ranking of products or brands in market
research studies. Other variables, such as geographic loca-
tion, sex, occupation, or religion, are usually measured with
nominal data.

The decision to enter the rural India market is not just a
marketing decision. It involves production capacity and
schedule issues, transportation challenges, financial commit-
ments, managerial growth or reassignment, accounting
issues (accounting for rural India may differ from tech-
niques used in traditional markets), information systems,
and other related areas. With so much on the line, company
decision makers need as much relevant information avail-
able as possible. In this Decision Dilemma, it is obvious to
the decision maker that rural India is still quite poor and
illiterate. Its capacity as a market is great. The statistics on
the increasing sales of a few personal-care products look
promising. What are the future forecasts for the earning
power of people in rural India? Will major cultural issues
block the adoption of the types of products that companies
want to sell there? The answers to these and many other
interesting and useful questions can be obtained by the
appropriate use of statistics. The 750 million people living in
rural India represent the second largest group of people in
the world. It certainly is a market segment worth studying
further.
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ETHICAL CONSIDERATIONS

With the abundance and proliferation of statistical data,
potential misuse of statistics in business dealings is a con-
cern. It is, in effect, unethical business behavior to use sta-
tistics out of context. Unethical businesspeople might use
only selective data from studies to underscore their point,
omitting statistics from the same studies that argue against
their case. The results of statistical studies can be misstated
or overstated to gain favor.

This chapter noted that if data are nominal or ordinal,
then only nonparametric statistics are appropriate for

analysis. The use of parametric statistics to analyze nomi-
nal and/or ordinal data is wrong and could be considered
under some circumstances to be unethical.

In this text, each chapter contains a section on ethics that
discusses how businesses can misuse the techniques pre-
sented in the chapter in an unethical manner. As both
users and producers, business students need to be aware
of the potential ethical pitfalls that can occur with
statistics.

SUMMARY

Statistics is an important decision-making tool in business
and is used in virtually every area of business. In this course,
the word statistics is defined as the science of gathering, ana-
lyzing, interpreting, and presenting data.

The study of statistics can be subdivided into two main
areas: descriptive statistics and inferential statistics. Descriptive
statistics result from gathering data from a body, group, or
population and reaching conclusions only about that group.
Inferential statistics are generated from the process of gather-
ing sample data from a group, body, or population and reach-
ing conclusions about the larger group from which the sample
was drawn.

The appropriate type of statistical analysis depends on the
level of data measurement, which can be (1) nominal, (2) ordi-
nal, (3) interval, or (4) ratio. Nominal is the lowest level,
representing classification of only such data as geographic
location, sex, or Social Security number. The next level is ordi-

nal, which provides rank ordering measurements in which the
intervals between consecutive numbers do not necessarily
represent equal distances. Interval is the next to highest level
of data measurement in which the distances represented by
consecutive numbers are equal. The highest level of data
measurement is ratio, which has all the qualities of interval
measurement, but ratio data contain an absolute zero and
ratios between numbers are meaningful. Interval and ratio
data sometimes are called metric or quantitative data.
Nominal and ordinal data sometimes are called nonmetric or
qualitative data.

Two major types of inferential statistics are (1) parametric
statistics and (2) nonparametric statistics. Use of parametric
statistics requires interval or ratio data and certain assump-
tions about the distribution of the data. The techniques presented
in this text are largely parametric. If data are only nominal or
ordinal in level, nonparametric statistics must be used.

KEY TERMS

inferential statistics
interval-level data
metric data
nominal-level data
nonmetric data
nonparametric statistics

census
descriptive statistics

statistic
statistics

ordinal-level data
parameter
parametric statistics
population
ratio-level data
sample

SUPPLEMENTARY PROBLEMS

1.1 Give a specific example of data that might be gathered
from each of the following business disciplines: account-
ing, finance, human resources, marketing, information
systems, production, and management. An example in
the marketing area might be “number of sales per month
by each salesperson.”

1.2 State examples of data that can be gathered for decision
making purposes from each of the following industries:
manufacturing, insurance, travel, retailing, communica-
tions, computing, agriculture, banking, and healthcare.
An example in the travel industry might be the cost of
business travel per day in various European cities.



1.3 Give an example of descriptive statistics in the
recorded music industry. Give an example of how
inferential statistics could be used in the recorded
music industry. Compare the two examples. What
makes them different?

Suppose you are an operations manager for a plant that
manufactures batteries. Give an example of how you
could use descriptive statistics to make better managerial
decisions. Give an example of how you could use infer-
ential statistics to make better managerial decisions.

1.5 Classify each of the following as nominal, ordinal, inter-
val, or ratio data.
a. The time required to produce each tire on an assem-
bly line
b. The number of quarts of milk a family drinks in a
month
c. The ranking of four machines in your plant after they
have been designated as excellent, good, satisfactory,
and poor
. The telephone area code of clients in the United States
The age of each of your employees
The dollar sales at the local pizza shop each month
. An employee’s identification number
. The response time of an emergency unit

S o A

1.6 Classify each of the following as nominal, ordinal, inter-
val, or ratio data.
a. The ranking of a company by Fortune 500
b. The number of tickets sold at a movie theater on any
given night
c. The identification number on a questionnaire
d. Per capita income
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e. The trade balance in dollars

f. Profit/loss in dollars

g. A company’s tax identification

h. The Standard & Poor’s bond ratings of cities based on
the following scales:
Rating Grade
Highest quality AAA
High quality AA
Upper medium quality A
Medium quality BBB
Somewhat speculative BB
Low quality, speculative B
Low grade, default possible CCC
Low grade, partial recovery possible CcC
Default, recovery unlikely C

1.7 The Rathburn Manufacturing Company makes electric
wiring, which it sells to contractors in the construction
industry. Approximately 900 electric contractors pur-
chase wire from Rathburn annually. Rathburn’s director
of marketing wants to determine electric contractors’
satisfaction with Rathburn’s wire. He developed a ques-
tionnaire that yields a satisfaction score between 10 and
50 for participant responses. A random sample of 35 of
the 900 contractors is asked to complete a satisfaction
survey. The satisfaction scores for the 35 participants are
averaged to produce a mean satisfaction score.

a. What is the population for this study?

b. What is the sample for this study?

c. What is the statistic for this study?

d. What would be a parameter for this study?

see www.wiley.com/college/black

ANALYZING THE DATABASES

Nine databases are avail-
able with this text, provid-
ing additional opportuni-
ties to apply the statistics
presented in this course. These databases are located in
WileyPLUS, and each is available in either Minitab or Excel
format for your convenience. These nine databases represent a
wide variety of business areas, such as agribusiness, consumer
spending, energy, finance, healthcare, international labor,
manufacturing, and the stock market. Altogether, these data-
bases contain 61 variables and 7722 observations. The data are
gathered from such reliable sources as the U.S. government’s
Bureau of Labor, the U.S. Department of Agriculture, the
American Hospital Association, the Energy Information
Administration, Moody’s Handbook of Common Stocks, and
the U.S. Census Bureau. Five of the nine databases contain
time-series data. These databases are:

1875634823
7858

9047283
4762295006

I

Database}

75253
7448392018

12-YEAR GASOLINE DATABASE

The 12-year time-series gasoline database contains monthly
data for four variables: U.S. Gasoline Prices, OPEC Spot Price,

U.S. Finished Motor Gasoline Production, and U.S. Natural Gas
Wellhead Price. There are 137 data entries for each variable. U.S.
Gasoline Prices are given in cents, the OPEC Spot Price is given
in dollars per barrel, U.S. Finished Motor Gasoline Production
is given in 1000 barrels per day, and U.S. Natural Gas Wellhead
Price is given in dollars per 1000 cubic feet.

CONSUMER FOOD DATABASE

The consumer food database contains five variables: Annual
Food Spending per Household, Annual Household Income,
Non-Mortgage Household Debt, Geographic Region of the
U.S. of the Household, and Household Location. There are
200 entries for each variable in this database representing
200 different households from various regions and locations
in the United States. Annual Food Spending per Household,
Annual Household Income, and Non-Mortgage Household
Debt are all given in dollars. The variable, Region, tells in
which one of four regions the household resides. In this
variable, the Northeast is coded as 1, the Midwest is coded 2,
the South is coded as 3, and the West is coded as 4. The variable,
Location, is coded as 1 if the household is in a metropolitan
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area and 2 if the household is outside a metro area. The data
in this database were randomly derived and developed based
on actual national norms.

MANUFACTURING DATABASE

This database contains eight variables taken from 20 industries
and 140 subindustries in the United States. Some of the indus-
tries are food products, textile mill products, furniture, chemi-
cals, rubber products, primary metals, industrial machinery,
and transportation equipment. The eight variables are Number
of Employees, Number of Production Workers, Value Added by
Manufacture, Cost of Materials, Value of Industry Shipments,
New Capital Expenditures, End-of-Year Inventories, and
Industry Group. Two variables, Number of Employees and
Number of Production Workers, are in units of 1,000. Four
variables, Value Added by Manufacture, Cost of Materials, New
Capital Expenditures, and End-of-Year Inventories, are in mil-
lion-dollar units. The Industry Group variable consists of num-
bers from 1 to 20 to denote the industry group to which the par-
ticular subindustry belongs. Value of Industry Shipments has
been recoded to the following 1-to-4 scale.

1 =$0 to $4.9 billion

2 = $5 billion to $13.9 billion
3 = $14 billion to $28.9 billion
4 = $29 billion or more

INTERNATIONAL LABOR DATABASE

This time-series database contains the civilian unemployment
rates in percent from seven countries presented yearly over a
49-year period. The data are published by the Bureau of Labor
Statistics of the U.S. Department of Labor. The countries are
the United States, Canada, Australia, Japan, France, Germany,
and Italy.

FINANCIAL DATABASE

The financial database contains observations on eight variables
for 100 companies. The variables are Type of Industry, Total
Revenues ($ millions), Total Assets ($ millions), Return on
Equity (%), Earnings per Share ($), Average Yield (%),
Dividends per Share ($), and Average Price per Earnings (P/E)
ratio. The companies represent seven different types of indus-
tries. The variable “Type” displays a company’s industry type as:

1 = apparel

2 = chemical

3 = electric power

4 = grocery

5 = healthcare products
6 = insurance

7 = petroleum

ENERGY DATABASE

The time-series energy database consists of data on five energy
variables over a period of 35 years. The five variables are U.S.
Energy Consumption, World Crude Oil Production, U.S.
Nuclear Electricity Generation, U.S. Coal Production, and
U.S. Natural Dry Gas Production. U.S. Energy Consumption

is given in quadrillion BTUs per year, World Crude Oil
Production is given in million barrels per day, U.S. Nuclear
Electricity Generation is given in billion kilowatt-hours, U.S.
Coal Production is given in million short tons, and U.S.
Natural Dry Gas Production is given in million cubic feet.

U.S. AND INTERNATIONAL STOCK MARKET DATABASE

This database contains seven variables—three from the U.S.
stock market and four from international stock markets—
with data representing monthly averages of each over a period
of five years resulting in 60 data points per variable. The U.S.
stock market variables include the Dow Jones Industrial
Average, the NASDAQ, and Standard & Poor’s 500. The four
international stock market variables of Nikkei 225, Hang
Seng, FTSE 100, and IPC represent Japan, Hong Kong, United
Kingdom, and Mexico.

HOSPITAL DATABASE

This database contains observations for 11 variables on U.S.
hospitals. These variables include Geographic Region,
Control, Service, Number of Beds, Number of Admissions,
Census, Number of Outpatients, Number of Births, Total
Expenditures, Payroll Expenditures, and Personnel.

The region variable is coded from 1 to 7, and the numbers
represent the following regions:

1 = South
2 = Northeast
3 = Midwest

4 = Southwest
5 = Rocky Mountain
6 = California
7 = Northwest

Control is a type of ownership. Four categories of control
are included in the database:

1 = government, nonfederal

2 = nongovernment, not-for-profit
3 = for-profit

4 = federal government

Service is the type of hospital. The two types of hospitals
used in this database are:

1 = general medical
2 = psychiatric

The total expenditures and payroll variables are in units of
$1,000.

AGRIBUSINESS TIME-SERIES DATABASE

The agribusiness time-series database contains the monthly
weight (in 1,000 Ibs.) of cold storage holdings for six different
vegetables and for total frozen vegetables over a 14-year
period. Each of the seven variables represents 168 months of
data. The six vegetables are green beans, broccoli, carrots,
sweet corn, onions, and green peas. The data are published by
the National Agricultural Statistics Service of the U.S.
Department of Agriculture.



ASSIGNMENT
Use the databases to answer the following questions.

1. In the manufacturing database, what is the level of data for
each of the following variables?
a. Number of Production Workers
b. Cost of Materials
C. Value of Industry Shipments
d. Industry Group

2. In the hospital database, what is the level of data for each
of the following variables?

Case 15

a. Region

bh. Control

€. Number of Beds
d. Personnel

3. In the financial database, what is the level of data for each
of the following variables?
a. Type of Industry
b. Total Assets
c. P/E Ratio

DIGIORNO PIZZA: INTRODUCING A FROZEN PIZZA TO COMPETE WITH CARRY-0UT

Kraft Foods successfully introduced DiGiorno Pizza into the
marketplace in 1996, with first year sales of $120 million, fol-
lowed by $200 million in sales in 1997. It was neither luck nor
coincidence that DiGiorno Pizza was an instant success. Kraft
conducted extensive research about the product and the mar-
ketplace before introducing this product to the public. Many
questions had to be answered before Kraft began production.
For example, why do people eat pizza? When do they eat pizza?
Do consumers believe that carry out pizza is always more tasty?

SMI-Alcott conducted a research study for Kraft in which
they sent out 1,000 surveys to pizza lovers. The results indi-
cated that people ate pizza during fun social occasions or at
home when no one wanted to cook. People used frozen pizza
mostly for convenience but selected carry out pizza for a vari-
ety of other reasons, including quality and the avoidance of
cooking. The Loran Marketing Group conducted focus
groups for Kraft with women aged 25 to 54. Their findings
showed that consumers used frozen pizza for convenience but
wanted carry out pizza taste. Kraft researchers realized that if
they were to launch a successful frozen pizza that could com-
pete with carry out pizza, they had to develop a frozen pizza
that (a) had restaurant take-out quality, (b) possessed flavor
variety, (c) was fast and easy to prepare, and (d) had the con-
venience of freezer storage. To satisty these seemingly diver-
gent goals, Kraft developed DiGiorno Pizza, which rises in the
oven as it cooks. This impressed focus group members, and in
a series of blind taste tests conducted by Product Dynamics,
DiGiorno Pizza beat out all frozen pizzas and finished second
overall behind one carry out brand.

DiGiorno Pizza has continued to grow in sales and market
share over the years. By 2005, sales had topped the $600 million
mark, and DiGiorno Pizza held nearly a quarter of the market
share of frozen pizza sales. In 2004, Kraft successfully introduced
DiGiorno thin, crispy-crust pizza into the market. Sales revenues
continue to grow for this leading brand of frozen pizza.

Discussion

Think about the market research that was conducted by Kraft
and the fact that they used several companies.

1. What are some of the populations that Kraft might have
been interested in measuring for these studies? Did Kraft
actually attempt to contact entire populations? What
samples were taken? In light of these two questions, how
was the inferential process used by Kraft in their market
research? Can you think of any descriptive statistics that
might have been used by Kraft in their decision-making
process?

2. In the various market research efforts made by Kraft for
DiGiorno, some of the possible measurements appear in
the following list. Categorize these by level of data. Think
of some other measurements that Kraft researchers might
have made to help them in this research effort, and cate-
gorize them by level of data.

Number of pizzas consumed per week per household
Age of pizza purchaser

Zip code of the survey respondent

Dollars spent per month on pizza per person

Time in between purchases of pizza

O L A

Rating of taste of a given pizza brand on a scale from
1 to 10, where 1 is very poor tasting and 10 is excellent
taste

g. Ranking of the taste of four pizza brands on a taste test

h. Number representing the geographic location of the
survey respondent

i. Quality rating of a pizza brand as excellent, good,
average, below average, poor

Number representing the pizza brand being evaluated

e
.

k. Sex of survey respondent

Source: Adapted from “Upper Crust,” American Demographics, March 1999,
p- 58; Marketwatch—News That Matters Web sites, “What’s in a Name? Brand
Extension Potential” and “DiGiorno Rising Crust Delivers $200 Million,” for-
merly at http://www.foodexplorer.com/BUSINESS/Products/MarketAnalysis/
PF02896b.htm, last accessed in 1999. Web site for Kraft’s 2005 Investor Meeting:
Changing Consumers, Changing Kraft, May 25, http://media.corporateir.
net/media_files/nys/kft/presentations/kft_050510c.pdf.
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LEARNING OBJECTIVES

The overall objective of Chapter 2 is for you to master several techniques
for summarizing and depicting data, thereby enabling you to:

1. Construct a frequency distribution from a set of data

2. Construct different types of quantitative data graphs, including
histograms, frequency polygons, ogives, dot plots, and stem-and-leaf
plots, in order to interpret the data being graphed

3. Construct different types of qualitative data graphs, including pie charts,
bar graphs, and Pareto charts, in order to interpret the data being
graphed

4. Recognize basic trends in two-variable scatter plots of numerical data




Energy Consumption Around the World
DECISION

DILEMMA As most people suspect, the United 0il Consumption Coal Consumption
States iS the number one consumer Of Country (million tOl’lS) (milllOIl tons oil equivalent)
oil in the world, followed by China, Ryssia 125.9 94.5
Japan,  India, Germany 1125 86.0
Russia, Germany,  South Korea 107.6 59.7
South Korea, and  Canada 102.3 30.4

Canada. China,

however, is the Managerial and Statistical Questions
world’s largest consumer of coal, with the United States coming

in number two, followed by India, Japan, and Russia. The annual Suppose you are an energy industry analyst and you are asked to
oil and coal consumption figures for eight of the top total ~Preparea brief report showing the leading energy-consumption
energy-consuming nations in the world, according to figures ~countries in both oil and coal.

released by the BP Statistical Review of World Energy for arecent 1. What is the best way to display the energy consumption

year, are as follows. data in a report? Are the raw data enough? Can you

Oil Consumption Coal Consumpt_ion effectively dlsplay the data graphlcally?
Country (million tons) (million tons oil equivalent) 2. Is there a way to graphically display oil and coal figures
United States 9431 5737 together so that readers can visually compare countries
China 368.0 1311.4 on their consumptions of the two different energy sources?
Japan 2289 125.3 Source: BP Statistical Review of World Energy, June 2008, http://www.bp.com/
India 128.5 208.0 liveassets/bp_internet/globalbp/globalbp_uk_english/reports_and_publica-

tions/statistical_energy_review_2008/STAGING/local_assets/downloads/pdf/
( contin ued) statistical_review_of world_energy_full_review_2008.pdf

In Chapters 2 and 3 many techniques are presented for reformatting or reducing data so that
the data are more manageable and can be used to assist decision makers more effectively. Two
techniques for grouping data are the frequency distribution and the stem-and-leaf plot pre-
sented in this chapter. In addition, Chapter 2 discusses and displays several graphical tools for
summarizing and presenting data, including histogram, frequency polygon, ogive, dot plot,
bar chart, pie chart, and Pareto chart for one-variable data and the scatter plot for two-variable
numerical data.

Raw data, or data that have not been summarized in any way, are sometimes referred to
as ungrouped data. Table 2.1 contains 60 years of raw data of the unemployment rates for
Canada. Data that have been organized into a frequency distribution are called grouped data.
Table 2.2 presents a frequency distribution for the data displayed in Table 2.1. The distinction

60 Years of Canadian Unemployment
Rates (ungrouped data)

2.3 7.0 6.3 11.3 9.6

2.8 7.1 5.6 10.6 9.1 Frequency Distribution of
3.6 5.9 5.4 9.7 8.3 60 Years of Unemployment Data
2.4 5.5 7.1 8.8 7.6 for Canada (grouped data)
;g ‘;; Z(l) ;2 gg Class Interval Frequency
4.6 3.6 8.4 8.1 7.7 1-under 3 4

4.4 4.1 7.5 10.3 7.6 3—under 5 12

3.4 4.8 7.5 11.2 7.2 5—under 7 13

4.6 4.7 7.6 11.4 6.8 7—under 9 19

6.9 5.9 11.0 10.4 6.3 9—under 11 7

6.0 6.4 12.0 9.5 6.0 11—under 13 5

17
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between ungrouped and grouped data is important because the calculation of statistics
differs between the two types of data. This chapter focuses on organizing ungrouped data
into grouped data and displaying them graphically.

FREQUENCY DISTRIBUTIONS

One particularly useful tool for grouping data is the frequency distribution, which is a
summary of data presented in the form of class intervals and frequencies. How is a frequency
distribution constructed from raw data? That is, how are frequency distributions like the
one displayed in Table 2.2 constructed from raw data like those presented in Table 2.1?
Frequency distributions are relatively easy to construct. Although some guidelines and
rules of thumb help in their construction, frequency distributions vary in final shape and
design, even when the original raw data are identical. In a sense, frequency distributions are
constructed according to individual business researchers’ taste.

When constructing a frequency distribution, the business researcher should first deter-
mine the range of the raw data. The range often is defined as the difference between the
largest and smallest numbers. The range for the data in Table 2.1 is 9.7 (12.0-2.3).

The second step in constructing a frequency distribution is to determine how many
classes it will contain. One rule of thumb is to select between 5 and 15 classes. If the fre-
quency distribution contains too few classes, the data summary may be too general to be
useful. Too many classes may result in a frequency distribution that does not aggregate the
data enough to be helpful. The final number of classes is arbitrary. The business researcher
arrives at a number by examining the range and determining a number of classes that will
span the range adequately and also be meaningful to the user. The data in Table 2.1 were
grouped into six classes for Table 2.2.

After selecting the number of classes, the business researcher must determine the
width of the class interval. An approximation of the class width can be calculated by divid-
ing the range by the number of classes. For the data in Table 2.1, this approximation would
be 9.7/6 = 1.62. Normally, the number is rounded up to the next whole number, which in
this case is 2. The frequency distribution must start at a value equal to or lower than the
lowest number of the ungrouped data and end at a value equal to or higher than the highest
number. The lowest unemployment rate is 2.3 and the highest is 12.0, so the business
researcher starts the frequency distribution at 1 and ends it at 13. Table 2.2 contains the
completed frequency distribution for the data in Table 2.1. Class endpoints are selected so
that no value of the data can fit into more than one class. The class interval expression
“under” in the distribution of Table 2.2 avoids such a problem.

Class Midpoint

The midpoint of each class interval is called the class midpoint and is sometimes referred to
as the class mark. It is the value halfway across the class interval and can be calculated as the
average of the two class endpoints. For example, in the distribution of Table 2.2, the mid-
point of the class interval 3—under 5 is 4, or (3 + 5)/2.

The class midpoint is important, because it becomes the representative value for each
class in most group statistics calculations. The third column in Table 2.3 contains the class
midpoints for all classes of the data from Table 2.2.

Relative Frequency

Relative frequency is the proportion of the total frequency that is in any given class interval
in a frequency distribution. Relative frequency is the individual class frequency divided by
the total frequency. For example, from Table 2.3, the relative frequency for the class inter-
val 5—under 7 is 13/60 = .2167. Consideration of the relative frequency is preparatory to the
study of probability in Chapter 4. Indeed, if values were selected randomly from the data
in Table 2.1, the probability of drawing a number that is “5—under 7” would be .2167, the



Class Midpoints, Relative
Frequencies, and Cumulative
Frequencies for
Unemployment Data

DEMONSTRATION
PROBLEM 2.1
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Class Relative Cumulative

Interval Frequency Midpoint Frequency Frequency
1—under 3 4 2 .0667 4
3—under 5 12 4 .2000 16
5-under 7 13 6 2167 29
7—under 9 19 8 3167 48
9—under 11 7 10 1167 55
11-under 13 5 12 .0833 60

Total 60

relative frequency for that class interval. The fourth column of Table 2.3 lists the relative
frequencies for the frequency distribution of Table 2.2.

Cumulative Frequency

The cumulative frequency is a running total of frequencies through the classes of a frequency
distribution. The cumulative frequency for each class interval is the frequency for that class
interval added to the preceding cumulative total. In Table 2.3 the cumulative frequency for
the first class is the same as the class frequency: 4. The cumulative frequency for the second
class interval is the frequency of that interval (12) plus the frequency of the first interval
(4), which yields a new cumulative frequency of 16. This process continues through the last
interval, at which point the cumulative total equals the sum of the frequencies (60). The
concept of cumulative frequency is used in many areas, including sales cumulated over a
fiscal year, sports scores during a contest (cumulated points), years of service, points earned
in a course, and costs of doing business over a period of time. Table 2.3 gives cumulative
frequencies for the data in Table 2.2.

The following data are the average weekly mortgage interest rates
for a 40-week period.

7.29 7.23 7.11 6.78 7.47
6.69 6.77 6.57 6.80 6.88
6.98 7.16 7.30 7.24 7.16
7.03 6.90 7.16 7.40 7.05
7.28 7.31 6.87 7.68 7.03
7.7 6.78 7.08 7.12 7.31
7.40 6.35 6.96 7.29 7.16
6.97 6.96 7.02 7.13 6.84

Construct a frequency distribution for these data. Calculate and display the
class midpoints, relative frequencies, and cumulative frequencies for this frequency
distribution.

Solution

How many classes should this frequency distribution contain? The range of the data
is 1.33 (7.68-6.35). If 7 classes are used, each class width is approximately:

Range 133

Class Width = mber of Classes 7

=0.19

If a class width of .20 is used, a frequency distribution can be constructed with end-
points that are more uniform looking and allow presentation of the information in
categories more familiar to mortgage interest rate users.
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The first class endpoint must be 6.35 or lower to include the smallest value; the last
endpoint must be 7.68 or higher to include the largest value. In this case the frequency
distribution begins at 6.30 and ends at 7.70. The resulting frequency distribution,
class midpoints, relative frequencies, and cumulative frequencies are listed in the
following table.

Class Relative Cumulative
Interval Frequency Midpoint Frequency Frequency
6.30-under 6.50 1 6.40 .025 1
6.50-under 6.70 2 6.60 .050 3
6.70-under 6.90 7 6.80 .175 10
6.90-under 7.10 10 7.00 .250 20
7.10-under 7.30 13 7.20 .325 33
7.30-under 7.50 6 7.40 .150 39
7.50-under 7.70 1 7.60 .025 40
Total 40

The frequencies and relative frequencies of these data reveal the mortgage interest
rate classes that are likely to occur during the period. Most of the mortgage interest
rates (36 of the 40) are in the classes starting with 6.70-under 6.90 and going through
7.30-under 7.50. The rates with the greatest frequency, 13, are in the 7.10-under
7.30 class.

2.1 PROBLEMS 2.1 The following data represent the afternoon high temperatures for 50 construction
days during a year in St. Louis.

42 70 64 47 66 69 73 38 48 25
55 85 10 24 45 31 62 47 63 84
16 40 81 15 35 17 40 36 44 17
38 79 35 36 23 64 75 53 31 60
31 38 52 16 81 12 61 43 30 33

a. Construct a frequency distribution for the data using five class intervals.
b. Construct a frequency distribution for the data using 10 class intervals.

c. Examine the results of (a) and (b) and comment on the usefulness of
the frequency distribution in terms of temperature summarization
capability.

2.2 A packaging process is supposed to fill small boxes of raisins with approximately
50 raisins so that each box will weigh the same. However, the number of raisins in
each box will vary. Suppose 100 boxes of raisins are randomly sampled, the raisins
counted, and the following data are obtained.

57 51 53 52 50 60 51 51 52 52
44 53 45 57 39 53 58 47 51 48
49 49 44 54 46 52 55 54 47 53
49 52 49 54 57 52 52 53 49 47
51 48 55 53 55 47 53 43 48 46
54 46 51 48 53 56 48 47 49 57
55 53 50 47 57 49 43 58 52 44
46 59 57 47 61 60 49 53 41 48
59 53 45 45 56 40 46 49 50 57
47 52 48 50 45 56 47 47 48 46

Construct a frequency distribution for these data. What does the frequency
distribution reveal about the box fills?

2.3 The owner of a fast-food restaurant ascertains the ages of a sample of customers.
From these data, the owner constructs the frequency distribution shown. For each
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class interval of the frequency distribution, determine the class midpoint, the relative
frequency, and the cumulative frequency.

Class Interval Frequency
O—under 5 6
5—under 10 8

10—under 15 17

15—under 20 23

20-under 25 18

25-under 30 10

30-under 35 4

What does the relative frequency tell the fast-food restaurant owner about customer
ages?

2.4 The human resources manager for a large company commissions a study in which the
employment records of 500 company employees are examined for absenteeism during
the past year. The business researcher conducting the study organizes the data into a
frequency distribution to assist the human resources manager in analyzing the data.
The frequency distribution is shown. For each class of the frequency distribution,
determine the class midpoint, the relative frequency, and the cumulative frequency.

Class Interval Frequency
O—under 2 218
2—under 4 207
4—under 6 56
6—under 8 11
8—under 10 8

2.5 List three specific uses of cumulative frequencies in business.

QUANTITATIVE DATA GRAPHS

One of the most effective mechanisms for presenting data in a form meaningful to decision
makers is graphical depiction. Through graphs and charts, the decision maker can often get
an overall picture of the data and reach some useful conclusions merely by study-
ing the chart or graph. Converting data to graphics can be creative and artful.
Often the most difficult step in this process is to reduce important and sometimes
expensive data to a graphic picture that is both clear and concise and yet consis-
tent with the message of the original data. One of the most important uses of graphical
depiction in statistics is to help the researcher determine the shape of a distribution. Data
graphs can generally be classified as quantitative or qualitative. Quantitative data graphs
are plotted along a numerical scale, and qualitative graphs are plotted using non-numer-
ical categories. In this section, we will examine five types of quantitative data graphs: (1)
histogram, (2) frequency polygon, (3) ogive, (4) dot plot, and (5) stem-and-leaf plot.

Histograms

One of the more widely used types of graphs for quantitative data is the histogram. A his-
togram is a series of contiguous bars or rectangles that represent the frequency of data in
given class intervals. If the class intervals used along the horizontal axis are equal, then the
height of the bars represent the frequency of values in a given class interval. If the class
intervals are unequal, then the areas of the bars (rectangles) can be used for relative com-
parisons of class frequencies. Construction of a histogram involves labeling the x-axis
(abscissa) with the class endpoints and the y-axis (ordinate) with the frequencies, drawing
a horizontal line segment from class endpoint to class endpoint at each frequency value,
and connecting each line segment vertically from the frequency value to the x-axis to form
a series of rectangles (bars). Figure 2.1 is a histogram of the frequency distribution in
Table 2.2 produced by using the software package Minitab.
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Minitab Histogram of
Canadian Unemployment Data
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Frequency

1 3 5 7 9 11 13
Unemployment Rates for Canada

A histogram is a useful tool for differentiating the frequencies of class intervals. A
quick glance at a histogram reveals which class intervals produce the highest frequency
totals. Figure 2.1 clearly shows that the class interval 7—under 9 yields by far the highest fre-
quency count (19). Examination of the histogram reveals where large increases or decreases
occur between classes, such as from the 1-under 3 class to the 3—under 5 class, an increase
of 8, and from the 7—under 9 class to the 9—under 11 class, a decrease of 12.

Note that the scales used along the x-and y-axes for the histogram in Figure 2.1 are
almost identical. However, because ranges of meaningful numbers for the two variables
being graphed often differ considerably, the graph may have different scales on the two axes.
Figure 2.2 shows what the histogram of unemployment rates would look like if the scale on
the y-axis were more compressed than that on the x-axis. Notice that less difference in the
length of the rectangles appears to represent the frequencies in Figure 2.2. It is important
that the user of the graph clearly understands the scales used for the axes of a histogram.
Otherwise, a graph’s creator can “lie with statistics” by stretching or compressing a graph
to make a point.*

Minitab Histogram of
Canadian Unemployment Data
(y-axis compressed)

20

15

10

Frequency

1 3 5 7 9 11 13
Unemployment Rates for Canada

*It should be pointed out that the software package Excel uses the term histogram to refer to a frequency dis-
tribution. However, by checking Chart Output in the Excel histogram dialog box, a graphical histogram is also
created.
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Histogram of Stock Volumes
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Using Histograms to Get an Initial Overview of the Data

Because of the widespread availability of computers and statistical software packages to
business researchers and decision makers, the histogram continues to grow in importance
in yielding information about the shape of the distribution of a large database, the variabil-
ity of the data, the central location of the data, and outlier data. Although most of these
concepts are presented in Chapter 3, the notion of histogram as an initial tool to access
these data characteristics is presented here.

A business researcher measured the volume of stocks traded on Wall Street three times
a month for nine years resulting in a database of 324 observations. Suppose a financial deci-
sion maker wants to use these data to reach some conclusions about the stock market.
Figure 2.3 shows a Minitab-produced histogram of these data. What can we learn from this
histogram? Virtually all stock market volumes fall between zero and 1 billion shares. The dis-
tribution takes on a shape that is high on the left end and tapered to the right. In Chapter 3
we will learn that the shape of this distribution is skewed toward the right end. In statistics,
it is often useful to determine whether data are approximately normally distributed (bell-
shaped curve) as shown in Figure 2.4. We can see by examining the histogram in Figure 2.3
that the stock market volume data are not normally distributed. Although the center of the
histogram is located near 500 million shares, a large portion of stock volume observations
falls in the lower end of the data somewhere between 100 million and 400 million shares. In
addition, the histogram shows some outliers in the upper end of the distribution. Outliers
are data points that appear outside of the main body of observations and may represent phe-
nomena that differ from those represented by other data points. By observing the histogram,
we notice a few data observations near 1 billion. One could conclude that on a few stock
market days an unusually large volume of shares are traded. These and other insights can be
gleaned by examining the histogram and show that histograms play an important role in the
initial analysis of data.

Frequency Polygons

A frequency polygon, like the histogram, is a graphical display of class frequencies. However,
instead of using bars or rectangles like a histogram, in a frequency polygon each class fre-
quency is plotted as a dot at the class midpoint, and the dots are connected by a series of line
segments. Construction of a frequency polygon begins by scaling class midpoints along the
horizontal axis and the frequency scale along the vertical axis. A dot is plotted for the associ-
ated frequency value at each class midpoint. Connecting these midpoint dots completes the
graph. Figure 2.5 shows a frequency polygon of the distribution data from Table 2.2 produced
by using the software package Excel. The information gleaned from frequency polygons and
histograms is similar. As with the histogram, changing the scales of the axes can compress or
stretch a frequency polygon, which affects the user’s impression of what the graph represents.
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Excel-Produced Frequency
Polygon of the Unemployment
Data
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An ogive (o-jive) is a cumulative frequency polygon. Construction begins by labeling the
x-axis with the class endpoints and the y-axis with the frequencies. However, the use of
cumulative frequency values requires that the scale along the y-axis be great enough to
include the frequency total. A dot of zero frequency is plotted at the beginning of the first
class, and construction proceeds by marking a dot at the end of each class interval for the
cumulative value. Connecting the dots then completes the ogive. Figure 2.6 presents an
ogive produced by using Excel for the data in Table 2.2.

Ogives are most useful when the decision maker wants to see running totals. For exam-
ple, if a comptroller is interested in controlling costs, an ogive could depict cumulative
costs over a fiscal year.

Steep slopes in an ogive can be used to identify sharp increases in frequencies. In
Figure 2.6, a particularly steep slope occurs in the 7—under 9 class, signifying a large jump
in class frequency totals.

Excel Ogive of the
Unemployment Data
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A Minitab-Produced Dot Plot
of the Canadian
Unemployment Data
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Annual Unemployment Rates for Canada

Dot Plots

A relatively simple statistical chart that is generally used to display continuous, quantitative
data is the dot plot. In a dot plot, each data value is plotted along the horizontal axis and
is represented on the chart by a dot. If multiple data points have the same values, the dots
will stack up vertically. If there are a large number of close points, it may not be possible to
display all of the data values along the horizontal axis. Dot plots can be especially useful for
observing the overall shape of the distribution of data points along with identifying data
values or intervals for which there are groupings and gaps in the data. Figure 2.7 displays a
minitab-produced dot plot for the Canadian unemployment data shown in Table 2.1. Note
that the distribution is relatively balanced with a peak near the center. There are a few gaps
to note, such as from 4.9 to 5.3, from 9.9 to 10.2, and from 11.5 to 11.9. In addition, there
are groupings around 6.0, 7.1, and 7.5.

Stem-and-Leaf Plots

Another way to organize raw data into groups besides using a frequency distribution is
a stem-and-leaf plot. This technique is simple and provides a unique view of the data.
A stem-and-leaf plot is constructed by separating the digits for each number of the data
into two groups, a stem and a leaf. The leftmost digits are the stem and consist of the
higher valued digits. The rightmost digits are the leaves and contain the lower values. If
a set of data has only two digits, the stem is the value on the left and the leaf is the value
on the right. For example, if 34 is one of the numbers, the stem is 3 and the leaf is 4. For
numbers with more than two digits, division of stem and leaf is a matter of researcher
preference.

Table 2.4 contains scores from an examination on plant safety policy and rules given
to a group of 35 job trainees. A stem-and-leaf plot of these data is displayed in Table 2.5.
One advantage of such a distribution is that the instructor can readily see whether the
scores are in the upper or lower end of each bracket and also determine the spread of the
scores. A second advantage of stem-and-leaf plots is that the values of the original raw data
are retained (whereas most frequency distributions and graphic depictions use the class
midpoint to represent the values in a class).

Stem and Leaf Plot for Plant Safety
Examination Data

Safety Examination Scores Stem  Leaf
for Plant Trainees
2 3
86 77 91 60 55 3 9
76 92 47 88 67 4 7 9
23 59 72 75 83 5 5 6 9
77 68 82 97 89 6 0 7 7 8 8
81 75 74 39 67 7 0 2 4 5 5 6 7 8 9
79 83 70 78 91 8 1 1 2 3 3 6 9
68 49 56 94 81 9 1 1 2 4 7
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DEMONSTRATION
PROBLEM 2.2

The following data represent the costs (in dollars) of a sample of 30 postal mailings
by a company.

3.67 2.75 9.15 5.11 3.32 2.09

1.83 10.94 1.93 3.89 7.20 2.78

6.72 7.80 5.47 4.15 3.565 3.53

3.34 4.95 5.42 8.64 4.84 4.10

5.10 6.45 4.65 1.97 2.84 3.21

Using dollars as a stem and cents as a leaf, construct a stem-and-leaf plot of the
data.

Solution
Stem Leaf

1 83 93 97
2 09 75 78 84
3 21 32 34 53 55 67 89
4 10 15 65 84 95
5 10 11 42 47
6 45 72
7 20 80
8 64
9 15
10 94
2.2 PROBLEMS 2.6 Construct a histogram and a frequency polygon for the following data.
Class Interval Frequency
30—under 32 5
32—under 34 7
34—under 36 15
36—under 38 21
38—under 40 34
40-under 42 24
42—under 44 17
44—under 46 8

2.7 Construct a histogram and a frequency polygon for the following data.

Class Interval Frequency
10—under 20 9
20—under 30 7
30—under 40 10
40—under 50 6
50—under 60 13
60—under 70 18
70—under 80 15

2.8 Construct an ogive for the following data.

Class Interval Frequency
3—under 6 2
6—under 9 5
9—under 12 10

12—under 15 11

15—under 18 17

18—under 21 5
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2.9 Construct a stem-and-leaf plot using two digits for the stem.

212 239 240 218 222 249 265 224
257 271 266 234 239 219 255 260
243 261 249 230 246 263 235 229
218 238 254 249 250 263 229 221
253 227 270 257 261 238 240 239
273 220 226 239 258 259 230 262
255 226

2.10 The following data represent the number of passengers per flight in a sample
of 50 flights from Wichita, Kansas, to Kansas City, Missouri.

23 46 66 67 13 58 19 17 65 17
25 20 47 28 16 38 44 29 48 29
69 34 35 60 37 52 80 59 51 33
48 46 23 38 52 50 17 57 41 77
45 47 49 19 32 64 27 6l 70 19

a. Construct a dot plot for these data.

b. Construct a stem-and-leaf plot for these data. What does the stem-and-leaf plot
tell you about the number of passengers per flight?

QUALITATIVE DATA GRAPHS

In contrast to quantitative data graphs that are plotted along a numerical scale, qualitative
graphs are plotted using non-numerical categories. In this section, we will examine three
types of qualitative data graphs: (1) pie charts, (2) bar charts, and (3) Pareto charts.

Pie Charts

A pie chart is a circular depiction of data where the area of the whole pie represents 100% of
the data and slices of the pie represent a percentage breakdown of the sublevels. Pie charts
show the relative magnitudes of the parts to the whole. They are widely used in business,
particularly to depict such things as budget categories, market share, and time/resource allo-
cations. However, the use of pie charts is minimized in the sciences and technology because
pie charts can lead to less accurate judgments than are possible with other types of graphs.*
Generally, it is more difficult for the viewer to interpret the relative size of angles in a pie
chart than to judge the length of rectangles in a bar chart. In the feature, Statistics in
Business Today, “Where Are Soft Drinks Sold?” graphical depictions of the percentage of
sales by place are displayed by both a pie chart and a vertical bar chart.

Construction of the pie chart begins by determining the proportion of the subunit to
the whole. Table 2.6 contains annual sales for the top petroleum refining companies in the

Company Annual Sales ($ millions) Proportion Degrees
Exxon Mobil 372,824 .3879 139.64
Chevron 210,783 2193 78.95
Conoco Phillips 178,558 .1858 66.89
Valero Energy 96,758 .1007 36.25
Marathon Oil 60,044 .0625 22.50
Sunoco 42,101 .0438 15.77
Totals 961,068 1.0000 360.00

*William S. Cleveland, The Elements of Graphing Data. Monterey, CA: Wadsworth Advanced Books and Software,
1985.
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Minitab Pie Chart of Petroleum
Refining Sales by Brand

How Much is Spent on Back-
to-College Shopping by the
Average Student

Sunoco
Marathon Oil 4.4%,

6.2%

Valero Energy

10.1% Exxon Mobil

38.8%

ConocoPhillips
18.6%

Chevron
21.9%

United States in a recent year. To construct a pie chart from these data, first convert the raw
sales figures to proportions by dividing each sales figure by the total sales figure. This pro-
portion is analogous to relative frequency computed for frequency distributions. Because a
circle contains 360°, each proportion is then multiplied by 360 to obtain the correct num-
ber of degrees to represent each item. For example, Exxon Mobil sales of $372,824 million
372,824
961,068
by 360° results in an angle of 139.64°. The pie chart is then completed by determining each
of the other angles and using a compass to lay out the slices. The pie chart in Figure 2.8,
constructed by using Minitab, depicts the data from Table 2.6.

represent a .3879 proportion of the total sales ( = .3879). Multiplying this value

Bar Graphs

Another widely used qualitative data graphing technique is the bar graph or bar chart. A
bar graph or chart contains two or more categories along one axis and a series of bars, one
for each category, along the other axis. Typically, the length of the bar represents the mag-
nitude of the measure (amount, frequency, money, percentage, etc.) for each category. The
bar graph is qualitative because the categories are non-numerical, and it may be either
horizontal or vertical. In Excel, horizontal bar graphs are referred to as bar charts, and ver-
tical bar graphs are referred to as column charts. A bar graph generally is constructed from
the same type of data that is used to produce a pie chart. However, an advantage of using
a bar graph over a pie chart for a given set of data is that for categories that are close in
value, it is considered easier to see the difference in the bars of bar graph than discriminat-
ing between pie slices.

As an example, consider the data in Table 2.7 regarding how much the average college
student spends on back-to-college spending. Constructing a bar graph from these data, the

Category Amount Spent ($ US)
Electronics $211.89
Clothing and Accessories 134.40
Dorm Furnishings 90.90
School Supplies 68.47

Misc. 93.72
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Bar Graph of Back-to-College
Spending

DEMONSTRATION
PROBLEM 2.3

Electronics

Clothing and Accessories

Dorm Furnishings

School Supplies

Misc.
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categories are Electronics, Clothing and Accessories, Dorm Furnishings, School Supplies,
and misc. Bars for each of these categories are made using the dollar figures given in the
table. The resulting bar graph is shown in Figure 2.9 produced by Excel.

According to the National Retail Federation and Center for Retailing Education at
the University of Florida, the four main sources of inventory shrinkage are employee
theft, shoplifting, administrative error, and vendor fraud. The estimated annual
dollar amount in shrinkage ($ millions) associated with each of these sources

follows:
Employee theft $17,918.6
Shoplifting 15,191.9
Administrative error 7,617.6
Vendor fraud 2,5653.6
Total $43,281.7

Construct a pie chart and a bar chart to depict these data.

Solution

To produce a pie chart, convert each raw dollar amount to a proportion by dividing
each individual amount by the total.

Employee theft 17,918.6/43,281.7 =
Shoplifting 15,191.9/43,281.7 =
Administrative error 7,617.6/43,281.7 =
Vendor fraud 2,5653.6/43,281.7 =
Total

414
.351
.176
059
1.000

Convert each proportion to degrees by multiplying each proportion by 360°.

Employee theft 414 -
Shoplifting .351

Administrative error 176 -
Vendor fraud .059 -

Total

360° = 149.0°

- 360° = 126.4°
360°= 63.4°
360°= 21.2°
360.0°
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Vendor Fraud
6 0/()

Employee Theft

Administrative 41%

Error
18%

Shoplifting
35%

Using the raw data above, we can produce the following bar chart.

Employee Theft |

Shoplifting |

Administrative Error

Vendor Fraud
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Pareto Charts

A third type of qualitative data graph is a Pareto chart, which could be viewed as a particu-
lar application of the bar graph. An important concept and movement in business is total
quality management (see Chapter 18). One of the important aspects of total quality manage-
ment is the constant search for causes of problems in products and processes. A graphical
technique for displaying problem causes is Pareto analysis. Pareto analysis is a quantitative
tallying of the number and types of defects that occur with a product or service. Analysts use
this tally to produce a vertical bar chart that displays the most common types of defects, ranked
in order of occurrence from left to right. The bar chart is called a Pareto chart.

Pareto charts were named after an Italian economist, Vilfredo Pareto, who observed
more than 100 years ago that most of Italy’s wealth was controlled by a few families who
were the major drivers behind the Italian economy. Quality expert J. M. Juran applied this
notion to the quality field by observing that poor quality can often be addressed by attacking
a few major causes that result in most of the problems. A Pareto chart enables quality-
management decision makers to separate the most important defects from trivial defects,
which helps them to set priorities for needed quality improvement work.

Suppose the number of electric motors being rejected by inspectors for a company has
been increasing. Company officials examine the records of several hundred of the motors in
which at least one defect was found to determine which defects occurred more frequently.
They find that 40% of the defects involved poor wiring, 30% involved a short in the coil, 25%
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STATISTICS IN BUSINESS TODAY

Where Are Soft Drinks Sold? Mass Merch. Drugstore
3% 2%

The soft drink market is an extremely large and growing
market in the United States and worldwide. In a recent year,
9.6 billion cases of soft drinks were sold in the United States
alone. Where are soft drinks sold? The following data from
Sanford C. Bernstein research indicate that the four leading
places for soft drink sales are supermarkets, fountains,
convenience/gas stores, and vending machines.

Vending
11%

Supermarket
44%

Convenience/Gas
16%

Place of Sales Percentage

Supermarket 44

Fountain 24

Convenience/gas stations 16 Fountain
Vending 11 24%
Mass merchandisers 3 50

Drugstores 2

40 |-
These data can be displayed graphically several ways.
Displayed here is an Excel pie chart and a Minitab bar chart 30 |-

of the data. Some statisticians prefer the histogram or the %
. . oy o . o
bar chart over the pie chart because they believe it is easier E 20
to compare categories that are similar in size with the his-
togram or the bar chart rather than the pie chart. 10 -
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Super- Fountain Conven- Vending Mass Drugstore
market ience/Gas Merch.

Place

involved a defective plug, and 5% involved cessation of bearings. Figure 2.10 is a Pareto chart
constructed from this information. It shows that the main three problems with defective
motors—poor wiring, a short in the coil, and a defective plug—account for 95% of the prob-
lems. From the Pareto chart, decision makers can formulate a logical plan for reducing the
number of defects.

Company officials and workers would probably begin to improve quality by examin-
ing the segments of the production process that involve the wiring. Next, they would study
the construction of the coil, then examine the plugs used and the plug-supplier process.

Pareto Chart for Electric
Motor Problems 40 b

35
30
25
20
15
10

Percentage of Total

Poor Short Defective Bearings
Wiring  in Coil Plug Ceased
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Minitab Pareto Chart for
Electric Motor Problems

2.3 PROBLEMS
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Figure 2.11 is a Minitab rendering of this Pareto chart. In addition to the bar chart
analysis, the Minitab Pareto analysis contains a cumulative percentage line graph. Observe
the slopes on the line graph. The steepest slopes represent the more frequently occurring
problems. As the slopes level off, the problems occur less frequently. The line graph gives the
decision maker another tool for determining which problems to solve first.

2.11 Shown here is a list of the top five industrial and farm equipment companies in
the United States, along with their annual sales ($ millions). Construct a pie chart
and a bar graph to represent these data, and label the slices with the appropriate
percentages. Comment on the effectiveness of using a pie chart to display the
revenue of these top industrial and farm equipment companies.

Firm Revenue ($ million)
Caterpillar 30,251
Deere 19,986
Illinois Tool Works 11,731
Eaton 9,817
American Standard 9,509

2.12 According to T-100 Domestic Market, the top seven airlines in the United States by
domestic boardings in a recent year were Southwest Airlines with 81.1 million, Delta
Airlines with 79.4 million, American Airlines with 72.6 million, United Airlines with
56.3 million, Northwest Airlines with 43.3 million, US Airways with 37.8 million,
and Continental Airlines with 31.5 million. Construct a pie chart and a bar graph to
depict this information.

2.13 The following list shows the top six pharmaceutical companies in the United States
and their sales figures ($ millions) for a recent year. Use this information to construct
a pie chart and a bar graph to represent these six companies and their sales.

Pharmaceutical Company Sales
Pfizer 52,921
Johnson & Johnson 47,348
Merck 22,939
Bristol-Myers Squibb 21,886
Abbott Laboratories 20,473

Wyeth 17,358
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2.14 An airline company uses a central telephone bank and a semiautomated telephone
process to take reservations. It has been receiving an unusually high number of
customer complaints about its reservation system. The company conducted a survey
of customers, asking them whether they had encountered any of the following problems
in making reservations: busy signal, disconnection, poor connection, too long a wait
to talk to someone, could not get through to an agent, connected with the wrong
person. Suppose a survey of 744 complaining customers resulted in the following

frequency tally.
Number of Complaints Complaint

184 Too long a wait
10 Transferred to the wrong person
85 Could not get through to an agent
37 Got disconnected

420 Busy signal

8 Poor connection

Construct a Pareto diagram from this information to display the various problems
encountered in making reservations.

GRAPHICAL DEPICTION OF TWO-VARIABLE NUMERICAL DATA:
SCATTER PLOTS

Many times in business research it is important to explore the relationship between two
numerical variables. A more detailed statistical approach is given in chapter 12, but here we
present a graphical mechanism for examining the relationship between two numerical

Value of New Construction variables—the scatter plot (or scatter diagram). A scatter plot is a two-dimensional graph
Over a 35-Year Period plot of pairs of points from two numerical variables.
Residential Nonresidential As an example of two numerical variables, consider the data in Table 2.8. Displayed are

the values of new residential and new nonresidential buildings in the United States for var-

169635 96497 ious years over a 35-year period. Do these two numerical variables exhibit any relationship?
1Bl 152 It might seem logical when new construction booms that it would boom in both residen-
Jrall 2607 tial building and in nonresidential building at the same time. However, the Minitab scatter
e LB plot of these data displayed in Figure 2.12 shows somewhat mixed results. The apparent
ezl =6 tendency is that more new residential building construction occurs when more new non-
= dassllise: residential building construction is also taking place and less new residential building
195028 131289
231396 155261
234955 178925

oo o . FIGURE2.12
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construction when new nonresidential building construction is also at lower levels. The
scatter plot also shows that in some years more new residential building and less new non-
residential building happened at the same time, and vice versa.

2.4 PROBLEMS 2.15 The U.S. National Oceanic and Atmospheric Administration, National Marine
Fisheries Service, publishes data on the quantity and value of domestic fishing in
the United States. The quantity (in millions of pounds) of fish caught and used for
human food and for industrial products (oil, bait, animal food, etc.) over a decade
follows. Is a relationship evident between the quantity used for human food and the
quantity used for industrial products for a given year? Construct a scatter plot of
the data. Examine the plot and discuss the strength of the relationship of the two

variables.
Human Food Industrial Product
3654 2828
3547 2430
3285 3082
3238 3201
3320 3118
3294 2964
3393 2638
3946 2950
4588 2604
6204 2259

2.16 Are the advertising dollars spent by a company related to total sales revenue? The
following data represent the advertising dollars and the sales revenues for various
companies in a given industry during a recent year. Construct a scatter plot of
the data from the two variables and discuss the relationship between the two

variables.

Advertising Sales
(in $ millions) (in $ millions)

4.2 155.7

1.6 87.3

6.3 135.6

2.7 99.0

10.4 168.2

7.1 136.9

5.5 101.4

8.3 158.2

DECISIO!‘B"_E ¥ Energy Consumption Around the World

The raw values as shown in the However, these numbers could also be displayed graphically

table in the Decision Dilemma are in different ways to create interest and discussion among

relatively easy to read and interpret.  readers and to allow for more ease of comparisons. For exam-
ple, shown below are side-by-side Excel pie charts displaying
both oil and coal energy consumption figures by country.
With such charts, the reader can visually see which countries
are dominating consumption of each energy source and then
can compare consumption segments across sources.
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Pie Charts for World Oil and Coal Consumption (Top Eight Nations)

Oil Consumption Coal Consumption
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below is a Minitab-produced histogram of the oil consump-
tion data. It is easy to see that the United States dominates world
oil consumption.

Sometimes it is difficult for the reader to discern the relative
sizes of pie slices that are close in magnitude. For that reason,
a bar chart might be a better way to display the data. Shown

Oil Consumption
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ETHICAL CONSIDERATIONS

Ethical considerations for techniques learned in Chapter 2
begin with the data chosen for representation. With the
abundance of available data in business, the person con-
structing the data summary must be selective in choosing
the reported variables. The potential is great for the analyst
to select variables or even data within variables that are
favorable to his or her own situation or that are perceived
to be well received by the listener.

Section 2.1 noted that the number of classes and the size
of the intervals in frequency distributions are usually selected
by the researcher. The researcher should be careful to select

values and sizes that will give an honest, accurate reflection of
the situation and not a biased over- or under-stated case.

Sections 2.2, 2.3, and 2.4 discussed the construction of
charts and graphs. It pointed out that in many instances, it
makes sense to use unequal scales on the axes. However,
doing so opens the possibility of “cheating with statistics”
by stretching or compressing of the axes to underscore the
researcher’s or analyst’s point. It is imperative that fre-
quency distributions and charts and graphs be constructed
in a manner that most reflects actual data and not merely
the researcher’s own agenda.
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SUMMARY

The two types of data are grouped and ungrouped. Grouped
data are data organized into a frequency distribution.
Differentiating between grouped and ungrouped data is
important, because statistical operations on the two types are
computed differently.

Constructing a frequency distribution involves several steps.
The first step is to determine the range of the data, which is the
difference between the largest value and the smallest value. Next,
the number of classes is determined, which is an arbitrary choice
of the researcher. However, too few classes overaggregate the
data into meaningless categories, and too many classes do not
summarize the data enough to be useful. The third step in con-
structing the frequency distribution is to determine the width of
the class interval. Dividing the range of values by the number of
classes yields the approximate width of the class interval.

The class midpoint is the midpoint of a class interval. It is the
average of the class endpoints and represents the halfway point
of the class interval. Relative frequency is a value computed by
dividing an individual frequency by the sum of the frequencies.
Relative frequency represents the proportion of total values that
is in a given class interval. The cumulative frequency is a run-
ning total frequency tally that starts with the first frequency
value and adds each ensuing frequency to the total.

Two types of graphical depictions are quantitative data
graphs and qualitative data graphs. Quantitative data graphs
presented in this chapter are histogram, frequency polygon,
ogive, dot plot, and stem-and-leaf plot. Qualitative data graphs
presented are pie chart, bar chart, and Pareto chart. In addition,
two-dimensional scatter plots are presented. A histogram is a
vertical bar chart in which a line segment connects class end-

points at the value of the frequency. Two vertical lines connect
this line segment down to the x-axis, forming a rectangle. A fre-
quency polygon is constructed by plotting a dot at the midpoint
of each class interval for the value of each frequency and then
connecting the dots. Ogives are cumulative frequency polygons.
Points on an ogive are plotted at the class endpoints. A dot plot
is a graph that displays frequency counts for various data points
as dots graphed above the data point. Dot plots are especially
useful for observing the overall shape of the distribution and
determining both gaps in the data and high concentrations of
data. Stem-and-leaf plots are another way to organize data. The
numbers are divided into two parts, a stem and a leaf. The stems
are the leftmost digits of the numbers and the leaves are the
rightmost digits. The stems are listed individually, with all leaf
values corresponding to each stem displayed beside that stem.

A pie chart is a circular depiction of data. The amount of
each category is represented as a slice of the pie proportionate
to the total. The researcher is cautioned in using pie charts
because it is sometimes difficult to differentiate the relative
sizes of the slices.

The bar chart or bar graph uses bars to represent the fre-
quencies of various categories. The bar chart can be displayed
horizontally or vertically.

A Pareto chart is a vertical bar chart that is used in total qual-
ity management to graphically display the causes of problems.
The Pareto chart presents problem causes in descending order to
assist the decision maker in prioritizing problem causes. The
scatter plot is a two-dimensional plot of pairs of points from two
numerical variables. It is used to graphically determine whether
any apparent relationship exists between the two variables.

KEY TERMS

class midpoint
cumulative frequency

dot plot

frequency distribution
bar graph frequency polygon
class mark grouped data

histogram scatter plot

ogive stem-and-leaf plot
Pareto chart ungrouped data
pie chart

range

relative frequency

SUPPLEMENTARY PROBLEMS

CALCULATING THE STATISTICS

2.17 For the following data, construct a frequency distribution
with six classes.

57 23 35 18 21
26 51 47 29 21
46 43 29 23 39
50 41 19 36 28
31 42 52 29 18
28 46 33 28 20

2.18 For each class interval of the frequency distribution given,
determine the class midpoint, the relative frequency, and
the cumulative frequency.

Class Interval Frequency
20-under 25 17
25-under 30 20
30—-under 35 16
35-under 40 15
40—under 45 8

45—under 50




2.19 Construct a histogram, a frequency polygon, and an ogive
for the following frequency distribution.

Class Interval Frequency
50—under 60 13
60—under 70 27
70—under 80 43
80—under 90 31
90—under 100 9

2.20 Construct a dot plot from the following data.

16
15
13
17

7

2.21 Construct a stem-and-leaf plot for the following data.

15
14
10
17
15

17
9
8

17

20

15
16
18
18
10

Let the leaf contain one digit.

312
314
290
306

2.22 Construct a pie chart from the following data.

324
309
311
286

289
294
317
308

335
326
301
284

Label Value
A 55
B 121
C 83
D 46

2.23 Construct a bar graph from the following data.

Category Frequency
A 7
B 12
C 14
D 5
E 19

2.24 An examination of rejects shows at least 7 problems. A
frequency tally of the problems follows. Construct a

Pareto chart for these data.

Problem Frequency
1 673
2 29
3 108
4 202
5 73
6 564
7 402

2.25 Construct a scatter plot for the following two numerical
variables.

15
15
20
23
14

298
317
316
324
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x y
12 5
17 3
9 10
6 15
10 8
14 9
8

TESTING YOUR UNDERSTANDING

2.26

2.27

2.28

2.29

The Whitcomb Company manufactures a metal ring for
industrial engines that usually weighs about 50 ounces.
A random sample of 50 of these metal rings produced
the following weights (in ounces).

51 53 56 50 44 47
53 53 42 57 46 55
41 44 52 56 50 57
44 46 41 52 69 53
57 51 54 63 42 47
47 52 53 46 36 58
51 38 49 50 62 39
44 55 43 52 43 42
57 49

Construct a frequency distribution for these data using
eight classes. What can you observe about the data from
the frequency distribution?

A northwestern distribution company surveyed 53 of its
midlevel managers. The survey obtained the ages of these
managers, which later were organized into the frequency
distribution shown. Determine the class midpoint, rela-
tive frequency, and cumulative frequency for these data.

Class Interval Frequency
20-under 25 8
25-under 30

30—-under 35 5
35—under 40 12
40—under 45 15
45—under 50 7

Use the data from Problem 2.27.
a. Construct a histogram and a frequency polygon.
b. Construct an ogive.

The following data are shaped roughly like a normal dis-
tribution (discussed in Chapter 6).

61.4 27.3 26.4 37.4 304 475
63.9 46.8 67.9 19.1 81.6  47.9
73.4 54.6 65.1 53.3 71.6 58.6
57.3 87.8 71.1 74.1 48.9  60.2
54.8 60.5 32.5 61.7 55.1 48.2
56.8 60.1 52.9 60.5 55.6  38.1
76.4 46.8 19.9 27.3 77.4 58.1
32.1 54.9 32.7 40.1 52.7 325
35.3 39.1
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2.30

2.31

2.32

Construct a frequency distribution starting with 10 as
the lowest class beginning point and use a class width
of 10. Construct a histogram and a frequency polygon
for this frequency distribution and observe the shape
of a normal distribution. On the basis of your results
from these graphs, what does a normal distribution
look like?

In a medium-sized southern city, 86 houses are for sale,
each having about 2000 square feet of floor space. The
asking prices vary. The frequency distribution shown
contains the price categories for the 86 houses. Construct
a histogram, a frequency polygon, and an ogive from
these data.

Asking Price Frequency

$ 80,000—under $100,000 21
100,000—under 120,000 27
120,000—under 140,000 18
140,000—under 160,000 11
160,000—under 180,000 6
180,000—under 200,000 3

Good, relatively inexpensive prenatal care often can pre-
vent a lifetime of expense owing to complications result-
ing from a baby’s low birth weight. A survey of a random
sample of 57 new mothers asked them to estimate how
much they spent on prenatal care. The researcher tallied
the results and presented them in the frequency distri-
bution shown. Use these data to construct a histogram,
a frequency polygon, and an ogive.

Amount Spent on Frequency of

Prenatal Care New Mothers

$  O-—under $100 3
100—under 200 6
200—under 300 12
300—under 400 19
400-under 500 11
500—under 600 6

A consumer group surveyed food prices at 87 stores on
the East Coast. Among the food prices being measured
was that of sugar. From the data collected, the group
constructed the frequency distribution of the prices of
5 pounds of Domino’s sugar in the stores surveyed.
Compute a histogram, a frequency polygon, and an ogive
for the following data.

Price Frequency

$1.75—under $1.90 9
1.90—under 2.05 14
2.05-under 2.20 17
2.20-under 2.35 16
2.35—-under 2.50 18
2.50-under 2.65
2.65-under 2.80 5

2.33

2.34

2.35

2.36

The top music genres according to SoundScan for a recent
year are R&B, Alternative (Rock), Rap, and Country. These
and other music genres along with the number of albums
sold in each (in millions) are shown.

Genre Albums Sold
R&B 146.4
Alternative 102.6
Rap 73.7
Country 64.5
Soundtrack 56.4
Metal 26.6
Classical 14.8
Latin 14.5

Construct a pie chart for these data displaying the per-
centage of the whole that each of these genres represents.
Construct a bar chart for these data.

The following figures for U.S. imports of agricultural
products and manufactured goods were taken from
selected years over a 30-year period (in $ billions). The
source of the data is the U.S. International Trade
Administration. Construct a scatter plot for these data and
determine whether any relationship is apparent between
the U.S. imports of agricultural products and the U.S.
imports of manufactured goods during this time period.

Agricultural Products Manufactured Goods
5.8 27.3
9.5 54.0
17.4 133.0
19.5 257.5
22.3 388.8
29.3 629.7

Shown here is a list of the industries with the largest total
release of toxic chemicals in a recent year according to
the U.S. Environmental Protection Agency. Construct a
pie chart and a bar chart to depict this information.

Industry Total Release (pounds)
Chemicals 737,100,000
Primary metals 566,400,000
Paper 229,900,000
Plastics and rubber 109,700,000
Transportation equipment 102,500,000
Food 89,300,000
Fabricated metals 85,900,000
Petroleum 63,300,000
Electrical equipment 29,100,000

A manufacturing company produces plastic bottles for
the dairy industry. Some of the bottles are rejected
because of poor quality. Causes of poor-quality bottles
include faulty plastic, incorrect labeling, discoloration,
incorrect thickness, broken handle, and others. The fol-
lowing data for 500 plastic bottles that were rejected
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include the problems and the frequency of the problems.  2.40 Shown here is an Excel-produced pie chart representing

Use these data to construct a Pareto chart. Discuss the physician specialties. What does the chart tell you about
implications of the chart. the various specialties?
Problem Number . I
Physician Specialties
Discoloration 32 Psychiatry Anesthesiology
Thickness 117
Broken handle 86
Fault in plastic 221
Labeling 44
Family
2.37 A research organization selected 50 U.S. towns with Pediatrics Practice
Census 2000 populations between 4,000 and 6,000 as a
sample to represent small towns for survey purposes.
The populations of these towns follow.
4420 5221 4299 5831 5750
5049 5556 4361 5737 4654 GCDCTaI
4653 5338 4512 4388 5923 Ob/Gyn Practice
4730 4963 5090 4822 4304 General Surgery
4758 5366 5431 5291 5254
4866 5858 4346 4734 5919 2.41 Suppose 100 CPA firms are surveyed to determine how
4216 4328 4459 5832 5873 many audits they perform over a certain time. The data
5257 5048 4232 4878 5166 are summarized using the Minitab stem-and-leaf plot
5366 4212 5669 4224 4440 shown in the next column. What can you learn about the
4299 5263 4339 4834 5478 number of audits being performed by these firms from
Construct a stem-and-leaf plot for the data, letting each this plot?
leaf contain two digits. Stem-and-Leaf Display: Audits
INTERPRETING THE OUTPUT stem-and-leaf of Audits NZ100
Leaf Unit= 1.0
2.38 Suppose 150 shoppers at an upscale mall are interviewed 9 1 222333333
and one of the questions asked is the household income. 16 1 4445555
Study the Minitab histogram of the following data and 26 1 6666667777
discuss what can be learned about the shoppers. 35 1 888899999
39 2 0001
44 2 22333
30 — ] 49 2 55555
— ) 2 677777777
g‘ 50 | 42 2 8888899
g 35 3 000111
5 29 3 223333
=10 - 23 3 44455555
15 3 67777
0 10 3 889
50,&)00 IOOIOOO 1501000 / 4 0011
Household Income of Mall Shoppers $ 3 4 222
2.39 Study the following dot plot and comment on the gen-
eral shape of the distribution. Discuss any gaps or heavy
concentrations in the data.
o
008 8
@] 080 O 0 08 80 808%%0808 (POOO 8 %(P 00 00 @]

9 18 27 36 45 54 63
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2.42 The following Excel ogive shows toy sales by a company
over a 12-month period. What conclusions can you
reach about toy sales at this company?

120 ~

100 [~

80 [~

40 [~

Toy Sales ($ million)
[
o
I

20

L L L L L L L L L L L J
Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec.

Month

see www.wiley.com/college/black

ANALYZING THE DATABASES

1. Using the manufac-
turer database, con-
struct a frequency
distribution for the

variable Number of Production Workers. What does the

frequency distribution reveal about the number of produc-
tion workers?

1875634823
7858

9947283
4762295006

U

Database}

75253
7448392018

2. Using the Consumer Food database, construct a his-
togram for the variable Annual Food Spending. How is
the histogram shaped? Is it high in the middle or high
near one or both ends of the data? Is it relatively constant
in size across the class (uniform), or does it appear to

have no shape? Does it appear to be nearly “normally”
distributed?

3. Construct an ogive for the variable Type in the financial
database. The 100 companies in this database are each cate-
gorized into one of seven types of companies. These types
are listed at the end of Chapter 1. Construct a pie chart of
these types and discuss the output. For example, which type
is most prevalent in the database and which is the least?

4. Using the international unemployment database, construct
a stem-and-leaf plot for Italy. What does the plot show
about unemployment for Italy over the past 40 years? What
does the plot fail to show?

SOAP COMPANIES DO BATTLE

Procter & Gamble has been the leading soap manufacturer in
the United States since 1879, when it introduced Ivory soap.
However, late in 1991, its major rival, Lever Bros. (Unilever),
overtook it by grabbing 31.5% of the $1.6 billion personal
soap market, of which Procter & Gamble had a 30.5% share.
Lever Bros. had trailed Procter & Gamble since it entered the
soap market with Lifebuoy in 1895. In 1990, Lever Bros. intro-
duced a new soap, Lever 2000, into its product mix as a soap
for the entire family. A niche for such a soap had been created
because of the segmentation of the soap market into specialty
soaps for children, women, and men. Lever Bros. felt that it
could sell a soap for everyone in the family. Consumer
response was strong; Lever 2000 rolled up $113 million in
sales in 1991, putting Lever Bros. ahead of Procter & Gamble
for the first time in the personal-soap revenue contest. Procter
& Gamble still sells more soap, but Lever’s brands cost more,
thereby resulting in greater overall sales.

Needless to say, Procter & Gamble was quick to search for
a response to the success of Lever 2000. Procter & Gamble
looked at several possible strategies, including repositioning
Safeguard, which has been seen as a male soap. Ultimately,
Procter & Gamble responded to the challenge by introducing
its Oil of Olay Moisturizing Bath Bar. In its first year of

national distribution, this product was backed by a $24 mil-
lion media effort. The new bath bar was quite successful and
helped Procter & Gamble regain market share.

These two major companies continue to battle it out for
domination in the personal soap market, along with the Dial
Corporation and Colgate-Palmolive.

Shown below are sales figures in a recent year for personal
soaps in the United States. Each of these soaps is produced by
one of four soap manufacturers: Unilever, Procter & Gamble,
Dial, and Colgate-Palmolive.

Sales
Soap Manufacturer ($ millions)
Dove Unilever 271
Dial Dial 193
Lever 2000 Unilever 138
Irish Spring Colgate-Palmolive 121
Zest Procter & Gamble 115
Ivory Procter & Gamble 94
Caress Unilever 93
Olay Procter & Gamble 69
Safeguard Procter & Gamble 48
Coast Dial 44
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In 1983, the market shares for soap were Procter & Gamble
with 37.1%, Lever Bros. (Unilever) with 24%, Dial with 15%,
Colgate-Palmolive with 6.5%, and all others with 17.4%. By
1991, the market shares for soap were Lever Bros. (Unilever)
with 31.5%, Procter & Gamble with 30.5%, Dial with 19%,
Colgate-Palmolive with 8%, and all others with 11%.

Discussion

1. Suppose you are making a report for Procter & Gamble dis-
playing their share of the market along with the share of
other companies for the years 1983, 1991, and the latest
figures. Using either Excel or Minitab, produce graphs for
the market shares of personal soap for each of these years.
For the latest figures data, assume that the “all others” total
is about $119 million. What do you observe about the mar-
ket shares of the various companies by studying the graphs?
In particular, how is Procter & Gamble doing relative to
previous years?

2. Suppose Procter & Gamble sells about 20 million bars of
soap per week, but the demand is not constant and pro-
duction management would like to get a better handle on
how sales are distributed over the year. Let the following
sales figures given in units of million bars represent the
sales of bars per week over one year. Construct a his-
togram to represent these data. What do you see in the
graph that might be helpful to the production (and sales)
people?

171 196 154 174 150 185 20.6 18.4
20.0 209 193 182 147 171 122 199
18.7 204 203 155 16.8 19.1 204 154
203 175 170 183 136 398 207 213
225 214 234 231 228 214 240 252
26.3 239 306 252 262 269 328 263
26.6 243 262 238
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Construct a stem-and-leaf plot using the whole numbers
as the stems. What advantages does the stem-and-leaf plot
of these sales figures offer over the histogram? What are
some disadvantages? Which would you use in discussions
with production people, and why?

3. A random sample of finished soap bars in their packaging
is tested for quality. All defective bars are examined for
problem causes. Among the problems found were
improper packaging, poor labeling, bad seal, shape of bar
wrong, bar surface marred, wrong color in bar, wrong bar
fragrance, wrong soap consistency, and others. Some of
the leading problem causes and the number of each are
given here. Use a Pareto chart to analyze these problem
causes. Based on your findings, what would you recom-
mend to the company?

Problem Cause Frequency
Bar surface 89
Color 17
Fragrance 2
Label 32
Shape 8
Seal 47
Labeling 5
Soap consistency 3

Source: Adapted from Valerie Reitman, “Buoyant Sales of Lever 2000 Soap
Bring Sinking Sensation to Procter & Gamble,” The Wall Street Journal, March
19, 1992, p. B1. Reprinted by permission of The Wall Street Journal © 1992,
Dow Jones & Company, Inc. All rights reserved worldwide; Pam Weisz, “$40 M
Extends Lever 2000 Family,” Brandweek, vol. 36, no. 32 (August 21, 1995), p. 6;
Laurie Freeman, “P&G Pushes Back Against Unilever in Soap,” Advertising Age,
vol. 65, no. 41 (September 28, 1994), p. 21; Jeanne Whalen and Pat Sloan,
“Intros Help Boost Soap Coupons,” Advertising Age, vol. 65, no. 19 (May 2,
1994), p. 30; and “P&G Places Coast Soap up for Sale,” The Post, World Wide
Web Edition of The Cincinnati Post, February 2, 1999, http://www.cincypost.
com.business /pg022599.html.

USING THE COMPUTER

EXCEL

Excel offers the capability of producing many of the charts
and graphs presented in this chapter. Most of these can be
accessed by clicking on the Insert tab found along the top
of an Excel worksheet (second tab from the left next to
Home). In addition, Excel can generate frequency distribu-
tions and histograms using the Data Analysis feature.

Many of the statistical techniques presented in this text can
be performed in Excel using a tool called Data Analysis. To
access this feature, select the Data tab along the top of an
Excel worksheet. The Data tab is the fifth tab over from the
left. If the Data Analysis feature has been uploaded into
your Excel package, it will be found in the Analysis section
at the top right of the Data tab page on the far right. If
Data Analysis does not appear in the Analysis section, it
must be added in. To add in Data Analysis: 1.) Click on the
Microsoft Office logo button located in the very topmost
left of the Excel 2007 page (looks like an office icon and is

called Office Button). 2.) Now click on Excel Options
located at the bottom of the pulldown menu. 3.) From the
menu of the left panel of the Excel Options dialog box,
click on Add-Ins. From the resulting menu shown on the
right side of the dialog box, highlight Analysis ToolPak.
Click on Go... at the bottom of the page. An Add-Ins dia-
log box will appear with a menu. Check Analysis ToolPak
and click on OK. Your Data Analysis feature is now
uploaded onto your computer, and you need not add it in
again. Now you can bring up the Analysis ToolPak feature
at any time by going to the Data tab at the top of the Excel
worksheet and clicking on Data Analysis.

In Excel, frequency distributions are referred to as his-
tograms, and the classes of a frequency distribution are
referred to as bins. If you do not specify bins (classes), Excel
will automatically determine the number of bins and
assign class endpoints based on a formula. If you want to
specify bins, load the class endpoints that you want to use
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into a column. To construct a frequency distribution, select
the Data tab in the Excel worksheet and then select the
Data Analysis feature (upper right). If this feature does not
appear, you may need to add it (see above). Clicking on
Data Analysis, the dialog box features a pulldown menu
of many of the statistical analysis tools presented and used
in this text. From this list, select Histogram. In the
Histogram dialog box, place the location of the raw data
values in the space beside Input Range. Place the location
of the class endpoints (optional) in the space beside Bin
Range. Leave this blank if you want Excel to determine the
bins (classes). If you have labels, check Labels. If you want
a histogram graph, check Chart Output. If you want an
ogive, select Cumulative Percentage along with Chart
Output. If you opt for this, Excel will yield a histogram
graph with an ogive overlaid on it.

Excel has excellent capability of constructing many different
types of charts, including column charts, line charts, pie
charts, bar charts, area charts, and XY (scatter) charts. To
begin the process of producing these charts, select the Insert
tab from the top of the Excel 2007 worksheet. In the Charts
section, which is the middle section shown at the top of the
Insert worksheet, there are icons for column, line, pie, bar,
area, scatter, and other charts. Click on the icon representing
the desired chart to begin construction. Each of these types
of charts allow for several versions of the chart shown in the
dropdown menu. For example, the pie chart menu contains
four types of two-dimensional pie charts and two types of
three-dimensional pie charts. To select a particular version
of a type of chart, click on the type of chart and then the ver-
sion of that chart that is desired.

To construct a pie chart, enter the categories in one column
and the data values of each category in another column in
the Excel worksheet. Categories and data values could also
be entered in rows instead of columns. Click and drag over
the data for which the pie chart is to be constructed. From
the Insert tab, select Pie from the Charts section and the
select the type of pie chart to be constructed. The result is
a pie chart from the data. Once the chart has been con-
structed, a set of three new tabs appear at the top of the
worksheet under the general area of Chart Tools (see top
upper right corner of worksheet). The three new tabs are
Design, Layout, and Format. There are many options
available for changing the design of the pie chart that can
be accessed by clicking on the up and down arrow on the
right end of the Design tab in the section called Chart
Styles. On the far right end of the Design menu bar is a
feature called Move Chart Location, which can be used to
move the chart to another location or to a new sheet. On
the far left end of the Design menu bar, there is a Change
Chart Type feature that allows for changing the type of
chart that has been constructed. The second group of fea-
tures from the left at the top of the Design menu bar makes
it possible to switch to another set of data (Select Data) or
switch rows and columns (Switch Row/Column). There is
a useful feature in the middle of the Design menu bar

called Quick Layout that offers several different layouts for
the given chart type. For example, for pie charts, there are
seven different possible layouts using titles, labels, and leg-
ends in different ways. Right-clicking while on the pie chart
brings up a menu that includes Format Data Labels and
Format Data Series. Clicking on Format Data Labels
brings up another menu (shown on the left) that allows
you to modify or edit various features of your graph,
including Label Options, Number, Fill, Border Color,
Border Styles, Shadow, 3-D Format, and Alignment.
Under Label Options, there are several different types of
labels for pie charts and there are other various chart
options available, such as Series Name, Category Name,
Value, Percentage, and Show Leader Lines. In addition, it
offers various options for the label location, such as Center,
Inside End, Outside End, and Best Fit. It also offers the
opportunity to include the legend key in the label. The
Number option under Format Data Labels... allows for
the usual Excel options in using numbers. The Fill option
allows you to determine what type of fill you want to have
for the chart. Options include No fill, Solid fill, Gradient
fill, Picture or texture fill, and Automatic. Other options
under Format Data Labels... allow you to manipulate the
border colors and styles, shadow, 3-D format, and text
alignment or layout. The Layout tab at the top of the work-
sheet page has a Labels panel located at the top of the
worksheet page just to the left of the center. In this section,
you can further specify the location of the chart title by
selecting Chart Title, the location of the legend by select-
ing Legend, or the location of the labels by selecting Data
Labels. The Format tab at the top of the worksheet page
contains a Shape Styles panel just to the left of center at the
top of the worksheet. This panel contains options for visual
styles of the graph (for more options, use the up and down
arrow) and options for Shape Fill, Shape Outline, and
Shape Effects. Other formatting options are available
through the use of the Format Selection option on the far
upper left of the Current Selection panel on the Format
tab page.

Frequency polygons can be constructed in Excel 2007 by
using the Histogram feature. Follow the directions shown
above to construct a histogram. Once the histogram is con-
structed, right-click on one of the “bars” of the histogram.
From the dropdown menu, select Change Series Chart
Type. Next select a line chart type. The result will be a fre-
quency polygon.

An ogive can be constructed at least two ways. One way is
to cumulate the data manually. Enter the cumulated data in
one column and the class endpoints in another column.
Click and drag over both columns. Go to the Insert tab at
the top of the Excel worksheet. Select Scatter as the type of
chart. Under the Scatter options, select the option with the
solid lines. The result is an ogive. A second way is to con-
struct a frequency distribution first using the Histogram
feature in the Data Analysis tool. In the Histogram dialog
box, enter the location of the data and enter the location of



the class endpoints as bin numbers. Check Cumulative
Percentage and Chart Output in the Histogram dialog
box. Once the chart is constructed, right-click on one of the
bars and select the Delete option. The result will be an ogive
chart with just the ogive line graph (and bars eliminated).

Bar charts and column charts are constructed in a manner
similar to that of a pie chart. Begin by entering the cate-
gories in one column and the data values of each category
in another column in the Excel worksheet. Categories and
data values could also be entered in rows instead of
columns. Click and drag over the data and categories for
which the chart is to be constructed. Go to the Insert tab at
the top of the worksheet. Select Column or Bar from the
Charts section and the select the version of the chart to be
constructed. The result is a chart from the data. Once the
bar chart or column chart has been constructed, there are
many options available to you. By right-clicking on the
bars or columns, a menu appears that allows you, among
other things, to label the columns or bars. This command
is Add Data Labels. Once data labels are added, clicking on
the bars or columns will allow you to modify the labels and
the characteristics of the bars or columns by selecting
Format Data Labels... or Format Data Series.... Usage of
these commands is the same as when constructing or mod-
ifying pie charts (see above). Various options are also avail-
able under Chart Tools (see pie charts above).

Pareto charts, as presented in the text, have categories and
numbers of defects. As such, Pareto charts can be con-
structed as Column charts in Excel using the same com-
mands (see above). However, the user will first need to
order the categories and their associated frequencies in
descending order. In addition, in constructing a histogram
in Excel (see above), there is an option in the Histogram
dialog box called Pareto (sorted histogram) in which
Excel takes histogram data and presents the data with cat-
egories organized from highest frequency to lowest.

Scatter diagrams can be constructed in Excel. Begin by
entering the data for the two variables to be graphed in two
separate rows or columns. You may either use a label for
each variable or not. Click and drag over the data (and
labels). Go to the Insert tab. From the Charts panel (upper
middle), select Scatter. From the ensuing pulldown menu
of scatter plot options, select one of the versions from the
five presented. The result is the scatter chart. By right-
clicking on the chart, various other chart options are avail-
able including, Format Plot Area.... The resulting menu
associated with this command offers the usual chart
options regarding fill, border color, border styles, shadow,
and 3-D format (see pie charts above). In addition, if you
want to fit a line or curve to the data, right-click on one of
the chart points. A menu pops up containing, among other
options, Add Trendline.... From the Trendline Options,
select the type of line or curve that you want to fit to the
data. The result is a line or curve shown on the scatter plot
attempting to fit to the points. Various other options are
available regarding the line color, style, and shadow.
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MINITAB

Minitab has the capability of constructing histograms, dot
plots, stem-and-leaf charts, pie charts, bar charts, and
Pareto charts. With the exception of Pareto charts, which
are accessed through Stat, all of these other charts and
graphs are accessed by selecting Graph on the menu bar.

To construct a histogram, select Graph on the Minitab
menu bar, and then select Histogram. The first dialog box
offers four histogram options: Simple, With Fit, With
Outline and Groups, and With Fit and Groups. Select the
Simple option, which is also the default option. In the dia-
log box that follows beside Graph variables, insert the col-
umn location (or columns) containing the data for which
you want to create a histogram. There are several options
from which to modify the histogram. Select Scale to adjust
or modify the axes, ticks, and gridlines. Select Labels to title
the graph and label the axes. Select Data view for optional
ways to present the data, including bars, symbols, project
lines, and areas in addition to presenting other options
such as smoothing the data. Select Multiple graphs to cre-
ate multiple separate graphs or to combine several graphs
on one. Select Data options for several options in grouping
data.

To construct a dot plot, select Graph on the Minitab menu
bar, and then select Dotplot. The first dialog box offers
seven different ways to configure the plot. Select Simple to
produce a dot plot like those shown in this chapter. In the
dialog box that follows, insert the column location(s) con-
taining the data for which you want to create the dot plot
in Graph variables. There are several options available.
Select Scale to adjust or modify the axes and ticks. Select
Labels to title the graph and add footnotes. Select Multiple
graphs to create multiple separate graphs or to combine
several graphs on one. Select Data options for options in
grouping data, frequencies, and subsets.

To construct a stem-and-leaf chart, select Stem-and-Leaf
from the Graph pulldown menu. In the Stem-and-Leaf
dialog box, place the name of the column(s) containing the
data in the Graph variables space. Click OK and the stem-
and-leaf plot is generated. If you have a grouping variable
in another column and want to use it, enter the location or
name of the column into the By variable space. You can
trim outliers from the plot by checking Trim outliers.

To construct a pie chart, select Graph on the Minitab menu
bar, and then select PieChart on the Graph pulldown
menu. In the Pie Chart dialog box, there are two options to
consider: Chart counts of unique values and Chart values
from a table. If you have raw data and you want Minitab to
group them for you into a pie chart, select Chart counts of
unique values. You can also use this command even if you
have text data. On the other hand, if your data are in one
column and your categories are in another column, select
Chart values from a table. The dialog box will ask for the
name of the Categorical variable and the name of the
Summary variables. Several options are available to
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modify the pie chart, including Labels, Multiple graphs,
and Data options. Several Pie Options are available,
including how the pie slices are ordered, the starting angle,
and the option of combining small categories.

To construct a bar chart, select Graph on the Minitab menu
bar, then select Bar Chart. In the Bar Chart dialog box, there
are three options available. To construct a bar chart like those
presented in the chapter, select Simple. In the dialog box that
follows, enter the column(s) containing the data in
Categorical variables. Several options are available to mod-
ify the bar chart, including Chart Options, Labels, Scale,
Data View, Multiple Graphs, and Data Options.

To construct a Pareto chart, select Stat from the menu bar,
and then from the pulldown menu that appears, select
Quality Tools. From the Quality Tools pulldown menu,
select Pareto Chart. From the Pareto Chart dialog box,
select Chart defects table if you have a summary of the
defects with the reasons (Labels in) in one column and
the frequency of occurrence (Frequencies in) in another
column. Enter the location of the reasons in Labels in and
the location of the frequencies in Frequencies in. If you
have unsummarized data, you can select Chart defects

data in. In the space provided, give the location of the col-
umn with all the defects that occurred. It is possible to have
the defects either by name or with some code. If you want
to have the labels in one column and the defects in another,
then select By variable in and place the location of the
labels there.

To construct a scatter plot, select Graph, then select
Scatterplot. In the Scatterplot dialog box, select the type of
scatter plot you want from Simple, With Groups, With
Regression, With Regression and Groups, With Connect
Line, and With Connect and Groups. In the second dialog
box, enter the x and y variable names/locations. There are
several options from which to modify the scatter plot.
Select Scale to adjust or modify the axes, ticks, and grid-
lines. Select Labels to title the graph and label the axes.
Select Data view for optional ways to present the data,
including bars, symbols, project lines, and areas in addition
to presenting other options such as smoothing the data.
Select Multiple graphs to create multiple separate graphs
or to combine several graphs on one. Select Data options
for several options in grouping data.






Descriptive Statistics

LEARNING OBJECTIVES

The focus of Chapter 3 is the use of statistical techniques to describe data,
thereby enabling you to:

1. Apply various measures of central tendency—including the mean,
median, and mode—to a set of ungrouped data

2. Apply various measures of variability—including the range, interquartile
range, mean absolute deviation, variance, and standard deviation (using
the empirical rule and Chebyshev’s theorem)—to a set of ungrouped
data

3. Compute the mean, median, mode, standard deviation, and variance of
grouped data

4. Describe a data distribution statistically and graphically using skewness,
kurtosis, and box-and-whisker plots

5. Use computer packages to compute various measures of central
tendency, variation, and shape on a set of data, as well as to describe
the data distribution graphically

Stewart Cohen/Stone/Getty Images




Laundry Statistics

DECISION .
b DILEMMA

According to Procter & Gamble,
35 billion loads of laundry are run
in the United States each year.
Every  second
1,100 loads are
started. Statistics
show that one
person in the
United States generates a quarter of a ton of dirty clothing
each year. Americans appear to be spending more time
doing laundry than they did 40 years ago. Today, the average
American woman spends seven to nine hours a week on
laundry. However, industry research shows that the result is
dirtier laundry than in other developed countries. Various
companies market new and improved versions of washers
and detergents. Yet, Americans seem to be resistant to man-
ufacturers’ innovations in this area. In the United States, the
average washing machine uses about 16 gallons of water. In
Europe, the figure is about 4 gallons. The average wash cycle
of an American wash is about 35 minutes compared to 90 min-
utes in Europe. Americans prefer top loading machines
because they do not have to bend over, and the top loading
machines are larger. Europeans use the smaller front-load-
ing machines because of smaller living spaces.

Managerial and Statistical Questions

Virtually all of the statistics cited here are gleaned from studies
or surveys.

1. Suppose a study of laundry usage is done in 50 U.S.
households that contain washers and dryers. Water meas-
urements are taken for the number of gallons of water
used by each washing machine in completing a cycle. The
following data are the number of gallons used by each
washing machine during the washing cycle. Summarize
the data so that study findings can be reported.

15 17 16 15 16 17 18 15 14 15
16 16 17 16 15 15 17 14 15 16
16 17 14 15 12 15 16 14 14 16
15 13 16 17 17 15 16 16 16 14
17 16 17 14 16 13 16 15 16 15

2. The average wash cycle for an American wash is 35 min-
utes. Suppose the standard deviation of a wash cycle for
an American wash is 5 minutes. Within what range of
time do most American wash cycles fall?

Source: Adapted from Emily Nelson, “In Doing Laundry, Americans Cling to
Outmoded Ways,” The Wall Street Journal, May 16, 2002, pp. A1 & A10.

Chapter 2 presented graphical techniques for organizing and displaying data. Even though
such graphical techniques allow the researcher to make some general observations about
the shape and spread of the data, a more complete understanding of the data can be
attained by summarizing the data using statistics. This chapter presents such statistical
measures, including measures of central tendency, measures of variability, and measures of
shape. The computation of these measures is different for ungrouped and grouped data.
Hence we present some measures for both ungrouped and grouped data.

MEASURES OF CENTRAL TENDENCY:
UNGROUPED DATA

One type of measure that is used to describe a set of data

is the measure of central tendency. Measures of central

tendency yield information about the center, or middle part,

of a group of numbers. Table 3.1 displays offer price for the

20 largest U.S. initial public offerings in a recent year
according to Securities Data. For these data, measures of central tendency can yield such
information as the average offer price, the middle offer price, and the most frequently
occurring offer price. Measures of central tendency do not focus on the span of the data set
or how far values are from the middle numbers. The measures of central tendency pre-
sented here for ungrouped data are the mode, the median, the mean, percentiles, and
quartiles.

47
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Offer Prices for the 20 Largest

U.S. Initial Public Offerings

$14.25
24.00
27.00
34.22
19.00

in a Recent Year

$19.00
23.00
25.00
15.50
19.00

$11.00
43.25
15.00
15.00
27.00

$28.00
19.00
7.00
22.00
21.00

Mode

The mode is the most frequently occurring value in a set of data. For the data in Table 3.1
the mode is $19.00 because the offer price that recurred the most times (four) was $19.00.
Organizing the data into an ordered array (an ordering of the numbers from smallest to
largest) helps to locate the mode. The following is an ordered array of the values from
Table 3.1.

7.00 11.00 14.25 15.00 15.00 15.50 19.00 19.00 19.00 19.00
21.00 22.00 23.00 24.00 25.00 27.00 27.00  28.00 34.22 43.25

This grouping makes it easier to see that 19.00 is the most frequently occurring number.

In the case of a tie for the most frequently occurring value, two modes are listed. Then
the data are said to be bimodal. If a set of data is not exactly bimodal but contains two val-
ues that are more dominant than others, some researchers take the liberty of referring to
the data set as bimodal even without an exact tie for the mode. Data sets with more than
two modes are referred to as multimodal.

In the world of business, the concept of mode is often used in determining sizes. As an
example, manufacturers who produce cheap rubber flip-flops that are sold for as little as
$1.00 around the world might only produce them in one size in order to save on machine
setup costs. In determining the one size to produce, the manufacturer would most likely
produce flip-flops in the modal size. The mode is an appropriate measure of central ten-
dency for nominal-level data.

Median

The median is the middle value in an ordered array of numbers. For an array with an odd
number of terms, the median is the middle number. For an array with an even number of
terms, the median is the average of the two middle numbers. The following steps are used
to determine the median.

STEP 1. Arrange the observations in an ordered data array.

STEP 2. For an odd number of terms, find the middle term of the ordered array. It is the
median.

STEP 3. For an even number of terms, find the average of the middle two terms. This
average is the median.

Suppose a business researcher wants to determine the median for the following numbers.
5 11 14 3 21 17 22 16 19 16 5 7 19 8 9 20 4

The researcher arranges the numbers in an ordered array.

3 4 5 7 8 9 11 14 15 16 16 17 19 19 20 21 22

Because the array contains 17 terms (an odd number of terms), the median is the mid-
dle number, or 15.
If the number 22 is eliminated from the list, the array would contain only 16 terms.

34 5 7 8 9 11 14 15 16 16 17 19 19 20 21

Now, for an even number of terms, the statistician determines the median by averag-
ing the two middle values, 14 and 15. The resulting median value is 14.5.
Another way to locate the median is by finding the (n + 1)/2 term in an ordered array.
For example, if a data set contains 77 terms, the median is the 39th term. That is,
n+1 77+1 78

— = 39th term
2 2 2

This formula is helpful when a large number of terms must be manipulated.

Consider the offer price data in Table 3.1. Because this data set contains 20 values, or
n = 20, the median for these data is located at the (20 + 1)/2 term, or the 10.5th term.
This equation indicates that the median is located halfway between the 10th and 11th terms
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or the average of 19.00 and 21.00. Thus, the median offer price for the largest 20 U.S. ini-
tial public offerings is $20.00.

The median is unaffected by the magnitude of extreme values. This characteristic is an
advantage, because large and small values do not inordinately influence the median. For
this reason, the median is often the best measure of location to use in the analysis of vari-
ables such as house costs, income, and age. Suppose, for example, that a real estate broker
wants to determine the median selling price of 10 houses listed at the following prices.

$67,000 $105,000 $148,000 $5,250,000
91,000 116,000 167,000
95,000 122,000 189,000

The median is the average of the two middle terms, $116,000 and $122,000, or
$119,000. This price is a reasonable representation of the prices of the 10 houses. Note that
the house priced at $5,250,000 did not enter into the analysis other than to count as one of
the 10 houses. If the price of the tenth house were $200,000, the results would be the same.
However, if all the house prices were averaged, the resulting average price of the original 10
houses would be $635,000, higher than 9 of the 10 individual prices.

A disadvantage of the median is that not all the information from the numbers is used.
For example, information about the specific asking price of the most expensive house does
not really enter into the computation of the median. The level of data measurement must
be at least ordinal for a median to be meaningful.

Mean

The arithmetic mean is the average of a group of numbers and is computed by summing all
numbers and dividing by the number of numbers. Because the arithmetic mean is so
widely used, most statisticians refer to it simply as the mean.

The population mean is represented by the Greek letter mu (). The sample mean is
represented by x. The formulas for computing the population mean and the sample mean
are given in the boxes that follow.

POPULATION MEAN 23X ottt + Xy
=N N
SAMPLE MEAN Sk xtxmtx e+ x,
x = —_——
n n

The capital Greek letter sigma () is commonly used in mathematics to represent a sum-
mation of all the numbers in a grouping.* Also, N is the number of terms in the population,
and # is the number of terms in the sample. The algorithm for computing a mean is to sum
all the numbers in the population or sample and divide by the number of terms. It is inappro-
priate to use the mean to analyze data that are not at least interval level in measurement.

Suppose a company has five departments with 24, 13, 19, 26, and 11 workers each. The
population mean number of workers in each department is 18.6 workers. The computa-
tions follow.

24
13
19
26
11
2x =93

*The mathematics of summations is not discussed here. A more detailed explanation is given in WileyPLUS,
Chapter 3.
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DEMONSTRATION
PROBLEM 3.1

and

x93
=== =186
N 5

m

The calculation of a sample mean uses the same algorithm as for a population mean
and will produce the same answer if computed on the same data. However, it is inappro-
priate to compute a sample mean for a population or a population mean for a sample.
Because both populations and samples are important in statistics, a separate symbol is
necessary for the population mean and for the sample mean.

The number of U.S. cars in service by top car rental companies in a recent year
according to Auto Rental News follows.

Company Number of Cars in Service
Enterprise 643,000
Hertz 327,000
National/Alamo 233,000
Avis 204,000
Dollar/Thrifty 167,000
Budget 144,000
Advantage 20,000
U-Save 12,000
Payless 10,000
ACE 9,000
Fox 9,000
Rent-A-Wreck 7,000
Triangle 6,000

Compute the mode, the median, and the mean.

Solution

Mode: 9,000

Median: With 13 different companies in this group, N = 13. The median is located
at the (13 + 1)/2 = 7th position. Because the data are already ordered, the
7th term is 20,000, which is the median.

Mean: The total number of cars in service is 1,791,000 = Zx

_ Ix 1,791,000

n="y 3 = 137,769.23

The mean is affected by each and every value, which is an advantage. The mean uses all
the data, and each data item influences the mean. It is also a disadvantage because extremely
large or small values can cause the mean to be pulled toward the extreme value. Recall the
preceding discussion of the 10 house prices. If the mean is computed for the 10 houses, the
mean price is higher than the prices of 9 of the houses because the $5,250,000 house is
included in the calculation. The total price of the 10 houses is $6,350,000, and the mean
price is $635,000.

The mean is the most commonly used measure of central tendency because it uses
each data item in its computation, it is a familiar measure, and it has mathematical prop-
erties that make it attractive to use in inferential statistics analysis.
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Stair-Step Percentiles

DEMONSTRATION
PROBLEM 3.2

88th percentile

87th percentile

86th percentile

Percentiles

Percentiles are measures of central tendency that divide a group of data into 100 parts. There
are 99 percentiles because it takes 99 dividers to separate a group of data into 100 parts. The
nth percentile is the value such that at least n percent of the data are below that value and
at most (100 — n) percent are above that value. Specifically, the 87th percentile is a value
such that at least 87% of the data are below the value and no more than 13% are above the
value. Percentiles are “stair-step” values, as shown in Figure 3.1, because the 87th percentile
and the 88th percentile have no percentile between. If a plant operator takes a safety exam-
ination and 87.6% of the safety exam scores are below that person’s score, he or she still
scores at only the 87th percentile, even though more than 87% of the scores are lower.

Percentiles are widely used in reporting test results. Almost all college or university stu-
dents have taken the SAT, ACT, GRE, or GMAT examination. In most cases, the results for
these examinations are reported in percentile form and also as raw scores. Shown next is a
summary of the steps used in determining the location of a percentile.

Steps in Determining the Location of a Percentile

1. Organize the numbers into an ascending-order array.
2. Calculate the percentile location (7) by:

_ P

100 (™)

i
where

P = the percentile of interest
i = percentile location
N = number in the data set

3. Determine the location by either (a) or (b).

a. If iis a whole number, the Pth percentile is the average of the value at the ith
location and the value at the (i + 1)* location.

b. If iis not a whole number, the Pth percentile value is located at the whole
number part of i + 1.

For example, suppose you want to determine the 80th percentile of 1240 numbers. P
is 80 and N is 1240. First, order the numbers from lowest to highest. Next, calculate the
location of the 80th percentile.

. 80

i = ——(1240) = 992
100

Because i =992 is a whole number, follow the directions in step 3(a). The 80th percentile
is the average of the 992nd number and the 993rd number.

_(992nd number + 993rd number)

- 2

80

Determine the 30th percentile of the following eight numbers: 14, 12, 19, 23, 5, 13, 28, 17.

Solution

For these eight numbers, we want to find the value of the 30th percentile, so N = 8
and P = 30
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First, organize the data into an ascending-order array.
5 12 13 14 17 19 23 28

Next, compute the value of /.

30
i=—(8) =24
100
Because i is not a whole number, step 3(b) is used. The value of i+ 1is 2.4 + 1,
or 3.4. The whole-number part of 3.4 is 3. The 30th percentile is located at the third
value. The third value is 13, so 13 is the 30th percentile. Note that a percentile may or
may not be one of the data values.

Quartiles

Quartiles are measures of central tendency that divide a group of data into four subgroups or
parts. The three quartiles are denoted as Q,, Q,, and Q;. The first quartile,Q,, separates the
first, or lowest, one-fourth of the data from the upper three-fourths and is equal to the 25th
percentile. The second quartile, Q,, separates the second quarter of the data from the third
quarter. Q, is located at the 50th percentile and equals the median of the data. The third
quartile, Q;, divides the first three-quarters of the data from the last quarter and is equal to
the value of the 75th percentile. These three quartiles are shown in Figure 3.2.

Suppose we want to determine the values of Q,, Q,, and Q; for the following numbers.

106 109 114 116 121 122 125 129
The value of Q, is found at the 25th percentile, P,s, by:

25

ForN = 8,1 =
100

(8) =2

Because i is a whole number, P,; is found as the average of the second and third numbers.

(109 + 114)

s 5 111.5

The value of Q, is P,; = 111.5. Notice that one-fourth, or two, of the values (106 and 109)
are less than 111.5.

The value of Q, is equal to the median. Because the array contains an even number of
terms, the median is the average of the two middle terms.

. (116 + 121)
Q, = median = S 118.5

Notice that exactly half of the terms are less than Q, and half are greater than Q,.

Quartiles

Py g

1st one-fourth
—_—

1st two-fourths

1st three-fourths
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The value of Q; is determined by P, as follows.

75
= 100®

Because i is a whole number, P, is the average of the sixth and the seventh numbers.

(122 + 125)

s : = 123.5

The value of Qs is P,; = 123.5. Notice that three-fourths, or six, of the values are less than
123.5 and two of the values are greater than 123.5.

DEMONSTRATION
PROBLEM 3.3
The following shows the top 16 global marketing categories for advertising spending

for a recent year according to Advertising Age. Spending is given in millions of U.S.
dollars. Determine the first, the second, and the third quartiles for these data.

Category Ad Spending
Automotive $22,195
Personal Care 19,526
Entertainment & Media 9,538
Food 7,793
Drugs 7,707
Electronics 4,023
Soft Drinks 3,916
Retail 3,576
Cleaners 3,571
Restaurants 3,553
Computers 3,247
Telephone 2,488
Financial 2,433
Beer, Wine & Liquor 2,050
Candy 1,137
Toys 699
Solution

For 16 marketing organizations, N = 16. Q, = P,5 is found by
25

IZWHG) =4

Because i is a whole number, Q, is found to be the average of the fourth and fifth val-
ues from the bottom.

2433 + 2488

Q = 2460.5
! 2
Q, = Py, = median; with 16 terms, the median is the average of the eighth and ninth terms.
71 + 357
0, = BT 378 _ o555
2
Q; = P, is solved by
75
j=—-(16) = 12
i 100( 6)
Q; is found by averaging the 12th and 13th terms.
7707 + 7793
Q;=——"F——"""—"=17750

2
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3.1 PROBLEMS

3.1

3.2
3.3

3.4

3.5

3.6

3.7

3.8

3.9

Determine the mode for the following numbers.

2 4 8 4 6 2 7 8 4 3 8 9 4 3 5
Determine the median for the numbers in Problem 3.1.
Determine the median for the following numbers.

213 345 609 073 167 243 444 524 199 682
Compute the mean for the following numbers.

17.3 44.5 31.6 40.0 52.8 38.8 30.1 78.5
Compute the mean for the following numbers.

7 —2 5 9 o -3 -6 —7 —4 -5 2 8
Compute the 35th percentile, the 55th percentile,Q,, Q,, and Q; for the following data.

16 28 29 13 17 20 11 34 32 27 25 30 19 18 33

Compute P, P, Pgs, Q), Q,, and Q; for the following data.

120 138 97 118 172 144
138 107 94 119 139 145
162 127 112 150 143 80
105 116 142 128 116 171

The following list shows the 15 largest banks in the world by assets according to
EagleTraders.com. Compute the median and the mean assets from this group. Which
of these two measures do think is most appropriate for summarizing these data, and
why? What is the value of Q,? Determine the 63™ percentile for the data. Determine
the 29" percentile for the data.

Bank Assets ($ billions)
Deutsche Bank AG (Frankfurt) 842
BNP Paribas SA (Paris) 700
Bank of Tokyo-Mitsubishi Ltd (Tokyo) 700
UBS AG (Zurich) 687
Bank of America NA (Charlotte) 572
The Sumitomo Bank Ltd (Tokyo) 524
Bayerische Hypo-und Vereinsbank AG (Munich) 504
The Norinchukin Bank (Tokyo) 485
The Dai-Ichi Kangyo Bank Ltd (Tokyo) 481
The Sakura Bank Ltd (Tokyo) 473
ABN AMRO Holding NV (Amsterdam) 459
The Fuji Bank Ltd (Tokyo) 458
Credit Agricole (Paris) 441
Industrial & Commercial Bank of China (Beijing) 428
Societe Generale (Paris) 407

The following lists the 10 largest automakers in the world and the number of vehicles
produced by each in a recent year. Compute the median, Qs, Py, Py, Pgo, and Po; on
these data.

Auto Manufacturer Production (millions)
Toyota Motor Corp. 9.37
General Motors 8.90
Volkswagen AG 6.19
Ford Motor Co. 5.96
Hyundai-Kia Automotive Group 3.96
Honda Motor Co. Ltd. 3.83
Nissan Motor Co. 3.68
PSA/Peugeot-Citreon SA 3.43
Chrysler LLC 2.68

Fiat S.p.A. 2.62
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3.10 The following lists the number of fatal accidents by scheduled commercial airlines
over a 17-year period according to the Air Transport Association of America. Using
these data, compute the mean, median, and mode. What is the value of the third
quartile? Determine P,;, Pss, Psg, and Py;.

4 4 4 1 4 2 4 3 8 6 4 4 1 4 2 3 3

MEASURES OF VARIABILITY: UNGROUPED DATA

Measures of central tendency yield information about the center or middle part of a data
set. However, business researchers can use another group of analytic tools, measures of
variability, to describe the spread or the dispersion of a set of data. Using measures of vari-
ability in conjunction with measures of central tendency makes possible a more complete
numerical description of the data.

For example, a company has 25 salespeople in the field, and the median
annual sales figure for these people is $1.2 million. Are the salespeople being suc-
cessful as a group or not? The median provides information about the sales of the
person in the middle, but what about the other salespeople? Are all of them selling
$1.2 million annually, or do the sales figures vary widely, with one person selling

$5 million annually and another selling only $150,000 annually? Measures of variability pro-
vide the additional information necessary to answer that question.

Figure 3.3 shows three distributions in which the mean of each distribution is the same
(m = 50) but the variabilities differ. Observation of these distributions shows that a meas-
ure of variability is necessary to complement the mean value in describing the data.
Methods of computing measures of variability differ for ungrouped data and grouped data.
This section focuses on seven measures of variability for ungrouped data: range, interquar-
tile range, mean absolute deviation, variance, standard deviation, z scores, and coefficient
of variation.

Range

The range is the difference between the largest value of a data set and the smallest value of a
set. Although it is usually a single numeric value, some business researchers define the
range of data as the ordered pair of smallest and largest numbers (smallest, largest). It is a
crude measure of variability, describing the distance to the outer bounds of the data set. It
reflects those extreme values because it is constructed from them. An advantage of the
range is its ease of computation. One important use of the range is in quality assurance,
where the range is used to construct control charts. A disadvantage of the range is that,
because it is computed with the values that are on the extremes of the data, it is affected by
extreme values, and its application as a measure of variability is limited.

The data in Table 3.1 represent the offer prices for the 20 largest U.S. initial public
offerings in a recent year. The lowest offer price was $7.00 and the highest price was $43.25.
The range of the offer prices can be computed as the difference of the highest and lowest
values:

Range = Highest — Lowest = $43.25 — $7.00 = $36.25

Three Distributions with the
Same Mean but Different
Dispersions
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Interquartile Range

Another measure of variability is the interquartile range. The interquartile range is the
range of values between the first and third quartile. Essentially, it is the range of the middle
50% of the data and is determined by computing the value of Q; — Q,. The interquartile
range is especially useful in situations where data users are more interested in values toward
the middle and less interested in extremes. In describing a real estate housing market,
Realtors might use the interquartile range as a measure of housing prices when describing
the middle half of the market for buyers who are interested in houses in the midrange. In
addition, the interquartile range is used in the construction of box-and-whisker plots.

INTERQUARTILE RANGE

Qa_ Ql

The following data indicate the top 15 trading partners of the United States in exports in a
recent year according to the U.S. Census Bureau.

Exports
Country ($ billions)
Canada 213.1
Mexico 119.4
China 61.0
Japan 58.1
United Kingdom 454
Germany 443
South Korea 33.0
Netherlands 30.5
France 25.8
Taiwan 24.8
Singapore 23.6
Belgium 23.0
Brazil 21.7
Australia 17.9
India 16.3

What is the interquartile range for these data? The process begins by computing the first
and third quartiles as follows.
Solving for Q, = P,; when N=15:
25

i = =2(15) = 3.75
=00

Because i is not a whole number, P, is found as the fourth term from the bottom.

Q,=P,s=23.0
Solving for Q; = P
75
i=-""(15) = 11.25
100

Because i is not a whole number, P, is found as the 12th term from the bottom.
Q,=P,=58.1
The interquartile range is:
Q,— Q,=58.1-23.0=35.1

The middle 50% of the exports for the top 15 U.S. trading partners spans a range of
35.1 ($ billions).
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Recycling Statistics

There are many interesting statistics with regard to recy-
cling. Recycling one aluminum can saves enough energy,
the equivalent of a half gallon of gasoline, to run a televi-
sion for three hours. Because Americans have done such a
good job of recycling aluminum cans, they account for less
than 1% of the total U.S. waste stream. Recycling 1 pound
of steel saves enough energy to run a 60-watt light bulb for
over a day. On average, one American uses seven trees a
year in paper, wood, and other products made from trees.
In addition, Americans use 680 pounds of paper per year.
Each ton of recycled paper saves about 17 trees, 380 gallons
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of oil, three cubic yards of landfill space, 4000 kilowatts of
energy, and 7000 gallons of water. Americans use 2.5 million
plastic bottles every hour and throw way 25 billion
Styrofoam cups every year. The energy saved from recycling
one glass bottle can run a 100-watt light bulb for four hours.
Every year, each American throws out about 1200 pounds of
organic garbage that could be composted. The U.S. is num-
ber one in the world in producing trash, with an average of
1609 pounds per person per year.

Sources: http://www.recycling-revolution.com/recycling-facts.html, National
Recycling Coalition, the Environmental Protection Agency, Earth911.org

Deviations from the Mean
for Computer Production

Mean Absolute Deviation, Variance,
and Standard Deviation

Three other measures of variability are the variance, the standard deviation, and the mean
absolute deviation. They are obtained through similar processes and are, therefore, pre-
sented together. These measures are not meaningful unless the data are at least interval-
level data. The variance and standard deviation are widely used in statistics. Although the
standard deviation has some stand-alone potential, the importance of variance and stan-
dard deviation lies mainly in their role as tools used in conjunction with other statistical
devices.

Suppose a small company started a production line to build computers. During the
first five weeks of production, the output is 5, 9, 16, 17, and 18 computers, respectively.
Which descriptive statistics could the owner use to measure the early progress of produc-
tion? In an attempt to summarize these figures, the owner could compute a mean.

x
5
9
16
17
18
Sx =65 M=§=6—5=13
N 5

What is the variability in these five weeks of data? One way for the owner to begin to
look at the spread of the data is to subtract the mean from each data value. Subtracting the
mean from each value of data yields the deviation from the mean (x — ). Table 3.2 shows
these deviations for the computer company production. Note that some deviations from

Deviations from the

Number (x) Mean (x — p)
5 5—13=—8
9—13=—4

16 16 —13=+3

17 17—13=+4

18 18—13=+5
2x=65 2(x—p)=0
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Geometric Distances from the
Mean (from Table 3.2)

+3
+4
+5

5 9 13 16 17 18

the mean are positive and some are negative. Figure 3.4 shows that geometrically the neg-
ative deviations represent values that are below (to the left of) the mean and positive devi-
ations represent values that are above (to the right of) the mean.

An examination of deviations from the mean can reveal information about the vari-
ability of data. However, the deviations are used mostly as a tool to compute other meas-
ures of variability. Note that in both Table 3.2 and Figure 3.4 these deviations total zero.
This phenomenon applies to all cases. For a given set of data, the sum of all deviations from
the arithmetic mean is always zero.

SUM OF DEVIATIONS FROM
THE ARITHMETIC MEAN IS 2(x—p)=0
ALWAYS ZERO
This property requires considering alternative ways to obtain measures of variability.

One obvious way to force the sum of deviations to have a nonzero total is to take the
absolute value of each deviation around the mean. Utilizing the absolute value of the devi-
ations about the mean makes solving for the mean absolute deviation possible.

Mean Absolute Deviation
The mean absolute deviation (MAD) is the average of the absolute values of the deviations
around the mean for a set of numbers.
MEAN ABSOLUTE DEVIATION Slx — pl
MAD = N

MAD for Computer
Production Data

Using the data from Table 3.2, the computer company owner can compute a mean
absolute deviation by taking the absolute values of the deviations and averaging them, as
shown in Table 3.3. The mean absolute deviation for the computer production data is 4.8.

x x—p lx— |

5 -8 +8

9 —4 +4

16 +3 +3

17 +4 +4

18 5 15
Sx=65 S(x—p)=0 Slx—pul=24

Sl —ul 24
MAD = = =48
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Because it is computed by using absolute values, the mean absolute deviation is less
useful in statistics than other measures of dispersion. However, in the field of forecasting,
it is used occasionally as a measure of error.

Variance

Because absolute values are not conducive to easy manipulation, mathematicians devel-
oped an alternative mechanism for overcoming the zero-sum property of deviations from
the mean. This approach utilizes the square of the deviations from the mean. The result is
the variance, an important measure of variability.

The variance is the average of the squared deviations about the arithmetic mean for a set
of numbers. The population variance is denoted by o

POPULATION VARIANCE

) 2 )
N

(o

Computing a Variance and a
Standard Deviation from the
Computer Production Data

Table 3.4 shows the original production numbers for the computer company, the devi-
ations from the mean, and the squared deviations from the mean.

The sum of the squared deviations about the mean of a set of values—called the sum of
squares of x and sometimes abbreviated as SS,—is used throughout statistics. For the
computer company, this value is 130. Dividing it by the number of data values (5 weeks)
yields the variance for computer production.

, 130
g :T: 26.0

Because the variance is computed from squared deviations, the final result is expressed
in terms of squared units of measurement. Statistics measured in squared units are prob-
lematic to interpret. Consider, for example, Mattel Toys attempting to interpret production
costs in terms of squared dollars or Troy-Bilt measuring production output variation in
terms of squared lawn mowers. Therefore, when used as a descriptive measure, variance
can be considered as an intermediate calculation in the process of obtaining the standard
deviation.

x x— M (x— p)?

5 —8 64

9 —4 16

16 S 9

17 +4 16

18 s} 25
Sx=65 S(x—wp)=0 S(x—u)*=130

$S.=2(x— w)?*=130

SS,  Z(x—w)? 130
N N

[S(x — p)? 130
Standard Deviation = o = % = = = 5.1

Variance = ¢? = = 26.0
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Standard Deviation

The standard deviation is a popular measure of variability. It is used both as a separate
entity and as a part of other analyses, such as computing confidence intervals and in
hypothesis testing (see Chapters 8, 9, and 10).

POPULATION STANDARD
DEVIATION

o= 2T
N

The standard deviation is the square root of the variance. The population standard devia-
tion is denoted by o

Like the variance, the standard deviation utilizes the sum of the squared deviations
about the mean (SS,). It is computed by averaging these squared deviations (SS,/N) and
taking the square root of that average. One feature of the standard deviation that distin-
guishes it from a variance is that the standard deviation is expressed in the same units
as the raw data, whereas the variance is expressed in those units squared. Table 3.4 shows
the standard deviation for the computer production company: V26, or 5.1.

What does a standard deviation of 5.1 mean? The meaning of standard deviation is
more readily understood from its use, which is explored in the next section. Although
the standard deviation and the variance are closely related and can be computed from
each other, differentiating between them is important, because both are widely used in
statistics.

Meaning of Standard Deviation

What is a standard deviation? What does it do, and what does it mean? The most precise
way to define standard deviation is by reciting the formula used to compute it. However,
insight into the concept of standard deviation can be gleaned by viewing the manner in
which it is applied. Two ways of applying the standard deviation are the empirical rule and
Chebyshev’s theorem.

Empirical Rule

The empirical rule is an important rule of thumb that is used to state the approximate per-
centage of values that lie within a given number of standard deviations from the mean of a set
of data if the data are normally distributed.

The empirical rule is used only for three numbers of standard deviations: 1o, 207, and
30. More detailed analysis of other numbers of o values is presented in Chapter 6. Also dis-
cussed in further detail in Chapter 6 is the normal distribution, a unimodal, symmetrical
distribution that is bell (or mound) shaped. The requirement that the data be normally dis-
tributed contains some tolerance, and the empirical rule generally applies as long as the
data are approximately mound shaped.

EMPIRICAL RULE*

Distance from the Mean Values Within Distance
w+ lo 68%
W+ 20 95%
W+ 30 99.7%

*Based on the assumption that the data are approximately normally
distributed.
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Empirical Rule for One and
Two Standard Deviations
of Gasoline Prices

DEMONSTRATION
PROBLEM 3.4

68% 95%
—lo | +1o
; —20 +20 <
$3.04 $3.12 $3.20 $2.96 $3.12 $3.28
u=$3.12 u=$3.12
o = $0.08 o = $0.08
A B

If a set of data is normally distributed, or bell shaped, approximately 68% of the data
values are within one standard deviation of the mean, 95% are within two standard devia-
tions, and almost 100% are within three standard deviations.

Suppose a recent report states that for California, the average statewide price of a gal-
lon of regular gasoline is $3.12. Suppose regular gasoline prices vary across the state with
a standard deviation of $0.08 and are normally distributed. According to the empirical
rule, approximately 68% of the prices should fall within u + 1o, or $3.12 £+ 1 ($0.08).
Approximately 68% of the prices should be between $3.04 and $3.20, as shown in Figure 3.5A.
Approximately 95% should fall within u + 20 or $3.12 + 2 ($0.08) = $3.12 + $0.16, or
between $2.96 and $3.28, as shown in Figure 3.5B. Nearly all regular gasoline prices
(99.7%) should fall between $2.88 and $3.36 (u + 30 ).

Note that with 68% of the gasoline prices falling within one standard deviation of the
mean, approximately 32% are outside this range. Because the normal distribution is sym-
metrical, the 32% can be split in half such that 16% lie in each tail of the distribution. Thus,
approximately 16% of the gasoline prices should be less than $3.04 and approximately 16%
of the prices should be greater than $3.20.

Many phenomena are distributed approximately in a bell shape, including most
human characteristics such as height and weight; therefore the empirical rule applies in
many situations and is widely used.

A company produces a lightweight valve that is specified to weigh 1365 grams.
Unfortunately, because of imperfections in the manufacturing process not all of the
valves produced weigh exactly 1365 grams. In fact, the weights of the valves pro-
duced are normally distributed with a mean weight of 1365 grams and a standard
deviation of 294 grams. Within what range of weights would approximately 95% of
the valve weights fall? Approximately 16% of the weights would be more than what
value? Approximately 0.15% of the weights would be less than what value?

Solution

Because the valve weights are normally distributed, the empirical rule applies.
According to the empirical rule, approximately 95% of the weights should fall within
M + 20 = 1365 + 2(294) = 1365 + 588. Thus, approximately 95% should fall between
777 and 1953. Approximately 68% of the weights should fall within w + 10, and 32%
should fall outside this interval. Because the normal distribution is symmetrical,
approximately 16% should lie above u + 10 = 1365 + 294 = 1659. Approximately 99.7%
of the weights should fall within u + 30, and .3% should fall outside this interval. Half
of these, or .15%, should lie below @ — 30 = 1365 — 3(294) = 1365 — 882 = 483.
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Application of Chebyshev’'s
Theorem for Two Standard
Deviations

Chebyshev’s Theorem

The empirical rule applies only when data are known to be approximately normally
distributed. What do researchers use when data are not normally distributed or when
the shape of the distribution is unknown? Chebyshev’s theorem applies to all distribu-
tions regardless of their shape and thus can be used whenever the data distribution
shape is unknown or is nonnormal. Even though Chebyshev’s theorem can in theory
be applied to data that are normally distributed, the empirical rule is more widely
known and is preferred whenever appropriate. Chebyshev’s theorem is not a rule of
thumb, as is the empirical rule, but rather it is presented in formula format and there-
fore can be more widely applied. Chebyshev’s theorem states that at least 1—1/k*
values will fall within + k standard deviations of the mean regardless of the shape of the
distribution.

CHEBYSHEV’S THEOREM

Within k standard deviations of the mean, u + ko, lie at least

1
T
proportion of the values.
Assumption: k > 1

DEMONSTRATION
PROBLEM 3.5

Specifically, Chebyshev’s theorem says that at least 75% of all values are within 420
of the mean regardless of the shape of a distribution because if k = 2, then 1 — 1/ =
1 —1/2*=3/4 = .75. Figure 3.6 provides a graphic illustration. In contrast, the empirical
rule states that if the data are normally distributed 95% of all values are within u + 20.
According to Chebyshev’s theorem, the percentage of values within three standard devia-
tions of the mean is at least 89%, in contrast to 99.7% for the empirical rule. Because a for-
mula is used to compute proportions with Chebyshev’s theorem, any value of k greater than
1 (k > 1) can be used. For example, if k= 2.5, at least .84 of all values are within u £+ 2.50,
because 1 —1/K=1—1/(2.5)*= .84.

In the computing industry the average age of professional employees tends to be
younger than in many other business professions. Suppose the average age of a pro-
fessional employed by a particular computer firm is 28 with a standard deviation of
6 years. A histogram of professional employee ages with this firm reveals that the
data are not normally distributed but rather are amassed in the 20s and that few
workers are over 40. Apply Chebyshev’s theorem to determine within what range of
ages would at least 80% of the workers’ ages fall.
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Solution

Because the ages are not normally distributed, it is not appropriate to apply the empir-
ical rule; and therefore Chebyshev's theorem must be applied to answer the question.
Chebyshev’s theorem states that at least 1 — 1/k? proportion of the values are
within u + ko. Because 80% of the values are within this range, let
1

1 - i .80
Solving for kyields
1
.20 = 2
k*=5.000
k=2.24

Chebyshev’s theorem says that at least .80 of the values are within £ 2.24 of the mean.
For u =28 and o = 6, at least .80, or 80%, of the values are within 28 + 2.24(6) =
28 + 13.4 years of age or between 14.6 and 41.4 years old.

Population Versus Sample Variance and Standard Deviation

The sample variance is denoted by s* and the sample standard deviation by s. The main use
for sample variances and standard deviations is as estimators of population variances and
standard deviations. Because of this, computation of the sample variance and standard
deviation differs slightly from computation of the population variance and standard devi-
ation. Both the sample variance and sample standard deviation use #— 1 in the denomina-
tor instead of n because using 7 in the denominator of a sample variance results in a statistic
that tends to underestimate the population variance. While discussion of the properties of
good estimators is beyond the scope of this text, one of the properties of a good estimator
is being unbiased. Whereas using » in the denominator of the sample variance makes it a
biased estimator, using n— 1 allows it to be an unbiased estimator, which is a desirable prop-
erty in inferential statistics.

SAMPLE VARIANCE ,  Z(x— %
-1

SAMPLE STANDARD Six — %)

DEVIATION SENT -1

Shown here is a sample of six of the largest accounting firms in the United States and the
number of partners associated with each firm as reported by the Public Accounting Report.

Firm Number of Partners
Deloitte & Touche 2654
Ernst & Young 2108
PricewaterhouseCoopers 2069
KPMG 1664
RSM McGladrey 720

Grant Thornton 309
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The sample variance and sample standard deviation can be computed by:

x (x — x)?
2654 1,137,784.89
2108 271,097.25
2069 232,005.99
1664 5,878.29
720 752,261.33
309 1,634,127.59
Sx = 9524 S(x — %)* = 4,033,155.34
9524

x = —— = 1587.33
6

S(x - %)®  4,033,155.34
n—1 5

s = \/;2 = V806,631.07 = 898.13

2=

= 806,631.07

The sample variance is 806,631.07, and the sample standard deviation is 898.13.

Computational Formulas for Variance and Standard Deviation

An alternative method of computing variance and standard deviation, sometimes referred
to as the computational method or shortcut method, is available. Algebraically,

(Zx)°
S(x — w)? = Sx>—
(x— ) x N
and
S(x— %! = Sx? — (20”
n

Substituting these equivalent expressions into the original formulas for variance and
standard deviation yields the following computational formulas.

COMPUTATIONAL FORMULA s 42 (=x)?
FOR POPULATION , TN
VARIANCE AND STANDARD o= N
DEVIATION

o= \/07
COMPUTATIONAL , (Zx)?
FORMULA FOR SAMPLE 2xt - —
VARIANCE AND st = —
STANDARD DEVIATION

s= V¢

These computational formulas utilize the sum of the x values and the sum of the x*
values instead of the difference between the mean and each value and computed devia-
tions. In the precalculator/computer era, this method usually was faster and easier than
using the original formulas.
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2

X X
Computational Formula s -
Calculations of Variance and
Standard Deviation for 9 81
Computer Production Data 16 256
17 289
18 324
Sx =65 > =975
65)*
975 — (65)
2 5 975 — 845 130
ot = = =" =26
5 5 5
o= V2 = 5.1

For situations in which the mean is already computed or is given, alternative forms of
these formulas are

,  Zx’— Ny

0’_7
N

,  2x*— n(x)

sf=—
n—1

Using the computational method, the owner of the start-up computer production
company can compute a population variance and standard deviation for the production
data, as shown in Table 3.5. (Compare these results with those in Table 3.4.)

DEMONSTRATION
The effectiveness of district attorneys can be measured by several
variables, including the number of convictions per month, the num-
ber of cases handled per month, and the total number of years of
conviction per month. A researcher uses a sample of five district
attorneys in a city and determines the total number of years of con-
viction that each attorney won against defendants during the past month, as reported
in the first column in the following tabulations. Compute the mean absolute devia-

tion, the variance, and the standard deviation for these figures.

Solution

The researcher computes the mean absolute deviation, the variance, and the stan-
dard deviation for these data in the following manner.

X |x — x| (x — x)?
55 41 1,681
100 4 16
125 29 841
140 44 1,936
60 36 1,296
>x =480 S|x — x| = 154 S(x — X)> = 5,770
T
n 5
154

5770

s = 1,4425and s = Vs = 37.98

She then uses computational formulas to solve for s2 and s and compares the results.
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2

X X
b5 3,025
100 10,000
125 15,625
140 19,600
60 3,600
Sx =480 >x%=51,850
(480)2
" 51,850 — —%¢ 51,850 — 46,080 5,770
s2 = " = " = = 1,442.5

s= V14425 = 37.98

The results are the same. The sample standard deviation obtained by both meth-
ods is 37.98, or 38, years.

Z Scores

A z score represents the number of standard deviations a value (x) is above or below the
mean of a set of numbers when the data are normally distributed. Using z scores allows
translation of a value’s raw distance from the mean into units of standard deviations.

zSCORE

_ X

For samples,

If a z score is negative, the raw value (x) is below the mean. If the z score is positive,
the raw value (x) is above the mean.

For example, for a data set that is normally distributed with a mean of 50 and a stan-
dard deviation of 10, suppose a statistician wants to determine the z score for a value of 70.
This value (x=70) is 20 units above the mean, so the z value is

70 — 50
Z = —

10
This z score signifies that the raw score of 70 is two standard deviations above the mean.
How is this z score interpreted? The empirical rule states that 95% of all values are within
two standard deviations of the mean if the data are approximately normally distributed.

Figure 3.7 shows that because the value of 70 is two standard deviations above the mean
(z=+2.00), 95% of the values are between 70 and the value (x = 30), that is two standard

= +2.00

Percentage Breakdown of
Scores Two Standard
Deviations from the Mean

95%
23% 23%
-20 +20
1
x=30 u=>50 x=70
z=-2.00 z=0 z=+2.00
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deviations below the mean, or z= (30 —50)/10 = —2.00. Because 5% of the values are out-
side the range of two standard deviations from the mean and the normal distribution is
symmetrical, 2%4% (5 of the 5%) are below the value of 30. Thus 97%% of the values are
below the value of 70. Because a z score is the number of standard deviations an individual
data value is from the mean, the empirical rule can be restated in terms of z scores.

Between z=—1.00 and z = +1.00 are approximately 68% of the values.
Between z = —2.00 and z = +2.00 are approximately 95% of the values.
Between z= —3.00 and z = +3.00 are approximately 99.7% of the values.

The topic of z scores is discussed more extensively in Chapter 6.

Coefficient of Variation

The coefficient of variation is a statistic that is the ratio of the standard deviation to the
mean expressed in percentage and is denoted CV.

COEFFICIENT OF VARIATION

o
CV = —(100)
s

The coefficient of variation essentially is a relative comparison of a standard deviation
to its mean. The coefficient of variation can be useful in comparing standard deviations
that have been computed from data with different means.

Suppose five weeks of average prices for stock A are 57, 68, 64, 71, and 62. To compute
a coefficient of variation for these prices, first determine the mean and standard deviation:
M = 64.40 and o = 4.84. The coefficient of variation is:

o, 4.84
CV, = —(100) = ——(100) = .075 = 7.5%
wa 64.40
The standard deviation is 7.5% of the mean.

Sometimes financial investors use the coefficient of variation or the standard deviation
or both as measures of risk. Imagine a stock with a price that never changes. An investor bears
no risk of losing money from the price going down because no variability occurs in the price.
Suppose, in contrast, that the price of the stock fluctuates wildly. An investor who buys at a
low price and sells for a high price can make a nice profit. However, if the price drops below
what the investor buys it for, the stock owner is subject to a potential loss. The greater the vari-
ability is, the more the potential for loss. Hence, investors use measures of variability such as
standard deviation or coefficient of variation to determine the risk of a stock. What does the
coefficient of variation tell us about the risk of a stock that the standard deviation does not?

Suppose the average prices for a second stock, B, over these same five weeks are 12, 17,
8, 15, and 13. The mean for stock B is 13.00 with a standard deviation of 3.03. The coeffi-
cient of variation can be computed for stock B as:

o 3.03
CVy = —(100) = ——(100) = .233 = 23.3%
MB 13

The standard deviation for stock B is 23.3% of the mean.

With the standard deviation as the measure of risk, stock A is more risky over this
period of time because it has a larger standard deviation. However, the average price of
stock A is almost five times as much as that of stock B. Relative to the amount invested in
stock A, the standard deviation of $4.84 may not represent as much risk as the standard
deviation of $3.03 for stock B, which has an average price of only $13.00. The coefficient of
variation reveals the risk of a stock in terms of the size of standard deviation relative to the
size of the mean (in percentage). Stock B has a coefficient of variation that is nearly three
times as much as the coefficient of variation for stock A. Using coefficient of variation as a
measure of risk indicates that stock B is riskier.

The choice of whether to use a coefficient of variation or raw standard deviations to
compare multiple standard deviations is a matter of preference. The coefficient of variation
also provides an optional method of interpreting the value of a standard deviation.



68 Chapter 3 Descriptive Statistics

STATISTICS IN BUSINESS TODAY

Business Travel diem cost of business travel to New York City is about
$450, to Beijing is about $282, to Moscow is about $376,
and to Paris is about $305. Seventy-seven percent of all
business travelers are men, and 55% of business trips are
taken by people in the 30-to-49-year-old age bracket. Forty-
five percent of business trips are taken by people who have
a household income of more than $75,000.

Findings from the Bureau of Transportation Statistics’
National Household Travel Survey revealed that more than
405 million long-distance business trips are taken each year
in the United States. Over 80% of these business trips are
taken by personal vehicle. Almost three out of four busi-
ness trips are for less than 250 miles, and only about 7% are
for more than 1000 miles. The mean one-way distance for Sources: U.S. Department of Transportation site at http://www.dot.gov/
a business trip in the United States is 123 miles. Air travel  affairs/bts2503.htm and Expansion Management.com site at http://www.
accounts for 16% of all business travel. The average per expansionmanagement.com/cmd/articledetail/articleid/15602/default.asp

3.2 PROBLEMS 3.11 A data set contains the following seven values.
6 2 4 9 1 3 5

Find the range.

. Find the mean absolute deviation.

Find the population variance.

. Find the population standard deviation.
Find the interquartile range.

AT RN -V SR~ S Y

Find the z score for each value.

3.12 A data set contains the following eight values.
4 3 0 5 2 9 4 5
Find the range.

. Find the mean absolute deviation.

Find the sample variance.

. Find the sample standard deviation.

VRN =~

Find the interquartile range.
3.13 A data set contains the following six values.
12 23 19 26 24 23
a. Find the population standard deviation using the formula containing the mean
(the original formula).
b. Find the population standard deviation using the computational formula.

c. Compare the results. Which formula was faster to use? Which formula do you
prefer? Why do you think the computational formula is sometimes referred to as
the “shortcut” formula?

3.14 Use your calculator or computer to find the sample variance and sample standard
deviation for the following data.

57 88 68 43 93
63 51 37 77 83
66 60 38 52 28
34 52 60 57 29
92 37 38 17 67

3.15 Use your calculator or computer to find the population variance and population
standard deviation for the following data.

123 090 546 378
392 280 179 601
572 953 749 075

303 468 531 646


http://www.dot.gov/affairs/bts2503.htm
http://www.expansionmanagement.com/cmd/articledetail/articleid/15602/default.asp

3.16

3.17

3.18

3.19

3.20

3.21

Problems 69

Determine the interquartile range on the following data.

44 18 39 40 59
46 59 37 15 73
23 19 90 58 35
82 14 38 27 24
71 25 39 84 70

According to Chebyshev’s theorem, at least what proportion of the data will be
within u + ko for each value of k2

a. k=2

b. k=25
c. k=1.6
d. k=32

Compare the variability of the following two sets of data by using both the popula-
tion standard deviation and the population coefficient of variation.

Data Set 1 Data Set 2

49 159
82 121
77 138
54 152

A sample of 12 small accounting firms reveals the following numbers of profession-
als per office.

7 10 9 14 11 8
5 12 8 3 13 6

Determine the mean absolute deviation.

. Determine the variance.

Determine the standard deviation.

. Determine the interquartile range.

What is the z score for the firm that has six professionals?

he a0 o

What is the coefficient of variation for this sample?

Shown below are the top food and drug stores in the United States in a recent year
according to Fortune magazine.

Company Revenues ($ billions)
Kroger 66.11
Walgreen 47.41
CVS/Caremark 43.81
Safeway 40.19
Publix Super Markets 21.82
Supervalu 19.86
Rite Aid 17.27
Winn-Dixie Stores 7.88

Assume that the data represent a population.
Find the range.

. Find the mean absolute deviation.

Find the population variance.

. Find the population standard deviation.
Find the interquartile range.

e AN oo

Find the z score for Walgreen.

g. Find the coefficient of variation.

A distribution of numbers is approximately bell shaped. If the mean of the numbers is
125 and the standard deviation is 12, between what two numbers would approximately

68% of the values fall? Between what two numbers would 95% of the values fall?
Between what two values would 99.7% of the values fall?
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3.22 Some numbers are not normally distributed. If the mean of the numbers is 38 and
the standard deviation is 6, what proportion of values would fall between 26 and 50?
What proportion of values would fall between 14 and 622 Between what two values
would 89% of the values fall?

3.23 According to Chebyshev’s theorem, how many standard deviations from the mean
would include at least 80% of the values?

3.24 The time needed to assemble a particular piece of furniture with experience is
normally distributed with a mean time of 43 minutes. If 68% of the assembly times
are between 40 and 46 minutes, what is the value of the standard deviation? Suppose
99.7% of the assembly times are between 35 and 51 minutes and the mean is still
43 minutes. What would the value of the standard deviation be now? Suppose the
time needed to assemble another piece of furniture is not normally distributed and
that the mean assembly time is 28 minutes. What is the value of the standard devia-
tion if at least 77% of the assembly times are between 24 and 32 minutes?

3.25 Environmentalists are concerned about emissions of sulfur dioxide into the air. The
average number of days per year in which sulfur dioxide levels exceed 150 milligrams
per cubic meter in Milan, Italy, is 29. The number of days per year in which emission
limits are exceeded is normally distributed with a standard deviation of 4.0 days.
What percentage of the years would average between 21 and 37 days of excess emiss-
ions of sulfur dioxide? What percentage of the years would exceed 37 days? What
percentage of the years would exceed 41 days? In what percentage of the years would
there be fewer than 25 days with excess sulfur dioxide emissions?

3.26 Shown below are the per diem business travel expenses listed by Runzheimer

International for 11 selected cities around the world. Use this list to calculate the z scores
for Moscow, Beijing, Rio de Janeiro, and London. Treat the list as a sample.

City Per Diem Expense ($)
Beijing 282
Hong Kong 361
London 430
Los Angeles 259
Mexico City 302
Moscow 376
New York (Manhattan) 457
Paris 305
Rio de Janeiro 343
Rome 297
Sydney 188

MEASURES OF CENTRAL TENDENCY
AND VARIABILITY: GROUPED DATA

Grouped data do not provide information about individual values. Hence, measures of
central tendency and variability for grouped data must be computed differently from those
for ungrouped or raw data.

Measures of Central Tendency

Three measures of central tendency are presented here for grouped data: the mean, the
median, and the mode.

Mean

For ungrouped data, the mean is computed by summing the data values and dividing by
the number of values. With grouped data, the specific values are unknown. What can
be used to represent the data values? The midpoint of each class interval is used to repre-
sent all the values in a class interval. This midpoint is weighted by the frequency of values
in that class interval. The mean for grouped data is then computed by summing the prod-
ucts of the class midpoint and the class frequency for each class and dividing that sum by
the total number of frequencies. The formula for the mean of grouped data follows.
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MEAN OF GROUPED DATA

_2fM EfM M, + LM, + -+ M
Mgrouped — N - Ef_ ﬁ+ﬁ++ﬁ
where
i= the number of classes

f= class frequency
N = total frequencies

Table 3.6 gives the frequency distribution of the unemployment rates of Canada from
Table 2.2. To find the mean of these data, we need =fand X fM. The value of 2 f can be
determined by summing the values in the frequency column. To calculate = fM, we must
first determine the values of M, or the class midpoints. Next we multiply each of these class
midpoints by the frequency in that class interval, f, resulting in fM. Summing these values
of fM yields the value of =fM.

Table 3.7 contains the calculations needed to determine the group mean. The group mean
for the unemployment data is 6.93. Remember that because each class interval was represented
by its class midpoint rather than by actual values, the group mean is only approximate.

Median

The median for ungrouped or raw data is the middle value of an ordered array of numbers.
For grouped data, solving for the median is considerably more complicated. The calcula-
tion of the median for grouped data is done by using the following formula.

MEDIAN OF GROUPED DATA

N _ o,
Median = L + u(W)
med

where:

L = the lower limit of the median class interval

¢f, = a cumulative total of the frequencies up to but not including the

frequency of the median class
fimea = the frequency of the median class
W= the width of the median class interval
N = total number of frequencies

Frequency Distribution of
60 Years of Unemployment
Data for Canada
(Grouped Data)

The first step in calculating a grouped median is to determine the value of N/2, which is
the location of the median term. Suppose we want to calculate the median for the frequency
distribution data in Table 3.6. Since there are 60 values (N), the value of N/2 is 60/2 = 30.
The median is the 30th term. The question to ask is where does the 30th term fall? This can
be answered by determining the cumulative frequencies for the data, as shown in Table 3.6.

An examination of these cumulative frequencies reveals that the 30th term falls in the
fourth class interval because there are only 29 values in the first three class intervals. Thus,
the median value is in the fourth class interval somewhere between 7 and 9. The class inter-
val containing the median value is referred to as the median class interval.

Since the 30th value is between 7 and 9, the value of the median must be at least 7. How
much more than 7 is the median? The difference between the location of the median value,
N/2 = 30, and the cumulative frequencies up to but not including the median class interval,
c]; = 29, tells how many values into the median class interval lies the value of the median. This
is determined by solving for N/2 — ¢f, = 30 — 29 = 1. The median value is located one

Class Interval Frequency Cumulative Frequency
l-under 3 4 4
3—under 5 12 16
5-under 7 13 29
7—under 9 19 48
9—under 11 7 55

11-under 13 5 60
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Calculation of Grouped Mean

Class Interval Frequency (f) Class Midpoint (M) ™
1—under 3 4 2 8
3—under 5 12 4 48
5-under 7 13 6 78
7—under 9 19 8 152
9—under 11 7 10 70

11-under 13 5 12 60

Sf=N=60 SfM = 416
_ 2fM 416 -
K=7SF "0 &P

value into the median class interval. However, there are 19 values in the median interval
(denoted in the formula as ;). The median value is 1/19 of the way through this interval.

N
24 30-29 1

Foe 19 19

Thus, the median value is at least 7— the value of I- and is 1/19 of the way across the
median interval. How far is it across the median interval? Each class interval is 2 units wide
(w). Taking 1/19 of this distance tells us how far the median value is into the class interval.

¥, 0 _ 29

_ 2
fmed (W) B 19

Adding this distance to the lower endpoint of the median class interval yields the value of
the median.

1
(2) = 5(2) = .105

60
2

Median = 7 +

2)=7+ i(2) =7+ .105 = 7.105
19 19
The median value of unemployment rates for Canada is 7.105. Keep in mind that like the
grouped mean, this median value is merely approximate. The assumption made in these
calculations is that the actual values fall uniformly across the median class interval—which
may or may not be the case.

Mode

The mode for grouped data is the class midpoint of the modal class. The modal class is the
class interval with the greatest frequency. Using the data from Table 3.7, the 7—under 9 class
interval contains the greatest frequency, 19. Thus, the modal class is 7—under 9. The class
midpoint of this modal class is 8. Therefore, the mode for the frequency distribution shown
in Table 3.7 is 8. The modal unemployment rate is 8%.

Measures of Variability

Two measures of variability for grouped data are presented here: the variance and the stan-
dard deviation. Again, the standard deviation is the square root of the variance. Both meas-
ures have original and computational formulas.

FORMULAS FOR
POPULATION VARIANCE
AND STANDARD DEVIATION
OF GROUPED DATA

Original Formula Computational Version

(2fM)?
SIM? —
L Sy L N
N N
o =\Vo?
where:

f= frequency
M = class midpoint
N= 2f, or total frequencies of the population
= grouped mean for the population




3.3 Measures of Central Tendency and Variability: Grouped Data 73

Class Interval f M M (M—p) (M—p)? f(M—p)?
Calculating Grouped Variance d
and Standard Deviation with 1-under 3 & 2 8 —493 24305 27.220
the Original Formula 3—under 5 12 4 48 —2.03 8.585 103.020
5—under 7 13 6 78  —0.93 0.865 11.245
7-under 9 19 8 152 1.07 1.145 21.755
9—under 11 7 10 70 3.07 9.425 65.975
11—under 13 S 12 60 5.07  25.705 128.525
Sf=N=60 3fM =416 SAM — w)* = 427.740
J M6 o
S
SAM — u)?
o = f( W _ 42774 _ - 199
N 60
o = V7.129 = 2.670
FORMULAS FOR SAMPLE Original Formula Computational Version
VARIANCE AND STANDARD (SfM)?
DEVIATION OF GROUPED SHM = 2 SIM? —
DATA oo M= &= "
n—1 n—1
s=Vs
where:
f = frequency
M = class midpoint
n= Xf, or total of the frequencies of the sample
x = grouped mean for the sample

For example, let us calculate the variance and standard deviation of the Canadian
unemployment data grouped as a frequency distribution in Table 3.6. If the data are treated
as a population, the computations are as follows.

For the original formula, the computations are given in Table 3.8. The method of
determining o * and o by using the computational formula is shown in Table 3.9. In either
case, the variance of the unemployment data is 7.129 (squared percent), and the standard
deviation is 2.67%. As with the computation of the grouped mean, the class midpoint is
used to represent all values in a class interval. This approach may or may not be appropri-
ate, depending on whether the average value in a class is at the midpoint. If this situation
does not occur, then the variance and the standard deviation are only approximations.
Because grouped statistics are usually computed without knowledge of the actual data, the
statistics computed potentially may be only approximations.

Class Interval f M ™ fM?
Calculating Grouped Variance L under 3 4 2 . i
and Standard Deviation with —under

the Computational Formula 3—under 5 12 4 48 152
5—under 7 13 6 78 468
7—under 9 19 8 152 1216
9—under 11 7 10 70 700
11-under 13 5 12 60 720
Sf=N=60 SfM = 416 SfM? = 3312

(2fM)? 416

s — MY _
2 60 3312 — 2884.27  427.73
o= = = = = 7.129
N 60 60 60

o= V7.129 = 2.670
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DEMONSTRATION
PROBLEM 3.7

Compute the mean, median, mode, variance, and standard deviation on the follow-
ing sample data.

Class Interval Frequency Cumulative Frequency
10-under 15 6 6
15-under 20 22 28
20-under 25 35 63
25-under 30 29 92
30-under 35 16 108
35-under 40 8 116
40-under 45 4 120
45-under 50 2 122
Solution
The mean is computed as follows.

Class f M M
10-under 15 6 12,5 75.0
15—-under 20 22 17.5 385.0
20-under 25 35 22.5 787.5
25-under 30 29 27.5 797.5
30-under 35 16 325 520.0
35-under 40 8 375 300.0
40-under 45 4 42.5 170.0
45—-under 50 2 47.5 95.0

Sf=n=122 >fM = 3130.0

_2fM 3130
X="—Sr =735 = 25.66

The grouped mean is 25.66.

The grouped median is located at the 61st value (122/2). Observing the cumula-
tive frequencies, the 61st value falls in the 20-under 25 class, making it the median
class interval; and thus, the grouped median is at least 20. Since there are 28 cumu-
lative values before the median class interval, 33 more (61 — 28) are needed to reach
the grouped median. However, there are 35 values in the median class. The grouped
median is located 33/35 of the way across the class interval which has a width of 5.
The grouped median is 20 + %(5) =20 + 4.71 = 24.71.

The grouped mode can be determined by finding the class midpoint of the class
interval with the greatest frequency. The class with the greatest frequency is 20-under
25 with a frequency of 35. The midpoint of this class is 22.5, which is the grouped mode.

The variance and standard deviation can be found as shown next. First, use the
original formula.

Class f ™M M-x (M-XxP fIM — x)?
10-under 15 6 125 -13.16 173.19 1039.14
15-under 20 22 175 -8.16 66.59 1464.98
20-under 25 35 225 -3.16 9.99 349.65
25-under 30 29 275 1.84 3.39 98.31
30-under 35 16 325 6.84 46.79 748.64
35-under 40 8 375 11.84 140.19 1121.52
40-under 45 4 425 16.84 283.59 1134.36
45-under 50 2 4715 21.84 476.99 953.98

Sf=n=122 SfM — x)? = 6910.58

SAM—Xx)? 6910.58
s? = o1 = 1~ M

s = Vb7.11 = 7.56
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Next, use the computational formula.

Class f M {17 m?
10-under 15 6 12.5 75.0 937.50
15—-under 20 22 17.5 385.0 6,737.50
20-under 25 35 22.5 787.5 17,718.75
25-under 30 29 27.5 797.5 21,931.25
30-under 35 16 325 520.0 16,900.00
35-under 40 8 37.5 300.0 11,250.00
40-under 45 4 42.5 170.0 7,225.00
45-under 50 2 47.5 95.0 4,512.50
Sf=n=122 >fM = 3,130.0 SfM? = 87,212.50
(SFfM)? (3,130)2
- B
& — =M _ 87,212.5 122 _ 6,910.04 — 57.11
n—1 121 121 ’
s=\57.11 = 7.56
The sample variance is 57.11 and the standard deviation is 7.56.
3.3 PROBLEMS 3.27 Compute the mean, the median, and the mode for the following data.
Class f
O—under 2 39
2—under 4 27
4—under 6 16
6-under 8 15
8—under 10 10
10—under 12 8
12—under 14 6

3.28 Compute the mean, the median, and the mode for the following data.

Class f
1.2—under 1.6 220
1.6—under 2.0 150
2.0—under 2.4 90
2.4—under 2.8 110
2.8—under 3.2 280

3.29 Determine the population variance and standard deviation for the following data by
using the original formula.

Class f
20-under 30 7
30-under 40 11
40—under 50 18
50—under 60 13
60—under 70 6
70—under 80 4

3.30 Determine the sample variance and standard deviation for the following data by
using the computational formula.

Class f
5—under 9 20
9—under 13 18

13—under 17 8

17—under 21 6

21—under 25 2
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3.31

3.32

3.33

3.34

A random sample of voters in Nashville, Tennessee, is classified by age group, as
shown by the following data.

Age Group Frequency
18—under 24 17
24—under 30 22
30—under 36 26
36—under 42 35
42—under 48 33
48—under 54 30
54—under 60 32
60—under 66 21
66—under 72 15

a. Calculate the mean of the data.

b. Calculate the mode.

c. Calculate the median.

d. Calculate the variance.

e. Calculate the standard deviation.

The following data represent the number of appointments made per 15-minute interval
by telephone solicitation for a lawn-care company. Assume these are population data.

Number of Frequency
Appointments of Occurrence
O—under 1 31
1-under 2 57
2—under 3 26
3—under 4 14
4—under 5 6
5—under 6 3

a. Calculate the mean of the data.

b. Calculate the mode.

c. Calculate the median.

d. Calculate the variance.

e. Calculate the standard deviation.

The Air Transport Association of America publishes figures on the busiest airports in
the United States. The following frequency distribution has been constructed from
these figures for a recent year. Assume these are population data.

Number of Passengers

Arriving and Departing Number of
(millions) Airports
20-under 30 8
30-under 40 7
40—under 50 1
50—under 60 0
60—under 70 3
70—under 80 1

. Calculate the mean of these data.
. Calculate the mode.

. Calculate the median.

. Calculate the variance.

(LI -V SR~

. Calculate the standard deviation.

The frequency distribution shown represents the number of farms per state for
the 50 United States, based on information from the U.S. Department of Agriculture.
Determine the average number of farms per state from these data. The mean computed
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from the original ungrouped data was 41,796 and the standard deviation was 38,856.
How do your answers for these grouped data compare? Why might they differ?

Number of Farms per State f
O—under 20,000 16
20,000—under 40,000 11
40,000—under 60,000 11
60,000—under 80,000 6
80,000—under 100,000 4
100,000—under 120,000 2

MEASURES OF SHAPE

Measures of shape are tools that can be used to describe the shape of a distribution of data.
In this section, we examine two measures of shape, skewness and kurtosis. We also look at
box-and-whisker plots.

Skewness

A distribution of data in which the right half is a mirror image of the left half is said to be
symmetrical. One example of a symmetrical distribution is the normal distribution, or bell
curve, shown in Figure 3.8 and presented in more detail in Chapter 6.

Skewness is when a distribution is asymmetrical or lacks symmetry. The distribution in
Figure 3.8 has no skewness because it is symmetric. Figure 3.9 shows a distribution that is
skewed left, or negatively skewed, and Figure 3.10 shows a distribution that is skewed right,
or positively skewed.

The skewed portion is the long, thin part of the curve. Many researchers use skewed dis-
tribution to denote that the data are sparse at one end of the distribution and piled up at the
other end. Instructors sometimes refer to a grade distribution as skewed, meaning that few
students scored at one end of the grading scale, and many students scored at the other end.

Skewness and the Relationship of the Mean, Median, and Mode

The concept of skewness helps to understand the relationship of the mean, median, and
mode. In a unimodal distribution (distribution with a single peak or mode) that is skewed,
the mode is the apex (high point) of the curve and the median is the middle value. The
mean tends to be located toward the tail of the distribution, because the mean is particu-
larly affected by the extreme values. A bell-shaped or normal distribution with the mean,
median, and mode all at the center of the distribution has no skewness. Figure 3.11 displays
the relationship of the mean, median, and mode for different types of skewness.

Coefficient of Skewness

Statistician Karl Pearson is credited with developing at least two coefficients of skewness
that can be used to determine the degree of skewness in a distribution. We present one of
these coefficients here, referred to as a Pearsonian coefficient of skewness. This coefficient

Symmetrical Distribution

Distribution Skewed Left, or Distribution Skewed Right, or

Negatively Skewed Positively Skewed
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Relationship of Mean, Median,
and Mode

Mean Mean | Mode Mode | Mean
Median Median Median
Mode
(a) (b) ()
Symmetric distribution Negatively Positively
(no skewness) skewed skewed

compares the mean and median in light of the magnitude of the standard deviation. Note that
if the distribution is symmetrical, the mean and median are the same value and hence the
coefficient of skewness is equal to zero.

COEFFICIENT OF SKEWNESS

_ 3(u — M,)
o

Sk

where
S; = coefficient of skewness
M, = median

Types of Kurtosis

Leptokurtic distribution

>

Platykurtic distribution

;

Mesokurtic distribution

Suppose, for example, that a distribution has a mean of 29, a median of 26, and a stan-
dard deviation of 12.3. The coefficient of skewness is computed as

C3(29 - 26)
123

’ +0.73

Because the value of S, is positive, the distribution is positively skewed. If the value of
Sy is negative, the distribution is negatively skewed. The greater the magnitude of S, the
more skewed is the distribution.

Kurtosis

Kurtosis describes the amount of peakedness of a distribution. Distributions that are high
and thin are referred to as leptokurtic distributions. Distributions that are flat and spread
out are referred to as platykurtic distributions. Between these two types are distributions
that are more “normal” in shape, referred to as mesokurtic distributions. These three types
of kurtosis are illustrated in Figure 3.12.

Box-and-Whisker Plots

Another way to describe a distribution of
data is by using a box and whisker plot. A
box-and-whisker plot, sometimes called a
box plot, is a diagram that utilizes the upper
and lower quartiles along with the median and the two most extreme values to depict a distri-
bution graphically. The plot is constructed by using a box to enclose the median. This box
is extended outward from the median along a continuum to the lower and upper quartiles,
enclosing not only the median but also the middle 50% of the data. From the lower and
upper quartiles, lines referred to as whiskers are extended out from the box toward the out-
ermost data values. The box-and-whisker plot is determined from five specific numbers.

1. The median (Q,)
2. The lower quartile (Q,)
3. The upper quartile (Q;)



Box-and-Whisker Plot

3.4 Measures of Shape 79

Data for Box-and-Whisker Plot

71
76
70
82
74

87
79
79
74
62

82
65
63
74
64

64
68
62
73
68

72
80
81
84
73

75
73
84
72
82

81
85
77
81
69

69
71
73
65
71

Hinge Hinge

1.5 < IQR 1.5 < IQR

3.0 - IQR 3.0 - IQR
Q Median Q;

4. The smallest value in the distribution
5. The largest value in the distribution

The box of the plot is determined by locating the median and the lower and upper
quartiles on a continuum. A box is drawn around the median with the lower and upper
quartiles (Q,; and Q;) as the box endpoints. These box endpoints (Q, and Q) are referred
to as the hinges of the box.

Next the value of the interquartile range (IQR) is computed by Q; — Q,. The interquar-
tile range includes the middle 50% of the data and should equal the length of the box.
However, here the interquartile range is used outside of the box also. At a distance of 1.5 - IQR
outward from the lower and upper quartiles are what are referred to as inner fences. A
whisker, a line segment, is drawn from the lower hinge of the box outward to the smallest
data value. A second whisker is drawn from the upper hinge of the box outward to the
largest data value. The inner fences are established as follows.

Q —1.5-IQR
Q,+ 1.5-IQR

If data fall beyond the inner fences, then outer fences can be constructed:

Q —3.0-IQR
Q,+3.0-IQR

Figure 3.13 shows the features of a box-and-whisker plot.

Data values outside the mainstream of values in a distribution are viewed as outliers.
Outliers can be merely the more extreme values of a data set. However, sometimes outliers
occur due to measurement or recording errors. Other times they are values so unlike the other
values that they should not be considered in the same analysis as the rest of the distribution.
Values in the data distribution that are outside the inner fences but within the outer fences are
referred to as mild outliers. Values that are outside the outer fences are called extreme outliers.
Thus, one of the main uses of a box-and-whisker plot is to identify outliers. In some com-
puter-produced box-and-whisker plots (such as in Minitab), the whiskers are drawn to the
largest and smallest data values within the inner fences. An asterisk is then printed for each
data value located between the inner and outer fences to indicate a mild outlier. Values out-
side the outer fences are indicated by a zero on the graph. These values are extreme outliers.

Another use of box-and-whisker plots is to determine whether a distribution is skewed.
The location of the median in the box can relate information about the skewness of the mid-
dle 50% of the data. If the median is located on the right side of the box, then the middle
50% are skewed to the left. If the median is located on the left side of the box, then the mid-
dle 50% are skewed to the right. By examining the length of the whiskers on each side of the
box, a business researcher can make a judgment about the skewness of the outer values. If
the longest whisker is to the right of the box, then the outer data are skewed to the right and
vice versa. We shall use the data given in Table 3.10 to construct a box-and-whisker plot.

After organizing the data into an ordered array, as shown in Table 3.11, it is relatively
easy to determine the values of the lower quartile (Q,), the median, and the upper quartile
(Qs). From these, the value of the interquartile range can be computed.

The hinges of the box are located at the lower and upper quartiles, 69 and 80.5. The
median is located within the box at distances of 4 from the lower quartile and 6.5 from
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Data in Ordered Array with Quartiles and Median

Minitab Box-and-Whisker Plot

87 8 8 84 8 8 8 81 81 81 90
80 79 79 77 76 75 74 74 74 73
73 73 73 72 72 71 71 71 70 69 85 ‘
69 68 68 65 65 64 64 63 62 62 %0
Q=69 %
Q, = median =73 a 75
Q;=280.5 =
H
IQR=Q;— Q,=80.5—69=11.5 70
|
60

3.4 PROBLEMS

the upper quartile. The distribution of the middle 50% of the data is skewed right, because
the median is nearer to the lower or left hinge. The inner fence is constructed by

Q—1.5-IQR=69—1.5(11.5) =69 — 17.25=51.75
and
Q;+1.5-IQR=280.5+1.5(11.5) =80.5+17.25=97.75

The whiskers are constructed by drawing a line segment from the lower hinge outward
to the smallest data value and a line segment from the upper hinge outward to the largest
data value. An examination of the data reveals that no data values in this set of numbers
are outside the inner fence. The whiskers are constructed outward to the lowest value,
which is 62, and to the highest value, which is 87.

To construct an outer fence, we calculate Q, — 3 - IQR and Q, + 3 - IQR, as follows.

Q, —3-IQR=69—3(11.5) =69 —34.5=134.5
Q;+3-IQR=80.5+3(11.5) =80.5+ 34.5=115.0

Figure 3.14 is the Minitab computer printout for this box-and-whisker plot.

3.35 On a certain day the average closing price of a group of stocks on the New York
Stock Exchange is $35 (to the nearest dollar). If the median value is $33 and the
mode is $21, is the distribution of these stock prices skewed? If so, how?

3.36 A local hotel offers ballroom dancing on Friday nights. A researcher observes the
customers and estimates their ages. Discuss the skewness of the distribution of ages if
the mean age is 51, the median age is 54, and the modal age is 59.

3.37 The sales volumes for the top real estate brokerage firms in the United States for a
recent year were analyzed using descriptive statistics. The mean annual dollar
volume for these firms was $5.51 billion, the median was $3.19 billion, and the
standard deviation was $9.59 billion. Compute the value of the Pearsonian
coefficient of skewness and discuss the meaning of it. Is the distribution skewed?
If so, to what extent?

3.38 Suppose the following data are the ages of Internet users obtained from a sample.
Use these data to compute a Pearsonian coefficient of skewness. What is the meaning
of the coefficient?

41 15 31 25 24
23 21 22 22 18
30 20 19 19 16
23 27 38 34 24

19 20 29 17 23
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3.39 Construct a box-and-whisker plot on the following data. Do the data contain any
outliers? Is the distribution of data skewed?

540 690 503 558 490 609
379 601 559 495 562 580
510 623 477 574 588 497
527 570 495 590 602 541

3.40 Suppose a consumer group asked 18 consumers to keep a yearly log of their shop-
ping practices and that the following data represent the number of coupons used by
each consumer over the yearly period. Use the data to construct a box-and-whisker
plot. List the median, Q,, Qs, the endpoints for the inner fences, and the endpoints
for the outer fences. Discuss the skewness of the distribution of these data and
point out any outliers.

81 68 70 100 94 47 66 70 82
110 105 60 21 70 66 90 78 85

DESCRIPTIVE STATISTICS ON THE COMPUTER

Both Minitab and Excel yield extensive descriptive statistics. Even though each computer
package can compute individual statistics such as a mean or a standard deviation, they can
also produce multiple descriptive statistics at one time. Figure 3.15 displays a Minitab out-
put for the descriptive statistics associated with the computer production data presented
earlier in this section. The Minitab output contains, among other things, the mean, the
median, the sample standard deviation, the minimum and maximum (which can then be
used to compute the range), and Q, and Q; (from which the interquartile range can be com-
puted). Excel’s descriptive statistics output for the same computer production data is dis-
played in Figure 3.16. The Excel output contains the mean, the median, the mode, the sample
standard deviation, the sample variance, and the range. The descriptive statistics feature on
either of these computer packages yields a lot of useful information about a data set.

Minitab Output for the
Computer Production Problem

DESCRIPTIVE STATISTICS

Vari abl e N N Mean SE Mean St Dev M ni num Q
Conput ers Produced 5 0 13. 00 2.55 5.70 5. 00 7.00
Vari abl e Medi an 0] Maxi mum
Conput ers Produced 16. 00 17.50 18. 00

Excel Output for the Computer
Production Problem

COMPUTER PRODUCTION DATA

Mean 13
Standard error 2.54951
Median 16
Mode #N/A
Standard deviation ~ 5.700877
Sample variance 32.5
Kurtosis -1.71124
Skewness —0.80959
Range 13
Minimum 5
Maximum 18
Sum 65

Count 5
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DECISION Laundry Statistics

DILEMM{

The descriptive statistics presented
in this chapter are excellent for
summarizing and presenting data

sets in more concise formats. For example, question 1 of the
managerial and statistical questions in the Decision Dilemma
reports water measurements for 50 U.S. households. Using
Excel and/or Minitab, many of the descriptive statistics pre-
sented in this chapter can be applied to these data. The results
are shown in Figures 3.17 and 3.18.

These computer outputs show that the average water
usage is 15.48 gallons with a standard deviation of about 1.233
gallons. The median is 16 gallons with a range of 6 gallons
(12 to 18). The first quartile is 15 gallons and the third

quartile is 16 gallons. The mode is also 16 gallons. The Minitab
graph and the skewness measures show that the data are
slightly skewed to the left. Applying Chebyshev’s theorem to
the mean and standard deviation shows that at least 88.9% of
the measurements should fall between 11.78 gallons and
19.18 gallons. An examination of the data and the minimum
and maximum reveals that 100% of the data actually fall within
these limits.

According to the Decision Dilemma, the mean wash cycle
time is 35 minutes with a standard deviation of 5 minutes. If
the wash cycle times are approximately normally distributed,
we can apply the empirical rule. According to the empirical rule,
68% of the times would fall within 30 and 40 minutes, 95% of
the times would fall within 25 and 45 minutes, and 99.7% of the
wash times would fall within 20 and 50 minutes. If the data are
not normally distributed, Chebyshev’s theorem reveals that at
least 75% of the times should fall between 25 and 45 minutes
and 88.9% should fall between 20 and 50 minutes.

Minitab Descriptive Statistics

Summary for Gallons - .
Anderson-Darling Normality Test
A-Squared 1.60
P-Value <0.005
.. .. St Dev 1.233
Excel Descriptive Statistics Variance 1.520
Skewness —0.530683
GALLONS OF WATER Kurtosis 0.263785
N 50
Mean 15.48
Standard error 0.174356 Minimum 12.000
Median 16 1st Quartile 15.000
I I I I I I I Median 16.000
Mode 16 12 13 14 15 16 17 18 3rd Quartile 16.000
Standard deviation  1.232883 Maximum 18.000
Sample variance 1.62 . . ] .
Kurtosis 0.263785 95% Confidence Interval for Mean
Skewness -0.53068 15.130 15.830
Range 6 95% Confidence Intervals 95% Confidence Interval for Median
Minimum 12 Mean— I | 15.000 16.000
Maximum 18 95% Confidence Interval for St Dev
Sum 774 Mediano | 1 1.030 1536
T T T T T
Count 50 15.0 15.2

16.0
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ETHICAL CONSIDERATIONS

In describing a body of data to an audience, it is best to
use whatever measures it takes to present a “full” picture of
the data. By limiting the descriptive measures used, the
business researcher may give the audience only part of the
picture and can skew the way the receiver understands
the data. For example, if a researcher presents only the mean,
the audience will have no insight into the variability of the
data; in addition, the mean might be inordinately large or
small because of extreme values. Likewise, the choice of the
median precludes a picture that includes the extreme values.
Using the mode can cause the receiver of the information
to focus only on values that occur often.

At least one measure of variability is usually needed
with at least one measure of central tendency for the audience
to begin to understand what the data look like. Unethical

researchers might be tempted to present only the descrip-
tive measure that will convey the picture of the data that
they want the audience to see. Ethical researchers will
instead use any and all methods that will present the fullest,
most informative picture possible from the data.

Former governor of Colorado Richard Lamm has been
quoted as having said that “Demographers are academics
who can statistically prove that the average person in Miami
is born Cuban and dies Jewish . . .. ”* People are more likely
to reach this type of conclusion if incomplete or misleading
descriptive statistics are provided by researchers.

*Alan L. Otten.“People Patterns/Odds and Ends,” The Wall Street Journal,
June 29, 1992, p. B1. Reprinted by permission of The Wall Street Journal
© 1992, Dow Jones & Company, Inc. All Rights Reserved Worldwide.

SUMMARY

Statistical descriptive measures include measures of central
tendency, measures of variability, and measures of shape.
Measures of central tendency and measures of variability are
computed differently for ungrouped and grouped data.
Measures of central tendency are useful in describing data
because they communicate information about the more central
portions of the data. The most common measures of central
tendency are the three Ms’: mode, median, and mean. In addi-
tion, percentiles and quartiles are measures of central tendency.

The mode is the most frequently occurring value in a set
of data. Among other things, the mode is used in business for
determining sizes.

The median is the middle term in an ordered array of
numbers containing an odd number of terms. For an array
with an even number of terms, the median is the average of
the two middle terms. A median is unaffected by the magni-
tude of extreme values. This characteristic makes the median
a most useful and appropriate measure of location in report-
ing such things as income, age, and prices of houses.

The arithmetic mean is widely used and is usually what
researchers are referring to when they use the word mean. The
arithmetic mean is the average. The population mean and the
sample mean are computed in the same way but are denoted
by different symbols. The arithmetic mean is affected by every
value and can be inordinately influenced by extreme values.

Percentiles divide a set of data into 100 groups, which
means 99 percentiles are needed. Quartiles divide data into
four groups. The three quartiles are Q,, which is the lower
quartile;Q,, which is the middle quartile and equals the
median; and Q;, which is the upper quartile.

Measures of variability are statistical tools used in combi-
nation with measures of central tendency to describe data.
Measures of variability provide information about the spread
of the data values. These measures include the range, mean

absolute deviation, variance, standard deviation, interquartile
range, z scores, and coefficient of variation for ungrouped data.

One of the most elementary measures of variability is the
range. It is the difference between the largest and smallest val-
ues. Although the range is easy to compute, it has limited use-
fulness. The interquartile range is the difference between the
third and first quartile. It equals the range of the middle 50%
of the data.

The mean absolute deviation (MAD) is computed by aver-
aging the absolute values of the deviations from the mean. The
mean absolute deviation provides the magnitude of the average
deviation but without specifying its direction. The mean
absolute deviation has limited usage in statistics, but interest is
growing for the use of MAD in the field of forecasting.

Variance is widely used as a tool in statistics but is used
little as a stand-alone measure of variability. The variance is
the average of the squared deviations about the mean.

The square root of the variance is the standard deviation.
It also is a widely used tool in statistics, but it is used more
often than the variance as a stand-alone measure. The stan-
dard deviation is best understood by examining its applica-
tions in determining where data are in relation to the mean.
The empirical rule and Chebyshev’s theorem are statements
about the proportions of data values that are within various
numbers of standard deviations from the mean.

The empirical rule reveals the percentage of values that
are within one, two, or three standard deviations of the mean
for a set of data. The empirical rule applies only if the data are
in a bell-shaped distribution.

Chebyshev’s theorem also delineates the proportion of
values that are within a given number of standard deviations
from the mean. However, it applies to any distribution. The
z score represents the number of standard deviations a value
is from the mean for normally distributed data.
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The coefficient of variation is a ratio of a standard devia-
tion to its mean, given as a percentage. It is especially useful in
comparing standard deviations or variances that represent
data with different means.

Some measures of central tendency and some measures of
variability are presented for grouped data. These measures
include mean, median, mode, variance, and standard deviation.
Generally, these measures are only approximate for grouped
data because the values of the actual raw data are unknown.

Two measures of shape are skewness and kurtosis. Skewness
is the lack of symmetry in a distribution. If a distribution is

skewed, it is stretched in one direction or the other. The skewed
part of a graph is its long, thin portion. One measure of skew-
ness is the Pearsonian coefficient of skewness.

Kurtosis is the degree of peakedness of a distribution. A
tall, thin distribution is referred to as leptokurtic. A flat distri-
bution is platykurtic, and a distribution with a more normal
peakedness is said to be mesokurtic.

A box-and-whisker plot is a graphical depiction of a distri-
bution. The plot is constructed by using the median, the lower
quartile, and the upper quartile. It can yield information
about skewness and outliers.

KEY TERMS

arithmetic mean interquartile range

bimodal kurtosis
box-and-whisker plot leptokurtic

Chebyshev’s theorem mean absolute deviation
coefficient of skewness (MAD)

coefficient of variation (CV)
deviation from the mean
empirical rule

measures of central tendency
measures of shape
measures of variability

median skewness
mesokurtic standard deviation
mode sum of squares of x
multimodal variance
percentiles z score

platykurtic

quartiles

range

FORMULAS

Population mean (ungrouped)
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N
Sample mean (ungrouped)
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Population variance (ungrouped)
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Population standard deviation (grouped) Chebyshev’s theorem
2 1
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o
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st = (xilx) Coefficient of variation
n—
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¢ = o Interquartile range
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Pearsonian coefficient of skewness
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CALCULATING THE STATISTICS year. Compute the mean, median, Psy, Py, Py, Q;, Qs
3.41 The 2000 U.S. Census asked every household to report range, and interquartile range on these data.
information on each person living there. Suppose for a
sample of 30 households selected, the number of per- Company Sales ($ millions)
sons living in each was reported as follows. IBM 91,134
2312 6 42 151323122 Hewlett Packard 86,696
1 31 2 2 4 2 1 2 83 2 11 3 Verizon Communications 75,112
Compute the mean, median, mode, range, lower and De_ﬂ 49,205
upper quartiles, and interquartile range for these data. Microsoft 39,788
Intel 38,826
3.42 The 2000 U.S. Census also asked for each person’s age. Motorola 36,843
Suppose that a sample of 40 households taken from the Sprint 34,680
census data showed the age of the first person recorded Canon 34,222
on the census form to be as follows. Ingram Micro 28,808
42 29 31 38 55 27 28 Cisco Systems 24,801
33 49 70 25 21 38 47 EDS 19,757
63 22 38 52 50 41 19 Xerox 15,701
22 29 8 52 26 35 38 Computer Sciences 14,059
29 31 48 26 33 42 58 Apple 13,931
40 32 24 34 25 Texas Instruments 13,392
Compute Py, Py, Q,, Qs, the interquartile range, and Oracle 11,799
the range for these data. Sanmina-SCI 11,735
3.43 Shown below are the top 20 companies in the computer Arrow _Elearomcs 11,164
Sun Microsystems 11,070

industry by sales according to netvalley.com in a recent
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3.44 Shown in right column are the top 10 companies receiv-

3.45

3.46

ing the largest dollar volume of contract awards from the
U.S. Department of Defense in a recent year. Use this
population data to compute a mean and a standard devi-
ation for these top 10 companies.

Amount of Contracts
Company ($ billions)
Lockheed Martin 27.32
Boeing 20.86
Northrop Grumman 16.77
General Dynamics 11.47
Raytheon 10.41
KBR 5.97
L-3 Communications 5.04
United Technologies 4.57
BAE Systems 4.50
SAIC 3.40

Shown here are the U.S. oil refineries with the largest
capacity in terms of barrels per day according to the U.S.
Energy Information Administration. Use these as popu-
lation data and answer the questions.

Refinery Location Company Capacity
Baytown, Texas ExxonMobil 567,000
Baton Rouge, Louisiana ExxonMobil 503,000
Texas City, Texas BP 467,720
Lake Charles, Louisiana Citgo 429,500
Whiting, Indiana BP 410,000
Beaumont, Texas ExxonMobil 348,500
Philadelphia, Pennsylvania Sunoco 335,000
Pascagoula, Mississippi Chevron 330,000
Deer Park, Texas partnership 329,800
Wood River, Illinois WRB 306,000
Port Arthur, Texas Premcor 289,000

a. What are the values of the mean and the median?
Compare the answers and state which you prefer as a
measure of location for these data and why.

b. What are the values of the range and interquartile
range? How do they differ?

¢. What are the values of variance and standard devia-
tion for these data?

d. What is the z score for Pascagoula, Mississippi? What is
the zscore for Texas City, Texas? Interpret these zscores.

e. Calculate the Pearsonian coefficient of skewness and
comment on the skewness of this distribution.

The U.S. Department of the Interior releases figures on
mineral production. Following are the 14 leading states
in nonfuel mineral production in the United States.

State Value ($ billions)
Arizona 4.35
California 4.24
Nevada 3.88
Florida 2.89
Utah 2.79

3.47

3.48

Texas 2.72
Minnesota 2.19
Missouri 1.94
Georgia 1.81
Colorado 1.75
Michigan 1.75
Pennsylvania 1.55
Alaska 1.47
Wyoming 1.30

a. Calculate the mean, median, and mode.

b. Calculate the range, interquartile range, mean
absolute deviation, sample variance, and sample stan-
dard deviation.

c. Compute the Pearsonian coefficient of skewness for
these data.

d. Sketch a box-and-whisker plot.

The radio music listener market is diverse. Listener for-
mats might include adult contemporary, album rock,
top 40, oldies, rap, country and western, classical, and
jazz. In targeting audiences, market researchers need to
be concerned about the ages of the listeners attracted to
particular formats. Suppose a market researcher sur-
veyed a sample of 170 listeners of country music radio
stations and obtained the following age distribution.

Age Frequency
15—under 20 9
20—-under 25 16
25—-under 30 27
30—under 35 44
35—under 40 42
40—under 45 23
45—under 50 7
50—under 55 2

a. What are the mean and modal ages of country music
listeners?

b. What are the variance and standard deviation of the
ages of country music listeners?

A research agency administers a demographic survey to
90 telemarketing companies to determine the size of
their operations. When asked to report how many
employees now work in their telemarketing operation,
the companies gave responses ranging from 1 to 100.
The agency’s analyst organizes the figures into a fre-
quency distribution.

Number of Employees Number of
Working in Telemarketing Companies
0O—under 20 32
20—under 40 16
40-under 60 13
60—under 80 10
80—under 100 19

a. Compute the mean, median, and mode for this
distribution.
b. Compute the sample standard deviation for these data.
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3.49

3.50

3.51

3.52

Financial analysts like to use the standard deviation as a
measure of risk for a stock. The greater the deviation in a
stock price over time, the more risky it is to invest in the
stock. However, the average prices of some stocks are con-
siderably higher than the average price of others, allowing
for the potential of a greater standard deviation of price.
For example, a standard deviation of $5.00 on a $10.00
stock is considerably different from a $5.00 standard devi-
ation on a $40.00 stock. In this situation, a coefficient of
variation might provide insight into risk. Suppose stock X
costs an average of $32.00 per share and showed a standard
deviation of $3.45 for the past 60 days. Suppose stock Y
costs an average of $84.00 per share and showed a standard
deviation of $5.40 for the past 60 days. Use the coefficient
of variation to determine the variability for each stock.

The Polk Company reported that the average age of a car
on U.S. roads in a recent year was 7.5 years. Suppose the
distribution of ages of cars on U.S. roads is approxi-
mately bellshaped. If 99.7% of the ages are between 1
year and 14 years, what is the standard deviation of car
age? Suppose the standard deviation is 1.7 years and the
mean is 7.5 years. Between what two values would 95%
of the car ages fall?

According to a Human Resources report, a worker in the
industrial countries spends on average 419 minutes a
day on the job. Suppose the standard deviation of time
spent on the job is 27 minutes.

a. If the distribution of time spent on the job is approx-
imately bell shaped, between what two times would
68% of the figures be? 95%? 99.7%?

b. If the shape of the distribution of times is unknown,
approximately what percentage of the times would be
between 359 and 479 minutes?

c. Suppose a worker spent 400 minutes on the job. What
would that worker’s z score be, and what would it tell
the researcher?

During the 1990s, businesses were expected to show a lot
of interest in Central and Eastern European countries.
As new markets began to open, American businesspeo-
ple needed a better understanding of the market poten-
tial there. The following are the per capita GDP figures
for eight of these European countries published by the
World Almanac. Note: The per capita GDP for the U.S. is
$44,000.

Country Per Capita GDP (U.S. $)
Albania 5,700
Bulgaria 10,700
Croatia 13,400
Czech Republic 21,900
Hungary 17,600
Poland 14,300
Romania 9,100
Bosnia/Herzegovina 5,600

3.53

3.54

3.55
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a. Compute the mean and standard deviation for
Albania, Bulgaria, Croatia, and Czech Republic.

b. Compute the mean and standard deviation for
Hungary, Poland, Romania, and Bosnia/Herzegovina.

c. Use a coefficient of variation to compare the two stan-
dard deviations. Treat the data as population data.

According to the Bureau of Labor Statistics, the average
annual salary of a worker in Detroit, Michigan, is
$35,748. Suppose the median annual salary for a worker
in this group is $31,369 and the mode is $29,500. Is the
distribution of salaries for this group skewed? If so, how
and why? Which of these measures of central tendency
would you use to describe these data? Why?

According to the U.S. Army Corps of Engineers, the top
20 U.S. ports, ranked by total tonnage (in million tons),
were as follows.

Port Total Tonnage
South Louisiana, LA 212.7
Houston, TX 211.7
New York, NY and NJ 152.1
Huntington, WV, KY, and OH 83.9
Long Beach, CA 79.9
Beaumont, TX 78.9
Corpus Christi, TX 77.6
New Orleans, LA 65.9
Baton Rouge, LA 59.3
Texas City, TX 57.8
Mobile, AL 57.7
Los Angeles, CA 54.9
Lake Charles, LA 52.7
Tampa, FL 49.2
Plaquemines, LA 47.9
Duluth-Superior MN and WI 44.7
Valdez, AK 44.4
Baltimore, MD 44.1
Pittsburgh, PA 43.6
Philadelphia, PA 39.4

a. Construct a box-and-whisker plot for these data.

b. Discuss the shape of the distribution from the plot.
c. Are there outliers?

d. What are they and why do you think they are outliers?

Runzheimer International publishes data on overseas
business travel costs. They report that the average per
diem total for a business traveler in Paris, France, is
$349. Suppose the shape of the distribution of the per
diem costs of a business traveler to Paris is unknown, but
that 53% of the per diem figures are between $317 and
$381. What is the value of the standard deviation? The
average per diem total for a business traveler in Moscow
is $415. If the shape of the distribution of per diem costs
of a business traveler in Moscow is unknown and if 83%
of the per diem costs in Moscow lie between $371 and
$459, what is the standard deviation?
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INTERPRETING THE OUTPUT
3.56 Netvalley.com compiled a list of the top 100 banks in the

United States according to total assets. Leading the list
was Bank of America, followed by JPMorgan Chase and
Citibank. Following is an Excel analysis of total assets
($ billions) of these banks using the descriptive statistics
feature. Study the output and describe in your own
words what you can learn about the assets of these top
100 banks.

Top 100 Banks in U.S.

Mean 76.5411
Standard error 17.93374
Median 21.97
Mode 13.01
Standard deviation 179.3374
Sample variance 32161.9
Kurtosis 22.2632
Skewness 4.586275
Range 1096.01
Minimum 8.99
Maximum 1105
Sum 7654.11
Count 100

3.57 Hispanic Business magazine publishes a list of the top

50 advertisers in the Hispanic market. The advertising
spending for each of these 50 advertisers (in $ millions)
was entered into a Minitab spreadsheet and the data
were analyzed using Minitab’s Graphical Summary.
Study the output from this analysis and describe the
advertising expenditures of these top Hispanic market
advertisers.

Top 50 Advertisers in the Hispanic Market

3.58

Excel was used to analyze the number of employees for
the top 60 employers with headquarters around the
world outside of the United States. The data was com-
piled by myglobalcareer.com, extracted from My Global
Career 500, and was analyzed using Excel’s descriptive
statistics feature. Summarize what you have learned
about the number of employees for these companies by
studying the output.

Top 60 Employers Outside of the U.S.

Mean 211942.9
Standard error 12415.31
Median 175660
Mode 150000
Standard deviation 96168.57
Sample variance 9.25E+09
Kurtosis 1.090976
Skewness 1.356847
Range 387245
Minimum 115300
Maximum 502545
Sum 12716575
Count 60
3.59 The Nielsen Company compiled a list of the top 25

advertisers in African American media. Shown below are
a Minitab descriptive statistics analysis of the annual
advertising spending in $ million by these companies in
African American media and a box plot of these data.
Study this output and summarize the expenditures of
these top 25 advertisers in your own words.

Anderson-Darling Normality Test
A-Squared 4.12
P-Value < 0.005
Mean 41.853
St Dev 31.415
Variance 986.892
L1 Skewness 2.34450
Kurtosis 6.25496
N 50
| | | 'ﬁ
40 80 120 160 Minimum 18.079
Ist Quartile 21.617
Median 31.167
11 1——- 3rd Quartile 51.154
Maximum 162.695
95% Confidence Interval for Mean
o .
95% Confidence Intervals 32,925 50.781
Mean — I | 95% Confidence Interval for Median
23.672 40.810
Median + I i 95% Confidence Interval for St Dev
T T T T T T T 26.242 39.147
20 25 30 35 40 45 50




Vari abl e N N*  Mean SE Mean StDev M ni mum Q
Advertisers 25 0 27.24 2.84 14.19 16.20 21.25
Vari abl e Medi an Q  Maxi num
Advertisers 24.00 27.50 89.70

Case 89

90 89.7
80
70
60

50

Advertisers

40 7 37.7
30 4

20

10

see www.wiley.com/college/black

ANALYZING THE DATABASES

1. What are the mean and
the median amounts of
new capital expendi-
tures for industries in

the Manufacturing database? Comparing the mean and the

median for these data, what do these statistics tell you about
the data?

1875634823
7858

9047283
4762295006

i

Database}

75253
7448392018

2. Analyze U.S. finished motor gasoline production in the
12-Year Gasoline database using a descriptive statistics fea-
ture of either Excel or Minitab. By examining such statistics
as the mean, median, mode, range, standard deviation, and
a measure of skewness, describe U.S. motor gasoline pro-
duction over this period of time.

3. Using measures of central tendency including the mean,
median, and mode, describe annual food spending and

annual household income for the 200 households in the
Consumer Food database. Compare the two results by
determining approximately what percent of annual house-
hold income is spent on food.

4. Using the Financial database, study earnings per share for
Type 2 and Type 7 companies (chemical and petrochemi-
cal) using statistics. Compute a coefficient of variation for
both Type 2 and Type 7. Compare the two coefficients and
comment on them.

5. Using the Hospital database, construct a box-and-whisker
plot for births. Thinking about hospitals and birthing facil-
ities, comment on why the box-and-whisker plot looks like
it does.

COCA-COLA GOES SMALL IN RUSSIA

The Coca-Cola Company is the number-one seller of soft
drinks in the world. Every day an average of more than 1.5 bil-
lion servings of Coca-Cola, Diet Coke, Sprite, Fanta, and other
products of Coca-Cola are enjoyed around the world. The
company has the world’s largest production and distribution
system for soft drinks and sells more than twice as many soft
drinks as its nearest competitor. Coca-Cola products are sold
in more than 200 countries around the globe.

For several reasons, the company believes it will continue
to grow internationally. One reason is that disposable income
is rising. Another is that outside the United States and Europe,
the world is getting younger. In addition, reaching world mar-
kets is becoming easier as political barriers fall and trans-
portation difficulties are overcome. Still another reason is that
the sharing of ideas, cultures, and news around the world cre-
ates market opportunities. Part of the company mission is for
Coca-Cola to maintain the world’s most powerful trademark
and effectively utilize the world’s most effective and pervasive
distribution system.

In June 1999, Coca-Cola Russia introduced a 200-milliliter
(about 6.8 0z.) Coke bottle in Volgograd, Russia, in a campaign
to market Coke to its poorest customers. This strategy was suc-
cessful for Coca-Cola in other countries, such as India. The bot-
tle sells for 12 cents, making it affordable to almost everyone. In
2001, Coca-Cola enjoyed a 25% volume growth in Russia,
including an 18% increase in unit case sales of Coca-Cola.

Today, Coca-Cola beverages are produced and sold in
Russia by the company’s authorized local bottling partner,
Coca-Cola HBC Russia, based in Moscow. The Coca-Cola
business system directly employs approximately 4000 people
in Russia, and more than 70% of all supplies required by the
company are sourced locally.

Discussion

1. Because of the variability of bottling machinery;, it is likely
that every 200-milliliter bottle of Coca-Cola does not con-
tain exactly 200 milliliters of fluid. Some bottles may con-
tain more fluid and others less. Because 200-milliliter bottle
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fills are somewhat unusual, a production engineer wants to
test some of the bottles from the first production runs to
determine how close they are to the 200-milliliter specifica-
tion. Suppose the following data are the fill measurements
from a random sample of 50 bottles. Use the techniques
presented in this chapter to describe the sample. Consider
measures of central tendency, variability, and skewness.
Based on this analysis, how is the bottling process working?

200.1 199.9 200.2 200.2 200.0

200.1 200.9 200.1 200.3 200.5

199.7 200.4 200.3 199.8 199.3

200.1 199.4 199.6 199.2 200.2
Minitab Output

Descriptive Statistics: Bottle Fills

2.

200.4 199.8 199.9 200.2 199.6
199.6 200.4 200.4 200.6 200.6
200.1 200.8 199.9 200.0 199.9
200.3 200.5 199.9 201.1 199.7
200.2 200.5 200.2 199.7 200.9
200.2 199.5 200.6 200.3 199.8

Suppose that at another plant Coca-Cola is filling bottles
with the more traditional 20 ounces of fluid. A lab randomly
samples 150 bottles and tests the bottles for fill volume. The
descriptive statistics are given in both Minitab and Excel
computer output. Write a brief report to supervisors sum-
marizing what this output is saying about the process.

Vari abl e Total Count Mean SE Mean StDev  Variance  Coef Var M ni mum
Bottle Fills 150 20.008 0.00828 0.101 0.0103 0.51 19. 706
Vari abl e Medi an Q Maxi mum Range IR
Bottle Fills 19. 997 20. 079 20. 263 0. 557 0. 139
Summary for Bottle Fills
Anderson-Darling Normality Test
— A-Squared 0.32
/ < P-Value 0.531
| Mean 20.008
St Dev 0.101
Variance 0.010
Skewness 0.080479
Kurtosis -0.116220
N 150
—=T T T T T T
19.7 19.8 19.9 20.0 20.1 20.2 Minimum 19.706
1st Quartile 19.940
Median 19.997
4| |7 3rd Quartile 20.079
Maximum 20.263
. 95% Confidence Interval for Mean
95% Confidence Intervals
19.992 20.025
Mean — I | 95% Confidence Interval for Median
19.980 20.035
Median 4 | 1 95% Confidence Interval for St Dev
T T T T T T T 0.091 0.114
19.98 19.99 20.00 20.01 20.02 20.03 20.04
Excel Output
Bottle Fills
Mean 20.00817
Standard error 0.008278
Median 19.99697
Mode #N/A
Standard deviation 0.101388
Sample variance 0.010279
Kurtosis -0.11422 Source: Adapted from “Coke, Avis Adjust in Russia,” Advertising Age,
Skewness 0.080425 July 5, 1999, p. 25; Coca-Cola Web site at http://www.coca-cola.
Range 0.557666 com/home.html. The Coca-Cola company’s 2001 annual report is
o ) found at: http://www2.coca-cola.com/investors/annualreport/
Minimum 19.70555 2001/index.html. The Coca-Cola’s Web site for information on
Maximum 20.26322 Russia is located at: http://www2.cocacola.com/ourcompany/
Sum 3001.225 cfs/cfs_include/cfs_russia_include.html.
Count 150 View Coca-Cola Company’s 2007 annual report at: http://www.

thecoca-colacompany.com/investors/pdfs/2007_annual_review.pdf

Q
19. 940


http://www.coca-cola.com/home.html
http://www2.coca-cola.com/investors/annualreport/2001/index.html
http://www2.cocacola.com/ourcompany/cfs/cfs_include/cfs_russia_include.html
http://www.thecoca-colacompany.com/investors/pdfs/2007_annual_review.pdf
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USING THE COMPUTER

EXCEL

Statistics. From the Basic Statistics menu, select either

While Excel has the capability of producing many of the
statistics in this chapter piecemeal, there is one Excel fea-
ture, Descriptive Statistics, that produces many of these
statistics in one output.

To use the Descriptive Statistics feature, begin by selecting
the Data tab on the Excel worksheet. From the Analysis
panel at the right top of the Data tab worksheet, click on
Data Analysis. If your Excel worksheet does not show the
Data Analysis option, then you can load it as an add-in fol-
lowing directions given in Chapter 2. From the Data
Analysis pulldown menu, select Descriptive Statistics. In
the Descriptive Statistics dialog box, enter the location of
the data to be analyzed in Input Range. Check Labels in the
First Row if your data contains a label in the first row (cell).
Check the box beside Summary statistics. The Summary
statistics feature computes a wide variety of descriptive sta-
tistics. The output includes the mean, the median, the
mode, the standard deviation, the sample variance, a meas-
ure of kurtosis, a measure of skewness, the range, the mini-
mum, the maximum, the sum and the count.

The Rank and Percentile feature of the Data Analysis tool
of Excel has the capability of ordering the data, assigning
ranks to the data, and yielding the percentiles of the data. To
access this command, click on Data Analysis (see above)
and select Rank and Percentile from the menu. In the Rank
and Percentile dialog box, enter the location of the data to
be analyzed in Input Range. Check Labels in the First Row
if your data contains a label in the first row (cell).

Many of the individual statistics presented in this chapter
can be computed using the Insert Function (f,) of Excel. To
access the Insert Function, go to the Formulas tab on an
Excel worksheet (top center tab). The Insert Function is on
the far left of the menu bar. In the Insert Function dialog
box at the top, there is a pulldown menu where it says Or
select a category. From the pulldown menu associated with
this command, select Statistical. There are 83 different sta-
tistics that can be computed using one of these commands.
Select the one that you want to compute and enter the loca-
tion of the data. Some of the more useful commands in this
menu are AVERAGE, MEDIAN, MODE, SKEW, STDEV,
and VAR.

MINITAB

Minitab is capable of performing many of the tasks pre-
sented in this chapter, including descriptive statistics and
box plots. To begin Descriptive Statistics, select Stat on the
menu bar, and then from the pulldown menu select Basic

Display Descriptive Statistics or Graphical Summary. If
you select DisplayDescriptiveStatistics in the dialog box
that appears, input the column(s) to be analyzed in the box
labeled Variables. If you click OK, then your output will
include the sample size, mean, median, standard deviation,
minimum, the first quartile, and the third quartile. If in the
Display Descriptive Statistics dialog box you select the
option Graphs, you will have several other output options
that are relatively self-explanatory. The options include
Histogram of data; Histogram of data, with normal
curve; Individual value plot; and Boxplot of data. If in the
Display Descriptive Statistics dialog box you select the
option Statistics, you have the option of selecting any of
24 statistics offered to appear in your output.

On the other hand, you may opt to use the Graphical
Summary option under Basic Statistics. If you use this
option, in the dialog box that appears input the column(s)
to be analyzed in the box labeled Variables. If you click
OK, then your output will include a histogram graph of the
data with the normal curve superimposed, a box plot of the
data, the same descriptive statistics listed above for the out-
put from Display Descriptive Statistics, along with skew-
ness and kurtosis statistics and other output that pertain to
Chapter 8 topics.

A variety of descriptive statistics can be obtained through
the use of Column Statistics or Row Statistics. To begin,
select Calc from the menu bar. From the pulldown menu,
select either Column Statistics or Row Statistics, depending
on where the data are located. For Column Statistics, in the
space below Input variable, enter the column to be analyzed.
For Row Statistics, in the space below Input variables, enter
the rows to be analyzed. Check which Statistic you want to
compute from Sum, Mean, Standard deviation, Minimum,
Maximum, Range, Median, and N total. Minitab will only
allow you to select one statistic at a time.

Minitab can produce box-and-whisker plots. To begin,
select Graph from the menu bar, and then select Boxplot
from the pulldown menu.

In the Boxplot dialog box, there are four options: One Y
Simple, One Y With Groups, Multiple Y’s Simple, and
Multiple Y’s With Groups; and you must select one.

After you select one of these types of box plots, another
dialog box appears with several options to select, including:
Scale..., Labels..., Data View..., Multiple Graphs..., and
Data Options...

Enter the location of the variables to be graphed in the top
box labeled Graph variables, and click OK.
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LEARNING OBJECTIVES

The main objective of Chapter 4 is to help you understand the basic
principles of probability, thereby enabling you to:

1. Describe what probability is and when one would use it

2. Differentiate among three methods of assigning probabilities: the classical
method, relative frequency of occurrence, and subjective probability

3. Deconstruct the elements of probability by defining experiments, sample
spaces, and events, classifying events as mutually exclusive, collectively
exhaustive, complementary, or independent, and counting possibilities

4. Compare marginal, union, joint, and conditional probabilities by defining
each one.

5. Calculate probabilities using the general law of addition, along with a
probability matrix, the complement of a union, or the special law of
addition if necessary

6. Calculate joint probabilities of both independent and dependent events
using the general and special laws of multiplication

1. Calculate conditional probabilities with various forms of the law of
conditional probability, and use them to determine if two events are
independent.

8. Calculate conditional probabilities using Bayes’ rule




Equity of the Sexes in the Workplace

DECISION
b DILEMMA

The Civil Rights Act was signed into
law in the United States in 1964 by
President Lyndon Johnson. This
law, which was
amended in
1972, resulted in
several “titles”
that addressed
discrimination in American society at various levels. One is Title
VII, which pertains specifically to employment discrimination.
It applies to all employers with more than 15 employees, along
with other institutions. One of the provisions of Title VII makes
it illegal to refuse to hire a person on the basis of the person’s sex.
Today, company hiring procedures must be within the per-
view and framework of the Equal Employment Opportunity
Commission (EEOC) guidelines and Title VII. How does a com-
pany defend its hiring practices or know when they are within
acceptable bounds? How can individuals or groups who feel they
have been the victims of illegal hiring practices “prove” their case?
How can a group demonstrate that they have been “adversely
impacted” by a company’s discriminatory hiring practices?
Statistics are widely used in employment discrimination
actions and by companies in attempting to meet EEOC

Client Company Human Resource
Data by Sex

Sex

Type of Position Male Female Total

Managerial 8 3 11
Professional 31 13 44
Technical 52 17 69
Clerical 9 22 31
Total 100 55 155

guidelines. Substantial quantities of human resources data are
logged and analyzed on a daily basis.

Managerial and Statistical Questions

Assume that a small portion of the human resource data was
gathered on a client company.

1. Suppose some legal concern has been expressed that a
disproportionate number of managerial people at the
client company are men. If a worker is randomly selected
from the client company, what is the probability that the
worker is a woman? If a managerial person is randomly
selected, what is the probability that the person is a
woman? What factors might enter into the apparent
discrepancy between probabilities?

2. Suppose a special bonus is being given to one person in
the technical area this year. If the bonus is randomly
awarded, what is the probability that it will go to a
woman, given that worker is in the technical area? Is this
discrimination against male technical workers? What
factors might enter into the awarding of the bonus other
than random selection?

3. Suppose that at the annual holiday party the name of an
employee of the client company will be drawn randomly
to win a trip to Hawaii. What is the probability that a
professional person will be the winner?

4. What is the probability that the winner will be either a
man or a clerical worker? What is the probability that the
winner will be a woman and in management? Suppose the
winner is a man. What is the probability that the winner is
from the technical group, given that the winner is a man?

Source: EEOC information adapted from Richard D. Arvey and Robert H.
Faley, Fairness in Selecting Employees, 2nd ed. Reading, MA: Addison-Wesley
Publishing Company, 1992.

In business, most decision making involves uncertainty. For example, an operations manager
does not know definitely whether a valve in the plant is going to malfunction or continue
to function—or, if it continues, for how long. When should it be replaced? What is the
chance that the valve will malfunction within the next week? In the banking industry, what
are the new vice president’s prospects for successfully turning a department around? The
answers to these questions are uncertain.

In the case of a high-rise building, what are the chances that a fire-extinguishing sys-
tem will work when needed if redundancies are built in? Businesspeople must address these
and thousands of similar questions daily. Because most such questions do not have definite
answers, the decision making is based on uncertainty. In many of these situations, a prob-
ability can be assigned to the likelihood of an outcome. This chapter is about learning how
to determine or assign probabilities.
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Probability in the Process of
Inferential Statistics

Estimate parameter

with statistic
)ﬂrobability of contidence
in result assigned)

Population Sample
parameter statistic
unknown computed
(e.g., 1) (e.g.,X)
\ tiact /
sample

INTRODUCTION TO PROBABILITY

Chapter 1 discussed the difference between descriptive and inferential statistics. Much sta-
tistical analysis is inferential, and probability is the basis for inferential statistics. Recall that
inferential statistics involves taking a sample from a population, computing a statistic on
the sample, and inferring from the statistic the value of the corresponding parameter of the
population. The reason for doing so is that the value of the parameter is unknown. Because
it is unknown, the analyst conducts the inferential process under uncertainty. However, by
applying rules and laws, the analyst can often assign a probability of obtaining the results.
Figure 4.1 depicts this process.

Suppose a quality control inspector selects a random sample of 40 lightbulbs from a
population of brand X bulbs and computes the average number of hours of luminance for
the sample bulbs. By using techniques discussed later in this text, the specialist estimates the
average number of hours of luminance for the population of brand X lightbulbs from this
sample information. Because the lightbulbs being analyzed are only a sample of the popula-
tion, the average number of hours of luminance for the 40 bulbs may or may not accurately
estimate the average for all bulbs in the population. The results are uncertain. By applying the
laws presented in this chapter, the inspector can assign a value of probability to this estimate.

In addition, probabilities are used directly in certain industries and industry applica-
tions. For example, the insurance industry uses probabilities in actuarial tables to determine
the likelihood of certain outcomes in order to set specific rates and coverages. The gaming
industry uses probability values to establish charges and payoffs. One way to determine
whether a company’s hiring practices meet the government’s EEOC guidelines mentioned in
the Decision Dilemma is to compare various proportional breakdowns of their employees
(by ethnicity, gender, age, etc.) to the proportions in the general population from which the
employees are hired. In comparing the company figures with those of the general population,
the courts could study the probabilities of a company randomly hiring a certain profile of
employees from a given population. In other industries, such as manufacturing and aero-
space, it is important to know the life of a mechanized part and the probability that it will
malfunction at any given length of time in order to protect the firm from major breakdowns.

METHODS OF ASSIGNING PROBABILITIES

The three general methods of assigning probabilities are (1) the classical method, (2) the
relative frequency of occurrence method, and (3) subjective probabilities.

Classical Method of Assigning Probabilities

When probabilities are assigned based on laws and rules, the method is referred to as the
classical method of assigning probabilities. This method involves an experiment, which
is a process that produces outcomes, and an event, which is an outcome of an experiment.
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When we assign probabilities using the classical method, the probability of an individual
event occurring is determined as the ratio of the number of items in a population containing
the event (n,) to the total number of items in the population (N). That is, P(E) = n,/N. For
example, if a company has 200 workers and 70 are female, the probability of randomly
selecting a female from this company is 70/200 = .35.

CLASSICAL METHOD OF
ASSIGNING PROBABILITIES

P(E) = ¢
where N
N = total possible number of outcomes of an experiment

n,= the number of outcomes in which the event occurs out of N outcomes

Suppose, in a particular plant, three machines make a given product. Machine A
always produces 40% of the total number of this product. Ten percent of the items pro-
duced by machine A are defective. If the finished products are well mixed with regard to
which machine produced them and if one of these products is randomly selected, the clas-
sical method of assigning probabilities tells us that the probability that the part was pro-
duced by machine A and is defective is .04. This probability can be determined even before
the part is sampled because with the classical method, the probabilities can be determined
a priori; that is, they can be determined prior to the experiment.

Because n, can never be greater than N (no more than N outcomes in the population
could possibly have attribute e), the highest value of any probability is 1. If the probability
of an outcome occurring is 1, the event is certain to occur. The smallest possible probabil-
ity is 0. If none of the outcomes of the N possibilities has the desired characteristic, e, the
probability is 0/N = 0, and the event is certain not to occur.

RANGE OF POSSIBLE
PROBABILITIES

0=PE =1

Thus, probabilities are nonnegative proper fractions or nonnegative decimal values greater
than or equal to 0 and less than or equal to 1.

Probability values can be converted to percentages by multiplying by 100. Meteoro-
logists often report weather probabilities in percentage form. For example, when they
forecast a 60% chance of rain for tomorrow, they are saying that the probability of rain
tomorrow is .60.

Relative Frequency of Occurrence

The relative frequency of occurrence method of assigning probabilities is based on cumu-
lated historical data. With this method, the probability of an event occurring is equal to the
number of times the event has occurred in the past divided by the total number of opportuni-
ties for the event to have occurred.

PROBABILITY BY RELATIVE
FREQUENCY OF
OCCURRENCE

Number of Times an Event Occurred

Total Number of Opportunities for the Event to Occur

Relative frequency of occurrence is not based on rules or laws but on what has occurred
in the past. For example, a company wants to determine the probability that its inspectors are
going to reject the next batch of raw materials from a supplier. Data gathered from company
record books show that the supplier sent the company 90 batches in the past, and inspectors
rejected 10 of them. By the method of relative frequency of occurrence, the probability of the
inspectors rejecting the next batch is 10/90, or .11. If the next batch is rejected, the relative fre-
quency of occurrence probability for the subsequent shipment would change to 11/91 =.12.
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Subjective Probability

The subjective method of assigning probability is based on the feelings or insights of the per-
son determining the probability. Subjective probability comes from the person’s intuition or
reasoning. Although not a scientific approach to probability, the subjective method often is
based on the accumulation of knowledge, understanding, and experience stored and
processed in the human mind. At times it is merely a guess. At other times, subjective prob-
ability can potentially yield accurate probabilities. Subjective probability can be used to
capitalize on the background of experienced workers and managers in decision making.

Suppose a director of transportation for an oil company is asked the probability of
getting a shipment of oil out of Saudi Arabia to the United States within three weeks. A direc-
tor who has scheduled many such shipments, has a knowledge of Saudi politics, and has an
awareness of current climatological and economic conditions may be able to give an accurate
probability that the shipment can be made on time.

Subjective probability also can be a potentially useful way of tapping a person’s expe-
rience, knowledge, and insight and using them to forecast the occurrence of some event.
An experienced airline mechanic can usually assign a meaningful probability that a partic-
ular plane will have a certain type of mechanical difficulty. Physicians sometimes assign
subjective probabilities to the life expectancy of people who have cancer.

STRUCTURE OF PROBABILITY

In the study of probability, developing a language of terms and symbols is helpful. The
structure of probability provides a common framework within which the topics of proba-
bility can be explored.

Experiment

As previously stated, an experiment is a process that produces outcomes. Examples of business-
oriented experiments with outcomes that can be statistically analyzed might include the
following.

Interviewing 20 randomly selected consumers and asking them which brand of
appliance they prefer

Sampling every 200th bottle of ketchup from an assembly line and weighing the
contents

Testing new pharmaceutical drugs on samples of cancer patients and measuring
the patients’ improvement

Auditing every 10th account to detect any errors

Recording the Dow Jones Industrial Average on the first Monday of every month
for 10 years

Event

Because an event is an outcome of an experiment, the experiment defines the possibilities of
the event. If the experiment is to sample five bottles coming off a production line, an event
could be to get one defective and four good bottles. In an experiment to roll a die, one event
could be to roll an even number and another event could be to roll a number greater than
two. Events are denoted by uppercase letters; italic capital letters (e.g., A and E;, E,, . . .)
represent the general or abstract case, and roman capital letters (e.g., H and T for heads and
tails) denote specific things and people.

Elementary Events

Events that cannot be decomposed or broken down into other events are called elementary
events. Elementary events are denoted by lowercase letters (e.g., e, €, €3, . . .). Suppose the
experiment is to roll a die. The elementary events for this experiment are to roll a 1 or roll
a2 or roll a 3, and so on. Rolling an even number is an event, but it is not an elementary
event because the even number can be broken down further into events 2, 4, and 6.
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Possible Outcomes for the
Roll of a Pair of Dice

All Possible Elementary
Events in the Roll of a Pair
of Dice (Sample Space)

1
3
£D 4
5
6
1
3
! & 1
5
6
2 1
3

&
&3 4

&2
By " é
y 3
€9 4
5 5
6
1
¢ 3
ED 1
5
6
1
%
ED 1
5
6
| Events with one die (6) | Events with a second die (36) |

In the experiment of rolling a die, there are six elementary events {1, 2, 3, 4, 5, 6}.
Rolling a pair of dice results in 36 possible elementary events (outcomes). For each of the
six elementary events possible on the roll of one die, there are six possible elementary
events on the roll of the second die, as depicted in the tree diagram in Figure 4.2. Table 4.1
contains a list of these 36 outcomes.

In the experiment of rolling a pair of dice, other events could include outcomes such as
two even numbers, a sum of 10, a sum greater than five, and others. However, none of these
events is an elementary event because each can be broken down into several of the elementary
events displayed in Table 4.1.

Sample Space

A sample space is a complete roster or listing of all elementary events for an experiment. Table 4.1
is the sample space for the roll of a pair of dice. The sample space for the roll of a single die
is{1,2,3,4,5,6}.

Sample space can aid in finding probabilities. Suppose an experiment is to roll a pair of
dice. What is the probability that the dice will sum to 72 An examination of the sample space
shown in Table 4.1 reveals that there are six outcomes in which the dice sum to 7—{(1,6),
(2,5),(3,4), (4,3), (5,2), (6,1)}—in the total possible 36 elementary events in the sample space.
Using this information, we can conclude that the probability of rolling a pair of dice that sum
to 7 is 6/36, or .1667. However, using the sample space to determine probabilities is unwieldy
and cumbersome when the sample space is large. Hence, statisticians usually use other more
effective methods of determining probability.

Unions and Intersections

Set notation, the use of braces to group numbers, is used as a symbolic tool for unions and inter-
sections in this chapter. The union of X, Y'is formed by combining elements from each of the sets

(1,1) (2,1) (3,1) (41) (5,1) (6,1)
(1,2) (2,2) (3,2)  (42) (5,2) (6,2)
(1,3) (2,3) (3,3) (43) (5,3) (6,3)
(1,4) (2,4) (3,4) (44) (54) (6,4)
(1,5) (2,5) (3,5) (4,5) (5,5) (6,5)
(1,6) (2,6) (3,6) (4,6) (5,6) (6,6)
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A Union
An Intersection

gD

and is denoted X U Y. An element qualifies for the union of X, Y'if it is in either X or Yor in
both X and Y. The union expression X U Y can be translated to “X or Y.” For example, if

X =1{1,4,7,9} and Y =1{2,3,4,5,6}
XUY=11,2345,6,7 9}

Note that all the values of X and all the values of Y qualify for the union. However,
none of the values is listed more than once in the union. In Figure 4.3, the shaded region
of the Venn diagram denotes the union.

An intersection is denoted X M Y. To qualify for intersection, an element must be in both
Xand Y. Theintersection contains the elements common to both sets. Thus the intersection sym-
bol, M), is often read as and. The intersection of X, Yis referred to as X and Y. For example, if

X=1{1,479 and Y ={2,3,4,5,6}
XNY= {4}

Note that only the value 4 is common to both sets X and Y. The intersection is more
exclusive than and hence equal to or (usually) smaller than the union. Elements must be char-
acteristic of both Xand Y'to qualify. In Figure 4.4, the shaded region denotes the intersection.

Mutually Exclusive Events

Two or more events are mutually exclusive events if the occurrence of one event precludes
the occurrence of the other event(s). This characteristic means that mutually exclusive events
cannot occur simultaneously and therefore can have no intersection.

A manufactured part is either defective or okay: The part cannot be both okay and
defective at the same time because “okay” and “defective” are mutually exclusive categories.
In a sample of the manufactured products, the event of selecting a defective part is mutu-
ally exclusive with the event of selecting a nondefective part. Suppose an office building is
for sale and two different potential buyers have placed bids on the building. It is not possi-
ble for both buyers to purchase the building; therefore, the event of buyer A purchasing the
building is mutually exclusive with the event of buyer B purchasing the building. In the toss
of a single coin, heads and tails are mutually exclusive events. The person tossing the coin
gets either a head or a tail but never both.

The probability of two mutually exclusive events occurring at the same time is zero.

MUTUALLY EXCLUSIVE
EVENTS XAND Y

P(XNY)=0

Independent Events

Two or more events are independent events if the occurrence or nonoccurrence of one of the
events does not affect the occurrence or nonoccurrence of the other event(s). Certain experi-
ments, such as rolling dice, yield independent events; each die is independent of the other.
Whether a 6 is rolled on the first die has no influence on whether a 6 is rolled on the second
die. Coin tosses always are independent of each other. The event of getting a head on the
first toss of a coin is independent of getting a head on the second toss. It is generally
believed that certain human characteristics are independent of other events. For example,
left-handedness is probably independent of the possession of a credit card. Whether a per-
son wears glasses or not is probably independent of the brand of milk preferred.

Many experiments using random selection can produce either independent or non-
independent event, depending on how the experiment is conducted. In these experiments,
the outcomes are independent if sampling is done with replacement; that is, after each item
is selected and the outcome is determined, the item is restored to the population and the
population is shuffled. This way, each draw becomes independent of the previous draw.
Suppose an inspector is randomly selecting bolts from a bin that contains 5% defects. If
the inspector samples a defective bolt and returns it to the bin, on the second draw there
are still 5% defects in the bin regardless of the fact that the first outcome was a defect. If the



4.3 Structure of Probability 99

inspector does not replace the first draw, the second draw is not independent of the first;
in this case, fewer than 5% defects remain in the population. Thus the probability of the
second outcome is dependent on the first outcome.

If Xand Y are independent, the following symbolic notation is used.

INDEPENDENT EVENTS
XAND Y

P(X|Y)=P(X) and P(Y|X)= P(Y)

The Complement of Event A

P(X|Y) denotes the probability of X occurring given that Y has occurred. If X and Y are
independent, then the probability of X occurring given that Y has occurred is just the proba-
bility of X occurring. Knowledge that Y has occurred does not impact the probability of X
occurring because X and Y are independent. For example, P (prefers Pepsilperson is right-
handed) = P (prefers Pepsi) because a person’s handedness is independent of brand preference.

Collectively Exhaustive Events

Alist of collectively exhaustive events contains all possible elementary events for an experiment.
Thus, all sample spaces are collectively exhaustive lists. The list of possible outcomes for the
tossing of a pair of dice contained in Table 4.1 is a collectively exhaustive list. The sample space
for an experiment can be described as a list of events that are mutually exclusive and collec-
tively exhaustive. Sample space events do not overlap or intersect, and the list is complete.

Complementary Events

The complement of event A is denoted A’, pronounced “not A.” All the elementary events
of an experiment not in A comprise its complement. For example, if in rolling one die, event
A is getting an even number, the complement of A is getting an odd number. If event A is
getting a 5 on the roll of a die, the complement of A is getting a 1, 2, 3, 4, or 6. The comple-
ment of event A contains whatever portion of the sample space that event A does not con-
tain, as the Venn diagram in Figure 4.5 shows.

Using the complement of an event sometimes can be helpful in solving for probabili-
ties because of the following rule.

PROBABILITY OF THE
COMPLEMENT OF A

P(A") = 1- P(A)

Suppose 32% of the employees of a company have a college degree. If an employee is
randomly selected from the company, the probability that the person does not have a
college degree is 1 —.32 = .68. Suppose 42% of all parts produced in a plant are molded by
machine A and 31% are molded by machine B. If a part is randomly selected, the probabil-
ity that it was molded by neither machine A nor machine B is 1 —.73 = .27. (Assume that
a part is only molded on one machine.)

Counting the Possibilities

In statistics, a collection of techniques and rules for counting the number of outcomes that
can occur for a particular experiment can be used. Some of these rules and techniques can
delineate the size of the sample space. Presented here are three of these counting methods.

The mn Counting Rule

Suppose a customer decides to buy a certain brand of new car. Options for the car include
two different engines, five different paint colors, and three interior packages. If each of
these options is available with each of the others, how many different cars could the cus-
tomer choose from? To determine this number, we can use the mn counting rule.
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THE mn COUNTING RULE

For an operation that can be done m ways and a second operation that can be done 7 ways,
the two operations then can occur, in order, in mn ways. This rule can be extended to cases
with three or more operations.

Using the mn counting rule, we can determine that the automobile customer has
(2)(5)(3) = 30 different car combinations of engines, paint colors, and interiors available.

Suppose a scientist wants to set up a research design to study the effects of sex (M, F),
marital status (single never married, divorced, married), and economic class (lower, mid-
dle, and upper) on the frequency of airline ticket purchases per year. The researcher would
set up a design in which 18 different samples are taken to represent all possible groups gen-
erated from these customer characteristics.

Number of Groups = (Sex)(Marital Status)(Economic Class)
= (2)(3)(3) = 18 Groups

Sampling from a Population with Replacement

In the second counting method, sampling 7 items from a population of size N with replace-
ment would provide

(N)" possibilities
where

N = population size
n = sample size
For example, each time a die, which has six sides, is rolled, the outcomes are independ-
ent (with replacement) of the previous roll. If a die is rolled three times in succession, how
many different outcomes can occur? That is, what is the size of the sample space for this
experiment? The size of the population, N, is 6, the six sides of the die. We are sampling
three dice rolls, n=3. The sample space is

(N)" = (6)° = 216

Suppose in a lottery six numbers are drawn from the digits 0 through 9, with replace-
ment (digits can be reused). How many different groupings of six numbers can be drawn?
N is the population of 10 numbers (0 through 9) and # is the sample size, six numbers.

(N)" = (10)® = 1,000,000

That is, a million six-digit numbers are available!

Combinations: Sampling from a Population Without Replacement

The third counting method uses combinations, sampling 7 items from a population of size
N without replacement provides

c (N) N
N&n n nl(N — n)!
possibilities.

For example, suppose a small law firm has 16 employees and three are to be selected
randomly to represent the company at the annual meeting of the American Bar
Association. How many different combinations of lawyers could be sent to the meeting?
This situation does not allow sampling with replacement because three different lawyers
will be selected to go. This problem is solved by using combinations. N= 16 and n= 3, so

NG = 166G = — = 560

A total of 560 combinations of three lawyers could be chosen to represent the firm.
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4.1 A supplier shipped a lot of six parts to a company. The lot contained three defective
parts. Suppose the customer decided to randomly select two parts and test them for
defects. How large a sample space is the customer potentially working with? List the
sample space. Using the sample space list, determine the probability that the customer
will select a sample with exactly one defect.

4.2 Given X=1{1,3,5,7,8,9},Y=12,4,7,9},and Z= {1, 2, 3, 4, 7}, solve the following.

a. XUz=__ b. XNY=___

¢ XNzZ=____ d XUuyuz=___
e XNYNZ=__ f. XuUuy)ynNnz=___
g YNZ)UXNY)=__ h. XorY=__

i. YandX=__

4.3 If a population consists of the positive even numbers through 30 and if A = {2, 6, 12,
24}, whatis A"?

4.4 A company’s customer service 800 telephone system is set up so that the caller has
six options. Each of these six options leads to a menu with four options. For each of
these four options, three more options are available. For each of these three options,
another three options are presented. If a person calls the 800 number for assistance,
how many total options are possible?

4.5 A bin contains six parts. Two of the parts are defective and four are acceptable. If
three of the six parts are selected from the bin, how large is the sample space? Which
counting rule did you use, and why? For this sample space, what is the probability
that exactly one of the three sampled parts is defective?

4.6 A company places a seven-digit serial number on each part that is made. Each digit
of the serial number can be any number from 0 through 9. Digits can be repeated in
the serial number. How many different serial numbers are possible?

4.7 A small company has 20 employees. Six of these employees will be selected randomly
to be interviewed as part of an employee satisfaction program. How many different
groups of six can be selected?

4.4 MARGINAL, UNION, JOINT, AND CONDITIONAL PROBABILITIES

Four particular types of probability are presented in this chapter. The first type is marginal
probability. Marginal probability is denoted P(E), where E is some event. A marginal
probability is usually computed by dividing some subtotal by the whole. An example of
marginal probability is the probability that a person owns a Ford car. This probability is
computed by dividing the number of Ford owners by the total number of car owners. The
probability of a person wearing glasses is also a marginal probability. This probability is
computed by dividing the number of people wearing glasses by the total number of people.

A second type of probability is the union of two events. Union probability is denoted
P(E, U E,), where E, and E, are two events. P(E; U E,) is the probability that E, will occur or
that E, will occur or that both E; and E, will occur. An example of union probability is the
probability that a person owns a Ford or a Chevrolet. To qualify for the union, the person only
has to have at least one of these cars. Another example is the probability of a person wearing
glasses or having red hair. All people wearing glasses are included in the union, along with all
redheads and all redheads who wear glasses. In a company, the probability that a person is male
or a clerical worker is a union probability. A person qualifies for the union by being male or by
being a clerical worker or by being both (a male clerical worker).

A third type of probability is the intersection of two events, or joint probability. The
joint probability of events E; and E, occurring is denoted P(E; N E,). Sometimes P(E, N E,)
is read as the probability of E; and E,. To qualify for the intersection, both events must
occur. An example of joint probability is the probability of a person owning both a Ford
and a Chevrolet. Owning one type of car is not sufficient. A second example of joint prob-
ability is the probability that a person is a redhead and wears glasses.
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Marginal, Union, Joint, and
Conditional Probabilities

Marginal Union Joint Conditional
P(X) P(XUY) P(XNY) P(X 1Y)
The The The The

probability probability probability probability
of X of XorvY of Xand Y of X
occurring occurring occurring occurring
given that
Y has occurred
Uses total Uses total Uses total Uses subtotal
possible possible possible of the possible
outcomes in outcomes in outcomes in outcomes in
denominator denominator denominator denominator
X X Y X Y X Y

The fourth type is conditional probability. Conditional probability is denoted P(E, | E,).
This expression is read: the probability that E; will occur given that E, is known to have
occurred. Conditional probabilities involve knowledge of some prior information. The
information that is known or given is written to the right of the vertical line in the proba-
bility statement. An example of conditional probability is the probability that a person
owns a Chevrolet given that she owns a Ford. This conditional probability is only a mea-
sure of the proportion of Ford owners who have a Chevrolet—not the proportion of total
car owners who own a Chevrolet. Conditional probabilities are computed by determining
the number of items that have an outcome out of some subtotal of the population. In the
car owner example, the possibilities are reduced to Ford owners, and then the number of
Chevrolet owners out of those Ford owners is determined. Another example of a condi-
tional probability is the probability that a worker in a company is a professional given that
he is male. Of the four probability types, only conditional probability does not have the
population total as its denominator. Conditional probabilities have a population subtotal
in the denominator. Figure 4.6 summarizes these four types of probability.

STATISTICS IN BUSINESS TODAY

Probabilities in the Dry Cleaning Business

According to the International Fabricare Institute, about
two-thirds or 67% of all dry cleaning customers are female,
and 65% are married. Thirty-seven percent of dry cleaning
customers use a cleaner that is within a mile of their home.
Do dry cleaning customers care about coupons? Fifty-one
percent of dry cleaning customers say that coupons or dis-
counts are important, and in fact, 57% would try another
cleaner if a discount were offered. Converting these per-
centages to proportions, each could be considered to be a
marginal probability. For example, if a customer is ran-
domly selected from the dry-cleaning industry, there is a .37
probability that he/she uses a dry cleaner within a mile of
his/her home, P(= 1 mile) =.37.

Suppose further analysis shows that 55% of dry-cleaning
customers are female and married. Converting this figure to

probability results in the joint probability: P(F M M) = .55.
Subtracting this value from the .67 who are female, we can
determine that 11% of dry cleaning customers are female and
not married: P(F M not M) =.11. Suppose 90% of those who
say that coupons or discounts are important would try
another cleaner if a discount were offered. This can be
restated as a conditional probability: P(try another | coupons
important) = .90.

Each of the four types of probabilities discussed in this
chapter can be applied to the data on consumers in the dry-
cleaner industry. Further breakdowns of these statistics
using probabilities can offer insights into how to better
serve dry-cleaning customers and how to better market dry-
cleaning services and products.
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ADDITION LAWS

Several tools are available for use in solving probability problems. These tools include
sample space, tree diagrams, the laws of probability, probability matrices, and insight.
Because of the individuality and variety of probability problems, some techniques apply
more readily in certain situations than in others. No best method is available for solving
all probability problems. In some instances, the probability matrix lays out a problem in
a readily solvable manner. In other cases, setting up the probability matrix is more diffi-
cult than solving the problem in another way. The probability laws almost always can be
used to solve probability problems.

Four laws of probability are presented in this chapter: The addition laws, conditional
probability, the multiplication laws, and Bayes’ rule. The addition laws and the multiplica-
tion laws each have a general law and a special law.

The general law of addition is used to find the probability of the union of two events,
P (X UY). The expression P (X UY) denotes the probability of X occurring or Y occurring
or both X and Y occurring.

GENERAL LAW OF ADDITION

P(XUY)=P(X) + P(Y) — P(XNY)
where X, Yare events and (X M Y) is the intersection of X and Y.

Solving for the Union in the
Office Productivity Problem

A

Yankelovich Partners conducted a survey for the American Society of Interior
Designers in which workers were asked which changes in office design would increase pro-
ductivity. Respondents were allowed to answer more than one type of design change. The
number one change that 70% of the workers said would increase productivity was reduc-
ing noise. In second place was more storage/filing space, selected by 67%. If one of the sur-
vey respondents was randomly selected and asked what office design changes would
increase worker productivity, what is the probability that this person would select reducing
noise or more storage/filing space?

Let N represent the event “reducing noise.” Let S represent the event “more storage/
filing space.” The probability of a person responding with N or S can be symbolized statis-
tically as a union probability by using the law of addition.

P(NUYS)

To successfully satisfy the search for a person who responds with reducing noise or
more storage/filing space, we need only find someone who wants at least one of those two
events. Because 70% of the surveyed people responded that reducing noise would create
more productivity, P(N) =.70. In addition, because 67% responded that increased storage
space would improve productivity, P(S) = .67. Either of these would satisfy the require-
ment of the union. Thus, the solution to the problem seems to be

P(NUS) = P(N) + P(S) = .70 + .67 = 1.37

However, we already established that probabilities cannot be more than 1. What is the
problem here? Notice that all people who responded that both reducing noise and increasing
storage space would improve productivity are included in each of the marginal probabilities
P(N) and P(S). Certainly a respondent who recommends both of these improvements
should be included as favoring at least one. However, because they are included in the P(N)
and the P(S), the people who recommended both improvements are double counted. For that
reason, the general law of addition subtracts the intersection probability, P(N M S).

In Figure 4.7, Venn diagrams illustrate this discussion. Notice that the intersection area of
N and S is double shaded in diagram A, indicating that it has been counted twice. In diagram B,
the shading is consistent throughout N and S because the intersection area has been subtracted
out. Thus diagram B illustrates the proper application of the general law of addition.

So what is the answer to Yankelovich Partners’ union probability question? Suppose
56% of all respondents to the survey had said that both noise reduction and increased
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Probability Matrix for the
Office Design Problem

Probability Matrix for the
Office Design Problem

Increase Storage Space

Yes  No

Yes
Noise Reduction

No

storage/filing space would improve productivity: P(N M S) = .56. Then we could use the
general law of addition to solve for the probability that a person responds that either noise
reduction or increased storage space would improve productivity.

P(NUS) = P(N) + P(S) — P(NNS) = .70 + .67 — .56 = .81

Hence, 81% of the workers surveyed responded that either noise reduction or increased
storage space would improve productivity.

Probability Matrices

In addition to the formulas, another useful tool in solving probability problems is a prob-
ability matrix. A probability matrix displays the marginal probabilities and the intersection
probabilities of a given problem. Union probabilities and conditional probabilities must
be computed from the matrix. Generally, a probability matrix is constructed as a two-
dimensional table with one variable on each side of the table. For example, in the office
design problem, noise reduction would be on one side of the table and increased storage
space on the other. In this problem, a Yes row and a No row would be created for one vari-
able and a Yes column and a No column would be created for the other variable, as shown
in Table 4.2.

Once the matrix is created, we can enter the marginal probabilities. P(N) = .70 is the
marginal probability that a person responds yes to noise reduction. This value is placed in
the “margin” in the row of Yes to noise reduction, as shown in Table 4.3.If P(N) = .70, then
30% of the people surveyed did not think that noise reduction would increase productivity.
Thus, P(not N) = 1 — .70 = .30. This value, also a marginal probability, goes in the row
indicated by No under noise reduction. In the column under Yes for increased storage space,
the marginal probability P(S) = .67 is recorded. Finally, the marginal probability of No for
increased storage space, P(notS) = 1 — .67 = .33, is placed in the No column.

In this probability matrix, all four marginal probabilities are given or can be computed
simply by using the probability of a complement rule, P(not S) = 1 — P(S). The intersection
of noise reduction and increased storage space is given as P(N M S) = .56. This value is
entered into the probability matrix in the cell under Yes Yes, as shown in Table 4.3. The rest of
the matrix can be determined by subtracting the cell values from the marginal probabilities.
For example, subtracting .56 from .70 and getting .14 yields the value for the cell under Yes
for noise reduction and No for increased storage space. In other words, 14% of all respondents

Increase Storage Space

Yes  No

Yes | 56 | .14 .70
Noise Reduction

No | .11 | .19 .30

.67 .33 1.00
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Design Problem
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Increase Storage Space

Yes  No

Yes | 56 | .14 .70

Noise Reduction

No | .11

67

said that noise reduction would improve productivity but increased storage space would not.
Filling out the rest of the matrix results in the probabilities shown in Table 4.3.

Now we can solve the union probability, P(N U S), in at least two different ways using the
probability matrix. The focus is on the Yes row for noise reduction and the Yes column for
increase storage space, as displayed in Table 4.4. The probability of a person suggesting noise
reduction or increased storage space as a solution for improving productivity, P(N U S), can
be determined from the probability matrix by adding the marginal probabilities of Yes for
noise reduction and Yes for increased storage space and then subtracting the Yes Yes cell,
following the pattern of the general law of probabilities.

P(NUS) = .70 (from Yes row) + .67 (from Yes column)
— .56 (From Yes Yes cell) = .81

Another way to solve for the union probability from the information displayed in the
probability matrix is to sum all cells in any of the Yes rows or columns. Observe the follow-
ing from Table 4.4.

P(NUS)

.56 (from Yes Yes cell)
+ .14 (from Yes on noise reduction and No on increase storage space)

+ .11 (from No on noise reduction and Yes on increase storage space)
.81

The client company data from the Decision Dilemma reveal that 155 employees
worked one of four types of positions. Shown here again is the raw values matrix
(also called a contingency table) with the frequency counts for each category and for
subtotals and totals containing a breakdown of these employees by type of position
and by sex. If an employee of the company is selected randomly, what is the proba-
bility that the employee is female or a professional worker?

COMPANY HUMAN RESOURCE DATA

Sex

Male Female

Managerial 8 3 11
Type Professional 31 13 44
of .
Position Technical 52 17 69
Clerical 9 22 31

100 55 155

Solution

Let F denote the event of female and P denote the event of professional worker. The
question is

P(FUP) = ?
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DEMONSTRATION
PROBLEM 4.2

By the general law of addition,
P(FUP) = P(F) + P(P) — P(FNP)

Of the 155 employees, 55 are women. Therefore, P(F) =55/155=.355. The 155 employ-
ees include 44 professionals. Therefore, P(P)=44/155=.284. Because 13 employees are
both female and professional, P(F N P) = 13/155 =.084. The union probability is solved
as

P(FUP) = .355 + .284 — .084 = .555.

To solve this probability using a matrix, you can either use the raw values
matrix shown previously or convert the raw values matrix to a probability matrix by
dividing every value in the matrix by the value of N, 155. The raw value matrix is
used in a manner similar to that of the probability matrix. To compute the union
probability of selecting a person who is either female or a professional worker
from the raw value matrix, add the number of people in the Female column (55) to
the number of people in the Professional row (44), then subtract the number of peo-
ple in the intersection cell of Female and Professional (13). This step yields the
value 55 + 44 — 13 = 86. Dividing this value (86) by the value of N (155) produces
the union probability.

P(FUP) = 86/155 = .555

A second way to produce the answer from the raw value matrix is to add all the
cells one time that are in either the Female column or the Professional row

3+13+17 +22 + 31 =286
and then divide by the total number of employees, N= 155, which gives

P(FUP) = 86/155 = .555

Shown here are the raw values matrix and corresponding probability
matrix for the results of a national survey of 200 executives who were
asked to identify the geographic locale of their company and their
company’s industry type. The executives were only allowed to select
one locale and one industry type.

RAW VALUES MATRIX

Geographic Location

Northeast Southeast Midwest West

D E F G
Finance A 24 10 8 14 56
Industry .
Type Manufacturing B 30 6 22 12 70
Communications C 28 18 12 16 74
82 34 42 42 200

By dividing every value of the raw values matrix by the total (200), the corresponding
probability matrix (shown at top of next page) can be constructed.
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PROBABILITY MATRIX

Geographic Location

Northeast Southeast Midwest West

D E F G
Finance A 12 .05 .04 .07 .28
In_id_ustry Manufacturing B .15 .03 1 .06 .35
ype
Communications C 14 .09 .06 .08 .37
.41 7 .21 .21 1.00

Suppose a respondent is selected randomly from these data.

a. What is the probability that the respondent is from the Midwest (F)?

b. What is the probability that the respondent is from the communications
industry (C) or from the Northeast (D)?

c. What is the probability that the respondent is from the Southeast (E) or
from the finance industry (A)?

Solution
a. P(Midwest) = P(F)=.21
b. P(CUD)=P(C)+P(D)— P(CND)=.37+.41-.14= .64
c. PEUA)=P(E)+P(A)—P(ENA)=.17 +.28 —.05=.40

In computing the union by using the general law of addition, the intersection proba-
bility is subtracted because it is already included in both marginal probabilities. This
adjusted probability leaves a union probability that properly includes both marginal values
and the intersection value. If the intersection probability is subtracted out a second time,
the intersection is removed, leaving the probability of X or Y but not both.

P(Xor Y but notboth) = P(X) + P(Y)— P(XNY)— P(XNY)
= P(XUY) — P(XNY)

Figure 4.8 is the Venn diagram for this probability.

Complement of a Union

The probability of the union of two events X and Y represents the probability that the out-
come is either X oritis Y or it is both X and Y. The union includes everything except the
possibility that it is neither (X or Y). Another way to state it is as neither X nor Y, which can
symbolically be represented as P(not X M not Y). Because it is the only possible case other
than the union of X or Y, it is the complement of a union. Stated more formally,

P(neither Xnor Y) = P(not XMnotY) =1 — P(XUY).

Examine the Venn diagram in Figure 4.9. Note that the complement of the union of
X, Yis the shaded area outside the circles. This area represents the neither X nor Y region.

In the survey about increasing worker productivity by changing the office design dis-
cussed earlier, the probability that a randomly selected worker would respond with noise
reduction or increased storage space was determined to be

P(NUS) = P(N) + P(S) — P(NNS) = .70 + .67 — .56 = .81

The probability that a worker would respond with neither noise reduction nor increased
storage space is calculated as the complement of this union.
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P(neither NnorS) = P(notNMNnotS) =1 - P(NUS) =1 — .81 = .19

Thus 19% of the workers selected neither noise reduction nor increased storage space
as solutions to increasing productivity. In Table 4.3, this neither/nor probability is found in
the No No cell of the matrix, .19.

Special Law of Addition

If two events are mutually exclusive, the probability of the union of the two events is the
probability of the first event plus the probability of the second event. Because mutually
exclusive events do not intersect, nothing has to be subtracted.

SPECIAL LAW OF ADDITION

If X, Yare mutually exclusive, P(XU Y) = P(X) + P(Y).

The special law of addition is a special case of the general law of addition. In a sense, the
general law fits all cases. However, when the events are mutually exclusive, a zero is inserted
into the general law formula for the intersection, resulting in the special law formula.

In the survey about improving productivity by changing office design, the respondents
were allowed to choose more than one possible office design change. Therefore, it is most
likely that virtually none of the change choices were mutually exclusive, and the special law
of addition would not apply to that example.

In another survey, however, respondents were allowed to select only one option for
their answer, which made the possible options mutually exclusive. In this survey, conducted
by Yankelovich Partners for William M. Mercer, Inc., workers were asked what most hin-
ders their productivity and were given only the following selections from which to choose
only one answer.

Lack of direction

Lack of support

Too much work

Inefficient process

Not enough equipment/supplies
Low pay/chance to advance

Lack of direction was cited by the most workers (20%), followed by lack of support
(18%), too much work (18%), inefficient process (8%), not enough equipment/supplies
(7%), low pay/chance to advance (7%), and a variety of other factors added by respon-
dents. If a worker who responded to this survey is selected (or if the survey actually reflects
the views of the working public and a worker in general is selected) and that worker is
asked which of the given selections most hinders his or her productivity, what is the prob-
ability that the worker will respond that it is either too much work or inefficient process?

Let M denote the event “too much work” and I denote the event “inefficient process.”
The question is:

PMUI) =7
Because 18% of the survey respondents said “too much work,”
P(M) = .18
Because 8% of the survey respondents said “inefficient process,”
P(I) = .08
Because it was not possible to select more than one answer,
P(MNI) = .0000
Implementing the special law of addition gives

PMUI) = P(M) + P(I) = .18 + .08 = .26
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If a worker is randomly selected from the company described in Demonstration
Problem 4.1, what is the probability that the worker is either technical or clerical?
What is the probability that the worker is either a professional or a clerical?

Solution

Examine the raw value matrix of the company’s human resources data shown in
Demonstration Problem 4.1. In many raw value and probability matrices like this one,
the rows are nonoverlapping or mutually exclusive, as are the columns. In this
matrix, a worker can be classified as being in only one type of position and as either
male or female but not both. Thus, the categories of type of position are mutually
exclusive, as are the categories of sex, and the special law of addition can be applied
to the human resource data to determine the union probabilities.

Let T denote technical, C denote clerical, and P denote professional. The proba-
bility that a worker is either technical or clerical is

69 , 31 _ 100

= + =—+ = = .645
PITUC) = PT) + PIC) 155 155 155
The probability that a worker is either professional or clerical is
PTUC) = P(P) + P(C) = & 4 31 _ 75 _ gy

155 = 165 155

Use the data from the matrices in Demonstration Problem 4.2. What is the probabil-
ity that a randomly selected respondent is from the Southeast or the West?

PEUG) =7

Solution
Because geographic location is mutually exclusive (the work location is either in the
Southeast or in the West but not in both),

P(EUG) = P(E) + P(G) = .17 + .21 = .38

4.8 Given P(A)=.10, P(B) =.12, P(C) = .21, P(AMN C) =.05,and P(B M C) =.03, solve
the following.
a. P(AUC)=_____
b. PBUC)=
c. If A and B are mutually exclusive, P(AUB)=_____

4.9 Use the values in the matrix to solve the equations given.

D E F

A S| 8 |12

10 6 4
8|21 s
a. PAUD)=____
b. PEUB)=____
c. PDUE)=____

d. P(CUF)=____
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4.10

4.11

4.12

4.13

4.14

Use the values in the matrix to solve the equations given.

E F
A .10 | .03
B 04 | .12
C | .27 | .06
D | 31 | .07
a. PAUF) = ____
b. PEUB)=____
¢ PBUC)=___
d. P(EUF)=

Suppose that 47% of all Americans have flown in an airplane at least once and that
28% of all Americans have ridden on a train at least once. What is the probability
that a randomly selected American has either ridden on a train or flown in an airplane?
Can this problem be solved? Under what conditions can it be solved? If the problem
cannot be solved, what information is needed to make it solvable?

According to the U.S. Bureau of Labor Statistics, 75% of the women 25 through

49 years of age participate in the labor force. Suppose 78% of the women in that age
group are married. Suppose also that 61% of all women 25 through 49 years of age
are married and are participating in the labor force.

a. What is the probability that a randomly selected woman in that age group is
married or is participating in the labor force?

b. What is the probability that a randomly selected woman in that age group is
married or is participating in the labor force but not both?

c. What is the probability that a randomly selected woman in that age group is
neither married nor participating in the labor force?

According to Nielsen Media Research, approximately 67% of all U.S. households with
television have cable TV. Seventy-four percent of all U.S. households with television
have two or more TV sets. Suppose 55% of all U.S. households with television have
cable TV and two or more TV sets. A U.S. household with television is randomly
selected.

a. What is the probability that the household has cable TV or two or more TV sets?

b. What is the probability that the household has cable TV or two or more TV sets
but not both?

c. What is the probability that the household has neither cable TV nor two or more
TV sets?

d. Why does the special law of addition not apply to this problem?

A survey conducted by the Northwestern University Lindquist-Endicott Report asked
320 companies about the procedures they use in hiring. Only 54% of the responding
companies review the applicant’s college transcript as part of the hiring process, and
only 44% consider faculty references. Assume that these percentages are true for the
population of companies in the United States and that 35% of all companies use
both the applicant’s college transcript and faculty references.

a. What is the probability that a randomly selected company uses either faculty
references or college transcript as part of the hiring process?

b. What is the probability that a randomly selected company uses either faculty
references or college transcript but not both as part of the hiring process?

c. What is the probability that a randomly selected company uses neither faculty
references nor college transcript as part of the hiring process?

d. Construct a probability matrix for this problem and indicate the locations of your
answers for parts (a), (b), and (c) on the matrix.
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MULTIPLICATION LAWS

General Law of Multiplication

As stated in Section 4.4, the probability of the intersection of two events (X MY) is
called the joint probability. The general law of multiplication is used to find the joint
probability.

GENERAL LAW OF
MULTIPLICATION

P(XNY) = P(X)-P(Y|X) = P(Y)-P(X]Y)

Joint Probability that a
Woman Is in the Labor Force
and Is a Part-Time Worker

P(WNT)=.115

Probability Matrix of Company
Human Resource Data

The notation X M Y means that both X and Y must happen. The general law of multi-
plication gives the probability that both event X and event Y will occur at the same time.

According to the U.S. Bureau of Labor Statistics, 46% of the U.S. labor force is female.
In addition, 25% of the women in the labor force work part time. What is the probability
that a randomly selected member of the U.S. labor force is a woman and works part-time?
This question is one of joint probability, and the general law of multiplication can be
applied to answer it.

Let W denote the event that the member of the labor force is a woman. Let T denote
the event that the member is a part-time worker. The question is:

P(WNT) =2?
According to the general law of multiplication, this problem can be solved by
P(WNT) = P(W)-P(TIW)

Since 46% of the labor force is women, P(W) = .46 P(T|W) is a conditional proba-
bility that can be stated as the probability that a worker is a part-time worker given that the
worker is a woman. This condition is what was given in the statement that 25% of the
women in the labor force work part time. Hence, P(T|W) = .25. From there it follows that

P(WNT) = P(W)-P(T|W) = (.46)(.25) = .115

It can be stated that 11.5% of the U.S. labor force are women and work part-time. The
Venn diagram in Figure 4.10 shows these relationships and the joint probability.

Determining joint probabilities from raw value or probability matrices is easy because
every cell of these matrices is a joint probability. In fact, some statisticians refer to a prob-
ability matrix as a joint probability table.

For example, suppose the raw value matrix of the client company data from Demon-
stration Problem 4.1 and the Decision Dilemma is converted to a probability matrix by divid-
ing by the total number of employees (N = 155), resulting in Table 4.5. Each value in the cell
of Table 4.5 is an intersection, and the table contains all possible intersections (joint probabil-
ities) for the events of sex and type of position. For example, the probability that a randomly
selected worker is male and a technical worker, P(M M T), is .335. The probability that a

Sex

Male  Female

Managerial .052 .019 071

Type Professional .200 .084 284

9
[‘)f:s,'t,'on Technical .335 .110 445

Clerical .058 142 .200

.645 355 1.000
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DEMONSTRATION
PROBLEM 4.5

DEMONSTRATION
PROBLEM 4.6

randomly selected worker is female and a professional worker, P(F M T), is .084. Once a prob-
ability matrix is constructed for a problem, usually the easiest way to solve for the joint proba-
bility is to find the appropriate cell in the matrix and select the answer. However, sometimes
because of what is given in a problem, using the formula is easier than constructing the matrix.

A company has 140 employees, of which 30 are supervisors. Eighty of the employees
are married, and 20% of the married employees are supervisors. If a company
employee is randomly selected, what is the probability that the employee is married
and is a supervisor?

Solution
Let M denote married and S denote supervisor. The question is:
P(MNS) =7?

First, calculate the marginal probability.

80
P(M) = 940 5714

Then, note that 20% of the married employees are supervisors, which is the conditional
probability, P(S|M) = .20. Finally, applying the general law of multiplication gives

P(MNS) = P(M)-P(S|M) = (.5714)(.20) = .1143

Hence, 11.43% of the 140 employees are married and are supervisors.

From the data obtained from the interviews of 200 executives in Demonstration
Problem 4.2, find:

a. P(BNE)
b. P(GNA)
c. P(BNC)
PROBABILITY MATRIX
Geographic Location
Northeast Southeast Midwest West
D E F G
Finance A 12 .05 .04 .07 .28
Industry .
Type Manufacturing B .15 .03 11 .06 .35
Communications C 14 .09 .06 .08 .37
41 17 .21 .21 1.00
Solution

a. From the cell of the probability matrix, P(B (N E) =.03. To solve by the for-
mula, P(BN E) = P(B)- P(E|B), first find P(B):

P(B)=.35
The probability of E occurring given that B has occurred, P(E|B), can be
determined from the probability matrix as P(E|B) =.03/.35. Therefore,

P(BNE) = P(B) - P(E|B) = (.35)(%) = .03
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Although the formula works, finding the joint probability in the cell of the
probability matrix is faster than using the formula.

An alternative formula is P(B N E)= P(E) - P(B|E), but P(E)=.17. Then P(B|E)
means the probability of B if E is given. There are .17 Es in the probability
matrix and .03 Bs in these Es. Hence,

P(BIE) = % and P(BNE) = P(E)-P(BIE) = (.17)(%) - 03
b. To obtain P(G N A), find the intersecting cell of G and A in the probability
matrix, .07, or use one of the following formulas:

P(GNA) = P(G)- P(AIG) = (.21)(%) - 07

or

P(GNA) = P(A)- P(GIA) = (.28)(%) =.07

c. The probability P(B M C) means that one respondent would have to work
both in the manufacturing industry and the communications industry. The
survey used to gather data from the 200 executives, however, requested
that each respondent specify only one industry type for his or her company.
The matrix shows no intersection for these two events. Thus B and C are
mutually exclusive. None of the respondents is in both manufacturing and
communications. Hence,

PBNC)=.0

Special Law of Multiplication

If events X and Y are independent, a special law of multiplication can be used to find the
intersection of X and Y. This special law utilizes the fact that when two events X, Y are
independent, P(X|Y) = P(X) and P(Y|X) = P(Y). Thus, the general law of multiplica-
tion, P(XNY) = P(X)-P(Y|X), becomes P(XNY) = P(X)-P(Y) when X and Y are
independent.

SPECIAL LAW OF
MULTIPLICATION

If X, Yare independent, P(XMNY) = P(X) - P(Y)

A study released by Bruskin-Goldring Research for SEIKO found that 28% of American
adults believe that the automated teller has had a most significant impact on everyday life.
Another study by David Michaelson & Associates for Dale Carnegie & Associates examined
employee views on team spirit in the workplace and discovered that 72% of all employees
believe that working as a part of a team lowers stress. Are people’s views on automated
tellers independent of their views on team spirit in the workplace? If they are independent,
then the probability of a person being randomly selected who believes that the automated
teller has had a most significant impact on everyday life and that working as part of a team
lowers stress is found as follows. Let A denote automated teller and S denote teamwork
lowers stress.

P(A) = .28
P(S) = .72
P(ANS) = P(A)-P(S) = (.28)(.72) = .2016

Therefore, 20.16% of the population believes that the automated teller has had a most sig-
nificant impact on everyday life and that working as part of a team lowers stress.
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DEMONSTRATION
PROBLEM 4.7

A manufacturing firm produces pads of bound paper. Three percent of all paper pads
produced are improperly bound. An inspector randomly samples two pads of paper,
one at a time. Because a large number of pads are being produced during the inspec-
tion, the sampling being done, in essence, is with replacement. What is the probabil-
ity that the two pads selected are both improperly bound?

Solution
Let | denote improperly bound. The problem is to determine
P(l,N1,) =7

The probability of | =.03, or 3% are improperly bound. Because the sampling is done
with replacement, the two events are independent. Hence,

P(l, N 1,) = P(l;) - P(l,) = (.03)(.03) = .0009

Contingency Table of Data

from Independent Events )
Most probability matrices contain variables that are not independent. If a probabil-

D E ity matrix contains independent events, the special law of multiplication can be applied.
4 sl 12| 20 If not, the special law cannot be used. In Section 4.7 we explore a technique for deter-
mining whether events are independent. Table 4.6 contains data from independent
20 | 30 50 events.
€ 6 9 15

34 51 85

DEMONSTRATION
PROBLEM 4.8

Use the data from Table 4.6 and the special law of multiplication to find P(B N D).

Solution
P(BND) = P(B)-P(D) = — - — = .2353

This approach works only for contingency tables and probability matrices in
which the variable along one side of the matrix is independent of the variable along
the other side of the matrix. Note that the answer obtained by using the formula is
the same as the answer obtained by using the cell information from Table 4.6.

20
PBND)=_—-=.2
( ) 35 353
4.6 PROBLEMS 4.15 Use the values in the contingency table to solve the equations given.

¢ D E F

A 5 |11 |16 | 8

B | 2 3 517

PANE) =____
PONB)=____
PONE)=____
PANB) =____

o T
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Problems 115

Use the values in the probability matrix to solve the equations given.

D E F

A |12 | .13 | .08

.18 | .09 | .04

C | .06 | .24 | .06

a. PENB)=____
b. PICNF)=____
c¢. P(END)=
a. A batch of 50 parts contains six defects. If two parts are drawn randomly one at a
time without replacement, what is the probability that both parts are defective?

b. If this experiment is repeated, with replacement, what is the probability that both
parts are defective?

According to the nonprofit group Zero Population Growth, 78% of the U.S. population
now lives in urban areas. Scientists at Princeton University and the University of
Wisconsin report that about 15% of all American adults care for ill relatives. Suppose
that 11% of adults living in urban areas care for ill relatives.

a. Use the general law of multiplication to determine the probability of randomly
selecting an adult from the U.S. population who lives in an urban area and is
caring for an ill relative.

b. What is the probability of randomly selecting an adult from the U.S. population
who lives in an urban area and does not care for an ill relative?

c. Construct a probability matrix and show where the answer to this problem lies in
the matrix.

d. From the probability matrix, determine the probability that an adult lives in a
nonurban area and cares for an ill relative.

A study by Peter D. Hart Research Associates for the Nasdaq Stock Market revealed

that 43% of all American adults are stockholders. In addition, the study determined

that 75% of all American adult stockholders have some college education. Suppose

37% of all American adults have some college education. An American adult is

randomly selected.

a. What is the probability that the adult does not own stock?

b. What is the probability that the adult owns stock and has some college education?

c. What is the probability that the adult owns stock or has some college education?

d. What is the probability that the adult has neither some college education nor
owns stock?

e. What is the probability that the adult does not own stock or has no college
education?

f. What is the probability that the adult has some college education and owns no stock?

According to the Consumer Electronics Manufacturers Association, 10% of all U.S.

households have a fax machine and 52% have a personal computer. Suppose 91% of

all U.S. households having a fax machine have a personal computer. A U.S.

household is randomly selected.

a. What is the probability that the household has a fax machine and a personal
computer?

b. What is the probability that the household has a fax machine or a personal
computer?

c. What is the probability that the household has a fax machine and does not have a
personal computer?

d. What is the probability that the household has neither a fax machine nor a
personal computer?

e. What is the probability that the household does not have a fax machine and does
have a personal computer?
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4.21 A study by Becker Associates, a San Diego travel consultant, found that 30% of the
traveling public said that their flight selections are influenced by perceptions of
airline safety. Thirty-nine percent of the traveling public wants to know the age of
the aircraft. Suppose 87% of the traveling public who say that their flight selections
are influenced by perceptions of airline safety wants to know the age of the aircraft.
a. What is the probability of randomly selecting a member of the traveling public

and finding out that she says that flight selection is influenced by perceptions of
airline safety and she does not want to know the age of the aircraft?

b. What is the probability of randomly selecting a member of the traveling public and
finding out that she says that flight selection is neither influenced by perceptions
of airline safety nor does she want to know the age of the aircraft?

c. What is the probability of randomly selecting a member of the traveling public
and finding out that he says that flight selection is not influenced by perceptions
of airline safety and he wants to know the age of the aircraft?

4.22 The U.S. Energy Department states that 60% of all U.S. households have ceiling fans.
In addition, 29% of all U.S. households have an outdoor grill. Suppose 13% of all
U.S. households have both a ceiling fan and an outdoor grill. A U.S. household is
randomly selected.
a. What is the probability that the household has a ceiling fan or an outdoor grill?

b. What is the probability that the household has neither a ceiling fan nor an
outdoor grill?

c. What is the probability that the household does not have a ceiling fan and does
have an outdoor grill?

d. What is the probability that the household does have a ceiling fan and does not
have an outdoor grill?

CONDITIONAL PROBABILITY

Conditional probabilities are computed based on the prior knowledge that a business
researcher has on one of the two events being studied. If X, Yare two events, the conditional
probability of X occurring given that Y is known or has occurred is expressed as P(X|Y)
and is given in the law of conditional probability.

LAW OF CONDITIONAL
PROBABILITY

P(XNY)  P(X)-P(Y|X)
r(Y) P(Y)

P(X|Y) =

The conditional probability of (X|Y') is the probability that X will occur given Y. The
formula for conditional probability is derived by dividing both sides of the general law of
multiplication by P(Y).

In the study by Yankelovich Partners to determine what changes in office design would
improve productivity, 70% of the respondents believed noise reduction would improve
productivity and 67% said increased storage space would improve productivity. In addi-
tion, suppose 56% of the respondents believed both noise reduction and increased storage
space would improve productivity. A worker is selected randomly and asked about changes
in office design. This worker believes that noise reduction would improve productivity.
What is the probability that this worker believes increased storage space would improve
productivity? That is, what is the probability that a randomly selected person believes
storage space would improve productivity given that he or she believes noise reduction
improves productivity? In symbols, the question is

P(SIN) = ?



Conditional Probability of
Increased Storage Space
Given Noise Reduction

=
\ Voo

P(S N N)

Office Design Problem
Probability Matrix
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Note that the given part of the information is listed to the right of the vertical line in
the conditional probability. The formula solution is

P(S|N) — M
- P(N)
but
P(N)=.70 and P(SMNN)=.56
therefore
P(SNN .56
P(S|N) = PENN) _ 56 _ 4
P(N) .70

Eighty percent of workers who believe noise reduction would improve productivity
believe increased storage space would improve productivity.

Note in Figure 4.11 that the area for N in the Venn diagram is completely shaded
because it is given that the worker believes noise reduction will improve productivity. Also
notice that the intersection of N and S is more heavily shaded. This portion of noise reduc-
tion includes increased storage space. It is the only part of increased storage space that is in
noise reduction, and because the person is known to favor noise reduction, it is the only
area of interest that includes increased storage space.

Examine the probability matrix in Table 4.7 for the office design problem. None of the
probabilities given in the matrix are conditional probabilities. To reiterate what has been
previously stated, a probability matrix contains only two types of probabilities, marginal
and joint. The cell values are all joint probabilities and the subtotals in the margins are
marginal probabilities. How are conditional probabilities determined from a probability
matrix? The law of conditional probabilities shows that a conditional probability is com-
puted by dividing the joint probability by the marginal probability. Thus, the probability
matrix has all the necessary information to solve for a conditional probability.

What is the probability that a randomly selected worker believes noise reduction
would not improve productivity given that the worker does believe increased storage space
would improve productivity? That is,

P(notN|S) =?
The law of conditional probability states that

P(notNNS)

P(notN|S) = ()

Notice that because S is given, we are interested only in the column that is shaded in Table 4.7,
which is the Yes column for increased storage space. The marginal probability, P(S), is the total
of this column and is found in the margin at the bottom of the table as .67. P(not NN S)
is found as the intersection of No for noise and Yes for storage. This value is .11. Hence,
P(not NMS) is .11. Therefore,

P(notNMS) AL

= = .164
P(S) .67

P(notN|S) =

Increase Storage Space

Yes  No

Yes | .56 | .14 .70
Noise Reduction

No | .11 | .19 .30

.67 .33 1.00
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DEMONSTRATION
PROBLEM 4.9

The second version of the conditional probability law formula is

P(X)-P(Y- X)

P(X|Y) = )

This version is more complex than the first version, P(X M Y)/P(Y). However, some-
times the second version must be used because of the information given in the problem—
for example, when solving for P(X|Y) but P(Y|X) is given. The second version of the
formula is obtained from the first version by substituting the formula for P(X NY) =
P(X) - P(Y|X) into the first version.

As an example, in Section 4.6, data relating to women in the U.S. labor force were pre-
sented. Included in this information was the fact that 46% of the U.S. labor force is female
and that 25% of the females in the U.S. labor force work part-time. In addition, 17.4% of
all American laborers are known to be part-time workers. What is the probability that a
randomly selected American worker is a woman if that person is known to be a part-time
worker? Let W denote the event of selecting a woman and T denote the event of selecting
a part-time worker. In symbols, the question to be answered is

P(W|T) =2
The first form of the law of conditional probabilities is

P(WNT)

P(W|T) = P(1)

Note that this version of the law of conditional probabilities requires knowledge of the
joint probability, P(W M T), which is not given here. We therefore try the second version
of the law of conditional probabilities, which is

P(W) - P(T|W)

P(W|T) = P(T)

For this version of the formula, everything is given in the problem.

P(W) = .46
P(T)=.174
P(T|W) = .25

The probability of a laborer being a woman given that the person works part-time can now
be computed.

P(W)-P(T[W) _ (.46)(.25)
P(T) O (174)

P(W|T) = = .661

Hence, 66.1% of the part-time workers are women.
In general, this second version of the law of conditional probabilities is likely to be
used for solving P(X|Y) when P(X MY) is unknown but P(Y|X) is known.

The data from the executive interviews given in Demonstration Problem 4.2 are repeated
here. Use these data to find:

a. P(BIF)

b. P(G|C)

c. P(DIF)
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PROBABILITY MATRIX

Geographic Location

Northeast Southeast Midwest West

D E F G
Finance A 12 .05 .04 .07 .28
In;c_lustry Manufacturing B .15 .03 11 .06 .35

ype
Communications C 14 .09 .06 .08 .37
41 17 .21 21 1.00
Solution
_ P(BNF) _ .11 _
a. P(BIF) = PE) 21 .524

Determining conditional probabilities from a probability matrix by using the formula
is a relatively painless process. In this case, the joint probability, P(B N F), appears
in a cell of the matrix (.11); the marginal probability, P(F), appears in a margin (.21).
Bringing these two probabilities together by formula produces the answer, .11/.21=.524.
This answer means that 52.4% of the Midwest executives (the F values) are in manu-
facturing (the B values).
P(GNC) .08
. =———=—-=.216

b PGIC) P(C) .37
This result means that 21.6% of the responding communications industry executives,
(C) are from the West (G).

PDNF) .00

C. P(DIF) = P o1

.00
Because D and F are mutually exclusive, P(D N F) is zero and so is P(D|F). The ration-

ale behind P(D|F) =0 is that, if F is given (the respondent is known to be located in
the Midwest), the respondent could not be located in D (the Northeast).

Independent Events

INDEPENDENT EVENTS X, Y

To test to determine if X and Y are independent events, the following must be true.

P(X|Y)=P(X) and P(Y|X)=P(Y)

DEMONSTRATION
PROBLEM 4.10

In each equation, it does not matter that X or Y is given because X and Y are independent.
When X and Y are independent, the conditional probability is solved as a marginal
probability.

Sometimes, it is important to test a contingency table of raw data to determine whether
events are independent. If any combination of two events from the different sides of the
matrix fail the test, P(X|Y) = P(X), the matrix does not contain independent events.

Test the matrix for the 200 executive responses to determine whether industry type
is independent of geographic location.
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STATISTICS IN BUSINESS TODAY

Newspaper Advertising Reading
Habits of Canadians

A national survey by Ipsos Reid for the Canadian Newspaper
Association reveals some interesting statistics about news-
paper advertising reading habits of Canadians. Sixty-six
percent of Canadians say that they enjoy reading the page
advertising and the product inserts that come with a news-
paper. The percentage is higher for women (70%) than men
(62%), but 73% of households with children enjoy doing so.
While the percentage of those over 55 years of age who enjoy
reading such ads is 71%, the percentage is only 55% for those
in the 18-to-34-year-old category. These percentages decrease
with increases in education as revealed by the fact that while
70% of those with a high school education enjoy reading
such ads, only 55% of those having a university degree do so.
Canadians living in the Atlantic region lead the country in

this regard with 74%, in contrast to those living in British
Columbia (63%) and Quebec (62%).

These facts can be converted to probabilities: The proba-
bility that a Canadian enjoys reading such ads is .66. Many of
the other statistics represent conditional probabilities. For
example, the probability that a Canadian enjoys such ads
given that the Canadian is a woman is .70; and the probabil-
ity that a Canadian enjoys such ads given that the Canadian
has a college degree is .55. About 13% of the Canadian popu-
lation resides in British Columbia. From this and from the
conditional probability that a Canadian enjoys such ads
given that they live in British Columbia (.63), one can com-
pute the joint probability that a randomly selected Canadian
enjoys such ads and lives in British Columbia (.13)(.63) =
.0819. That is, 8.19% of all Canadians live in British
Columbia and enjoy such ads.

RAW VALUES MATRIX

Geographic Location

Northeast Southeast Midwest West

D E F G
Finance A 24 10 8 14 56
Industty - Manufacturing B 30 6 22 12 70

ype
Communications C 28 18 12 16 74
82 34 42 42 200
Solution

Select one industry and one geographic location (say, A—Finance and G—West). Does

P(AIG) = P(A)?

14 56
P(A|G) = 2 and P(A) = 200

Does 14/42 = 56/200? No, .33 # .28. Industry and geographic location are not
independent because at least one exception to the test is present.

DEMONSTRATION
Determine whether the contingency table shown as Table 4.6 and repeated here con-
tains independent events.

D E
8|12 | 20

20 {30 | 50
6| 9| 15

34 51 85
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Solution
Check the first cell in the matrix to find whether P(A|D) = P(A).

8
P(AID) = -~ = .2
(AID) 34 353
20
PA) = 2= = .2
(A) = o5 = 2353

The checking process must continue until all the events are determined to be inde-
pendent. In this matrix, all the possibilities check out. Thus, Table 4.6 contains inde-
pendent events.

4.23 Use the values in the contingency table to solve the equations given.

E F G
A |15 | 12 8
B |11 | 17 | 19
C |21 | 32|27
D |18 | 13 | 12
a. P(G|A)=
b. P(B|F) =
c. P(CIE)=
d. P(E|G) =
4.24 Use the values in the probability matrix to solve the equations given.
Cc D
A | .36 | .44
B | .11 .09
a. P(C|A)=
b. P(B|D) =
c. P(A|B)=

4.25 The results of a survey asking, “Do you have a calculator and/or a computer in your
home?” follow.

Caleulator

Yes  No

Yes | 46 3 49

Computer

No | 11 | 15 26

57 18 75

Is the variable “calculator” independent of the variable “computer”? Why or why not?

4.26 In a recent year, business failures in the United States numbered 83,384, according to
Dun & Bradstreet. The construction industry accounted for 10,867 of these business
failures. The South Atlantic states accounted for 8,010 of the business failures.
Suppose that 1,258 of all business failures were construction businesses located in
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4.27

4.28

4.29

the South Atlantic states. A failed business is randomly selected from this list of
business failures.

a. What is the probability that the business is located in the South Atlantic states?

b. What is the probability that the business is in the construction industry or located
in the South Atlantic states?

c. What is the probability that the business is in the construction industry if it is
known that the business is located in the South Atlantic states?

d. What is the probability that the business is located in the South Atlantic states if it
is known that the business is a construction business?

e. What is the probability that the business is not located in the South Atlantic states
if it is known that the business is not a construction business?

f. Given that the business is a construction business, what is the probability that the
business is not located in the South Atlantic states?

Arthur Andersen Enterprise Group/National Small Business United, Washington,
conducted a national survey of small-business owners to determine the challenges
for growth for their businesses. The top challenge, selected by 46% of the small-
business owners, was the economy. A close second was finding qualified workers
(37%). Suppose 15% of the small-business owners selected both the economy and
finding qualified workers as challenges for growth. A small-business owner is
randomly selected.

a. What is the probability that the owner believes the economy is a challenge for
growth if the owner believes that finding qualified workers is a challenge for
growth?

b. What is the probability that the owner believes that finding qualified workers is a
challenge for growth if the owner believes that the economy is a challenge for
growth?

c. Given that the owner does not select the economy as a challenge for growth, what
is the probability that the owner believes that finding qualified workers is a
challenge for growth?

d. What is the probability that the owner believes neither that the economy is a
challenge for growth nor that finding qualified workers is a challenge for growth?

According to a survey published by ComPsych Corporation, 54% of all workers read
e-mail while they are talking on the phone. Suppose that 20% of those who read
e-mail while they are talking on the phone write personal “to-do” lists during
meetings. Assuming that these figures are true for all workers, if a worker is
randomly selected, determine the following probabilities:

a. The worker reads e-mail while talking on the phone and writes personal “to-do”
lists during meetings.

b. The worker does not write personal “to-do” lists given that he reads e-mail while
talking on the phone.

c. The worker does not write personal “to-do” lists and does read e-mail while
talking on the phone.

Accounting Today reported that 37% of accountants purchase their computer

hardware by mail order direct and that 54% purchase their computer software by

mail order direct. Suppose that 97% of the accountants who purchase their computer

hardware by mail order direct purchase their computer software by mail order direct.

If an accountant is randomly selected, determine the following probabilities:

a. The accountant does not purchase his computer software by mail order direct
given that he does purchase his computer hardware by mail order direct.

b. The accountant does purchase his computer software by mail order direct given
that he does not purchase his computer hardware by mail order direct.

c. The accountant does not purchase his computer hardware by mail order direct if
it is known that he does purchase his computer software by mail order direct.
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d. The accountant does not purchase his computer hardware by mail order direct if
it is known that he does not purchase his computer software by mail order direct.

4.30 In a study undertaken by Catalyst, 43% of women senior executives agreed or
strongly agreed that a lack of role models was a barrier to their career development.
In addition, 46% agreed or strongly agreed that gender-based stereotypes were
barriers to their career advancement. Suppose 77% of those who agreed or strongly
agreed that gender-based stereotypes were barriers to their career advancement
agreed or strongly agreed that the lack of role models was a barrier to their career
development. If one of these female senior executives is randomly selected,
determine the following probabilities:

a. What is the probability that the senior executive does not agree or strongly agree
that a lack of role models was a barrier to her career development given that she
does agree or strongly agree that gender-based stereotypes were barriers to her
career development?

b. What is the probability that the senior executive does not agree or strongly agree
that gender-based stereotypes were barriers to her career development given that
she does agree or strongly agree that the lack of role models was a barrier to her
career development?

c. If it is known that the senior executive does not agree or strongly agree that
gender-based stereotypes were barriers to her career development, what is the
probability that she does not agree or strongly agree that the lack of role models
was a barrier to her career development?

REVISION OF PROBABILITIES: BAYES’ RULE

An extension to the conditional law of probabilities is Bayes’ rule, which was developed by
and named for Thomas Bayes (1702—1761). Bayes’ rule is a formula that extends the use of the
law of conditional probabilities to allow revision of original probabilities with new information.

BAYES’ RULE

P(Xi)'P(Y|Xi)

Recall that the law of conditional probability for
P(Xi|Y)
is
P(X;) - P(Y|X)

P(X||Y) = P(Y)

Compare Bayes’ rule to this law of conditional probability. The numerators of Bayes’
rule and the law of conditional probability are the same—the intersection of X; and Y
shown in the form of the general rule of multiplication. The new feature that Bayes’ rule
uses is found in the denominator of the rule:

P(X))-P(Y|X)) + P(Xy) - P(Y|X,) ++ - -+ P(X,) - P(Y]X,)

The denominator of Bayes’ rule includes a product expression (intersection) for every
partition in the sample space, Y, including the event (X;) itself. The denominator is thus a
collective exhaustive listing of mutually exclusive outcomes of Y. This denominator is
sometimes referred to as the “total probability formula.” It represents a weighted average of
the conditional probabilities, with the weights being the prior probabilities of the corre-
sponding event.
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Bayesian Table for Revision of
Ribbon Problem Probabilities

Prior Conditional Joint Posterior or
Probability Probability Probability Revised

Event P(E) P(d|E) P(E;N d) Probability
.052

Alamo .65 .08 .052 —— = .553
.094
.042

South Jersey .35 A2 .042 —— = 447
- .094

P(defective) = .094

By expressing the law of conditional probabilities in this new way, Bayes’ rule enables
the statistician to make new and different applications using conditional probabilities. In
particular, statisticians use Bayes’ rule to “revise” probabilities in light of new information.

A particular type of printer ribbon is produced by only two companies, Alamo Ribbon
Company and South Jersey Products. Suppose Alamo produces 65% of the ribbons and
that South Jersey produces 35%. Eight percent of the ribbons produced by Alamo are
defective and 12% of the South Jersey ribbons are defective. A customer purchases a new
ribbon. What is the probability that Alamo produced the ribbon? What is the probability
that South Jersey produced the ribbon? The ribbon is tested, and it is defective. Now what
is the probability that Alamo produced the ribbon? That South Jersey produced the ribbon?

The probability was .65 that the ribbon came from Alamo and .35 that it came from
South Jersey. These are called prior probabilities because they are based on the original
information.

The new information that the ribbon is defective changes the probabilities because one
company produces a higher percentage of defective ribbons than the other company does.
How can this information be used to update or revise the original probabilities? Bayes’ rule
allows such updating. One way to lay out a revision of probabilities problem is to use a
table. Table 4.8 shows the analysis for the ribbon problem.

The process begins with the prior probabilities: .65 Alamo and .35 South Jersey. These
prior probabilities appear in the second column of Table 4.8. Because the product is found
to be defective, the conditional probabilities, P(defective|Alamo) and P(defective|South
Jersey) should be used. Eight percent of Alamo’s ribbons are defective: P(defective| Alamo) =
.08. Twelve percent of South Jersey’s ribbons are defective: P(defectivelSouth Jersey) = .12.
These two conditional probabilities appear in the third column. Eight percent of Alamo’s
65% of the ribbons are defective: (.08)(.65) =.052, or 5.2% of the total. This figure appears
in the fourth column of Table 4.8; it is the joint probability of getting a ribbon that was
made by Alamo and is defective. Because the purchased ribbon is defective, these are the
only Alamo ribbons of interest. Twelve percent of South Jersey’s 35% of the ribbons are
defective. Multiplying these two percentages yields the joint probability of getting a South
Jersey ribbon that is defective. This figure also appears in the fourth column of Table 4.8:
(.12)(.35) = .042; that is, 4.2% of all ribbons are made by South Jersey and are defective. This
percentage includes the only South Jersey ribbons of interest because the ribbon purchased
is defective.

Column 4 is totaled to get .094, indicating that 9.4% of all ribbons are defective (Alamo
and defective = .052 + South Jersey and defective = .042). The other 90.6% of the ribbons,
which are acceptable, are not of interest because the ribbon purchased is defective. To
compute the fifth column, the posterior or revised probabilities, involves dividing each value
in column 4 by the total of column 4. For Alamo, .052 of the total ribbons are Alamo and
defective out of the total of .094 that are defective. Dividing .052 by .094 yields .553 as a
revised probability that the purchased ribbon was made by Alamo. This probability is lower
than the prior or original probability of .65 because fewer of Alamo’s ribbons (as a percent-
age) are defective than those produced by South Jersey. The defective ribbon is now less
likely to have come from Alamo than before the knowledge of the defective ribbon. South
Jersey’s probability is revised by dividing the .042 joint probability of the ribbon being made
by South Jersey and defective by the total probability of the ribbon being defective (.094).
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Tree Diagram for Ribbon
Problem Probabilities

DEMONSTRATION
PROBLEM 4.12

Defective 052
.08
Alamo
65 094
Acceptable
97 598
Defective .042
South 12
Jersey
35
Acceptable
88 308

The result is .042/.094 = .447. The probability that the defective ribbon is from South Jersey
increased because a higher percentage of South Jersey ribbons are defective.

Tree diagrams are another common way to solve Bayes’ rule problems. Figure 4.12 shows
the solution for the ribbon problem. Note that the tree diagram contains all possibilities,
including both defective and acceptable ribbons. When new information is given, only the
pertinent branches are selected and used. The joint probability values at the end of the appro-
priate branches are used to revise and compute the posterior possibilities. Using the total
number of defective ribbons, .052 4+ .042 = .094, the calculation is as follows.

.052
Revised Probability: Alamo = 001 .553

.042
Revised Probability: South Jersey = rein 447

Machines A, B, and C all produce the same two parts, X and Y. Of all the parts pro-
duced, machine A produces 60%, machine B produces 30%, and machine C produces
10%. In addition,

40% of the parts made by machine A are part X.
50% of the parts made by machine B are part X.
70% of the parts made by machine C are part X.

A part produced by this company is randomly sampled and is determined to be an X
part. With the knowledge that it is an X part, revise the probabilities that the part
came from machine A, B, or C.

Solution

The prior probability of the part coming from machine A is .60, because machine A
produces 60% of all parts. The prior probability is .30 that the part came from B and
.10 that it came from C. These prior probabilities are more pertinent if nothing is
known about the part. However, the part is known to be an X part. The conditional
probabilities show that different machines produce different proportions of X parts.
For example, .40 of the parts made by machine A are X parts, but .50 of the parts
made by machine B and .70 of the parts made by machine C are X parts. It makes
sense that the probability of the part coming from machine C would increase and that
the probability that the part was made on machine A would decrease because the
part is an X part.

The following table shows how the prior probabilities, conditional probabilities,
joint probabilities, and marginal probability, P(X), can be used to revise the prior
probabilities to obtain posterior probabilities.
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Prior Conditional Joint

Event P(E) P(X|E) P(XNE) Posterior
24

A .60 .40 (.60)(.40) = .24 6 .52
.15
= =33

B .30 .50 .15 16
.07
2L_ 15

C .10 .70 .07 16

P(X)=.46

After the probabilities are revised, it is apparent that the probability of the part
being made at machine A decreased and that the probabilities that the part was made
at machines B and C increased. A tree diagram presents another view of this problem.

Revised Probabilities: Machine A: % = .52
.15
Machine B: —— =.
achine 16 33
.07
Machi o —— =1
achine C 16 5
X (.40) 24
A
Y (.60) .36
.60
X (.50)
B .15
.30 46
Y (.50) .15
¢ X (.70) .07
.10
Y (.30) .03
4.8 PROBLEMS 4.31 In a manufacturing plant, machine A produces 10% of a certain product, machine B

produces 40% of this product, and machine C produces 50% of this product. Five
percent of machine A products are defective, 12% of machine B products are
defective, and 8% of machine C products are defective. The company inspector has
just sampled a product from this plant and has found it to be defective. Determine
the revised probabilities that the sampled product was produced by machine A,
machine B, or machine C.

4.32 Alex, Alicia, and Juan fill orders in a fast-food restaurant. Alex incorrectly fills 20%
of the orders he takes. Alicia incorrectly fills 12% of the orders she takes. Juan
incorrectly fills 5% of the orders he takes. Alex fills 30% of all orders, Alicia fills 45%
of all orders, and Juan fills 25% of all orders. An order has just been filled.

a. What is the probability that Alicia filled the order?

b. If the order was filled by Juan, what is the probability that it was filled correctly?

c. Who filled the order is unknown, but the order was filled incorrectly. What are
the revised probabilities that Alex, Alicia, or Juan filled the order?

d. Who filled the order is unknown, but the order was filled correctly. What are the
revised probabilities that Alex, Alicia, or Juan filled the order?

4.33 In a small town, two lawn companies fertilize lawns during the summer. Tri-State
Lawn Service has 72% of the market. Thirty percent of the lawns fertilized by Tri-
State could be rated as very healthy one month after service. Greenchem has the
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other 28% of the market. Twenty percent of the lawns fertilized by Greenchem could
be rated as very healthy one month after service. A lawn that has been treated with
fertilizer by one of these companies within the last month is selected randomly. If the
lawn is rated as very healthy, what are the revised probabilities that Tri-State or
Greenchem treated the lawn?

4.34 Suppose 70% of all companies are classified as small companies and the rest as large
companies. Suppose further, 82% of large companies provide training to employees,
but only 18% of small companies provide training. A company is randomly selected
without knowing if it is a large or small company; however, it is determined that the
company provides training to employees. What are the prior probabilities that the
company is a large company or a small company? What are the revised probabilities
that the company is large or small? Based on your analysis, what is the overall
percentage of companies that offer training?

DECISION
DILEMM{

oY)

The client company data given in
the Decision Dilemma are displayed

in a raw values matrix form. Using the techniques presented in
this chapter, it is possible to statistically answer the managerial
questions. If a worker is randomly selected from the 155
employees, the probability that the worker is a woman, P(W),
is 55/155, or .355. This marginal probability indicates that
roughly 35.5% of all employees of the client company are
women. Given that the employee has a managerial position,
the probability that the employee is a woman, P(W|M) is 3/
11, or .273. The proportion of managers at the company who
are women is lower than the proportion of all workers at the
company who are women. Several factors might be related to
this discrepancy, some of which may be defensible by the
company—including experience, education, and prior history
of success—and some may not.

Suppose a technical employee is randomly selected for a
bonus. What is the probability that a female would be se-
lected given that the worker is a technical employee? That is,
P(F|T) =7 Applying the law of conditional probabilities to the
raw values matrix given in the Decision Dilemma, P(F|T) =
17/69 = .246. Using the concept of complementary events, the
probability that a man is selected given that the employee is a
technical person is 1 —.246 = .754. It is more than three times
as likely that a randomly selected technical person is a male. If
awoman were the one chosen for the bonus, a man could argue
discrimination based on the mere probabilities. However, the
company decision makers could then present documentation
of the choice criteria based on productivity, technical sugges-
tions, quality measures, and others.

Equity of the Sexes in the Workplace

Suppose a client company employee is randomly chosen to
win a trip to Hawaii. The marginal probability that the winner
is a professional is P (P) = 44/155 = .284. The probability that
the winner is either a male or is a clerical worker, a union
probability, is:

PMUC)=PM)+ P(C)—PMNCQC)
100 31 9 122

= =—=.787
155 155 155 155

The probability of a male or clerical employee at the client
company winning the trip is .787. The probability that the
winner is a woman and a manager, a joint probability, is

P(FNM) = 3/155=.019

There is less than a 2% chance that a female manager will
be selected randomly as the trip winner.

What is the probability that the winner is from the technical
group if it is known that the employee is a male? This condi-
tional probability is as follows:

P(T|M) = 52/100 = .52.

Many other questions can be answered about the client
company’s human resource situation using probabilities.

The probability approach to a human resource pool is a fac-
tual, numerical approach to people selection taken without
regard to individual talents, skills, and worth to the company. Of
course, in most instances, many other considerations go into the
hiring, promoting, and rewarding of workers besides the random
draw of their name. However, company management should be
aware that attacks on hiring, promotion, and reward practices are
sometimes made using statistical analyses such as those pre-
sented here. It is not being argued here that management should
base decisions merely on the probabilities within particular cate-
gories. Nevertheless, being aware of the probabilities, manage-
ment can proceed to undergird their decisions with documented
evidence of worker productivity and worth to the organization.
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ETHICAL CONSIDERATIONS

One of the potential misuses of probability occurs when
subjective probabilities are used. Most subjective probabili-
ties are based on a person’s feelings, intuition, or experience.
Almost everyone has an opinion on something and is willing
to share it. Although such probabilities are not strictly
unethical to report, they can be misleading and disastrous to
other decision makers. In addition, subjective probabilities
leave the door open for unscrupulous people to overempha-
size their point of view by manipulating the probability.
The decision maker should remember that the laws and
rules of probability are for the “long run.” If a coin is tossed,
even though the probability of getting a head is .5, the result
will be either a head or a tail. It isn’t possible to get a half
head. The probability of getting a head (.5) will probably
work out in the long run, but in the short run an experiment
might produce 10 tails in a row. Suppose the probability of

striking oil on a geological formation is .10. This probabil-
ity means that, in the long run, if the company drills enough
holes on this type of formation, it should strike oil in about
10% of the holes. However, if the company has only enough
money to drill one hole, it will either strike oil or have a dry
hole. The probability figure of .10 may mean something dif-
ferent to the company that can afford to drill only one hole
than to the company that can drill many hundreds. Classical
probabilities could be used unethically to lure a company or
client into a potential short-run investment with the expec-
tation of getting at least something in return, when in actu-
ality the investor will either win or lose. The oil company
that drills only one hole will not get 10% back from the
hole. It will either win or lose on the hole. Thus, classical
probabilities open the door for unsubstantiated expecta-
tions, particularly in the short run.

SUMMARY

The study of probability addresses ways of assigning probabili-
ties, types of probabilities, and laws of probabilities. Probabilities
support the notion of inferential statistics. Using sample data to
estimate and test hypotheses about population parameters is
done with uncertainty. If samples are taken at random, probabil-
ities can be assigned to outcomes of the inferential process.

Three methods of assigning probabilities are (1) the classical
method, (2) the relative frequency of occurrence method, and
(3) subjective probabilities. The classical method can assign
probabilities a priori, or before the experiment takes place.
It relies on the laws and rules of probability. The relative fre-
quency of occurrence method assigns probabilities based on
historical data or empirically derived data. Subjective proba-
bilities are based on the feelings, knowledge, and experience of
the person determining the probability.

Certain special types of events necessitate amendments to
some of the laws of probability: mutually exclusive events and
independent events. Mutually exclusive events are events that
cannot occur at the same time, so the probability of their in-
tersection is zero. With independent events, the occurrence of
one has no impact or influence on the occurrence of the other.
Certain experiments, such as those involving coins or dice,
naturally produce independent events. Other experiments

produce independent events when the experiment is con-
ducted with replacement. If events are independent, the joint
probability is computed by multiplying the marginal probabil-
ities, which is a special case of the law of multiplication.

Three techniques for counting the possibilities in an exper-
iment are the mn counting rule, the N” possibilities, and com-
binations. The mn counting rule is used to determine how
many total possible ways an experiment can occur in a series
of sequential operations. The N" formula is applied when
sampling is being done with replacement or events are inde-
pendent. Combinations are used to determine the possibilities
when sampling is being done without replacement.

Four types of probability are marginal probability, condi-
tional probability, joint probability, and union probability.
The general law of addition is used to compute the probability
of a union. The general law of multiplication is used to compute
joint probabilities. The conditional law is used to compute con-
ditional probabilities.

Bayes’ rule is a method that can be used to revise probabil-
ities when new information becomes available; it is a variation
of the conditional law. Bayes’ rule takes prior probabilities of
events occurring and adjusts or revises those probabilities on
the basis of information about what subsequently occurs.

KEY TERMS

collectively exhaustive

events
combinations
complement of a union
a priori complement
Bayes’ rule conditional probability

elementary events
event

classical method of assigning
probabilities

experiment relative frequency of
independent events occurrence
intersection sample space

joint probability set notation
marginal probability subjective probability

union
union probability

mn counting rule
mutually exclusive events
probability matrix
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FORMULAS

Counting rule

Sampling with replacement
INC
Sampling without replacement
NGy

Combination formula

C_(N)_ NI
Nen T\ n) o nl(N — )

General law of addition

P(XUY)=P(X)+P(Y)— P(XNY)

Special law of addition
P(XUY)=P(X) + P(Y)
General law of multiplication
P(XNY)=P(X)-P(Y|X)=P(Y)-P(X|Y)
Special law of multiplication
P(XNY)=P(X)-P(Y)
Law of conditional probability

P(XNY) _ P(X) P(YIX)

P = =55 P(Y)

Bayes’ rule
P(X;) - P(YIX;)
P(X))-P(YIX) + P(Xp) - P(YIXy) + - - - + P(X,)- P(YIX,)

P(XIY) =

SUPPLEMENTARY PROBLEMS

CALCULATING THE STATISTICS

4.35 Use the values in the contingency table to solve the equa-
tions given.

D E

A |10 | 20

Variable2 B | 15 5

C |30 | 15

PE)=__

. P(BUD) =
P(ANE)=

. P(B|E)=
P(AUB) =
PBNC)=

. P(D|C) =

. P(A|B)=
Are variables 1 and 2 independent? Why or why not?

EeR he AN o

4.36 Use the values in the contingency table to solve the equa-
tions given.

a. P(FNA)=
b. P(A|B) =

PB)=___
.PENF=__
PDB)=____
PBID)=___
. PDUC)=____
h. P(F)=__
4.37 The following probability matrix contains a breakdown

on the age and gender of U.S. physicians in a recent year,
as reported by the American Medical Association.

® e Ao

U.S. PHYSICIANS IN A RECENT YEAR

Age (years)

<35 35-44 45-54 55-64 >65

Male | .11 .20 .19 12 .16 .78

Gender

Female | .07 .08 .04 .02 .01 .22

.18 .28 .23 14 17 1.00

a. What is the probability that one randomly selected
physician is 35-44 years old?

b. What is the probability that one randomly selected
physician is both a woman and 45-54 years old?

c. What is the probability that one randomly selected
physician is a man or is 35-44 years old?

d. What is the probability that one randomly selected
physician is less than 35 years old or 55-64 years old?

e. What is the probability that one randomly selected
physician is a woman if she is 45-54 years old?

f. What is the probability that a randomly selected
physician is neither a woman nor 55-64 years old?
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TESTING YOUR UNDERSTANDING

4.38

4.39

4.40

Purchasing Survey asked purchasing professionals what
sales traits impressed them most in a sales representative.
Seventy-eight percent selected “thoroughness.” Forty per-
cent responded “knowledge of your own product.” The
purchasing professionals were allowed to list more than
one trait. Suppose 27% of the purchasing professionals
listed both “thoroughness” and “knowledge of your own
product” as sales traits that impressed them most. A pur-
chasing professional is randomly sampled.

a. What is the probability that the professional selected
“thoroughness” or “knowledge of your own product”™?

b. What is the probability that the professional selected
neither “thoroughness” nor “knowledge of your own
product™?

c. If it is known that the professional selected “thor-
oughness,” what is the probability that the profes-
sional selected “knowledge of your own product™

d. What is the probability that the professional did not
select “thoroughness” and did select “knowledge of
your own product”™?

The U.S. Bureau of Labor Statistics publishes data on

the benefits offered by small companies to their

employees. Only 42% offer retirement plans while 61%

offer life insurance. Suppose 33% offer both retirement

plans and life insurance as benefits. If a small company

is randomly selected, determine the following proba-

bilties:

a. The company offers a retirement plan given that they
offer life insurance.

b. The company offers life insurance given that they offer
a retirement plan.

c. The company offers life insurance or a retirement plan.

d. The company offers a retirement plan and does not
offer life insurance.

e. The company does not offer life insurance if it is
known that they offer a retirement plan.

According to Link Resources, 16% of the U.S. popula-
tion is technology driven. However, these figures vary by
region. For example, in the West the figure is 20% and in
the Northeast the figure is 17%. Twenty-one percent of
the U.S. population in general is in the West and 20%
of the U.S. population is in the Northeast. Suppose an
American is chosen randomly.

a. What is the probability that the person lives in the
West and is a technology-driven person?

b. What is the probability that the person lives in the
Northeast and is a technology-driven person?

c. Suppose the chosen person is known to be technology-
driven. What is the probability that the person lives in
the West?

d. Suppose the chosen person is known not to be tech-
nology-driven. What is the probability that the person
lives in the Northeast?

e. Suppose the chosen person is known to be technology-
driven. What is the probability that the person lives in
neither the West nor the Northeast?

4.41

4.42

4.43

4.44

In a certain city, 30% of the families have a MasterCard,

20% have an American Express card, and 25% have a

Visa card. Eight percent of the families have both a

MasterCard and an American Express card. Twelve per-

cent have both a Visa card and a MasterCard. Six percent

have both an American Express card and a Visa card.

a. What is the probability of selecting a family that has
either a Visa card or an American Express card?

b. If a family has a MasterCard, what is the probability
that it has a Visa card?

c. If a family has a Visa card, what is the probability that
it has a MasterCard?

d. Is possession of a Visa card independent of possession
of a MasterCard? Why or why not?

e. Is possession of an American Express card mutually
exclusive of possession of a Visa card?

A few years ago, a survey commissioned by The World
Almanac and Maturity News Service reported that 51%
of the respondents did not believe the Social Security
system will be secure in 20 years. Of the respondents
who were age 45 or older, 70% believed the system will
be secure in 20 years. Of the people surveyed, 57% were
under age 45. One respondent is selected randomly.

a. What is the probability that the person is age 45 or
older?

b. What is the probability that the person is younger
than age 45 and believes that the Social Security sys-
tem will be secure in 20 years?

c. If the person selected believes the Social Security sys-
tem will be secure in 20 years, what is the probability
that the person is 45 years old or older?

d. What is the probability that the person is younger
than age 45 or believes the Social Security system will
not be secure in 20 years?

A telephone survey conducted by the Maritz Marketing
Research company found that 43% of Americans expect
to save more money next year than they saved last year.
Forty-five percent of those surveyed plan to reduce debt
next year. Of those who expect to save more money next
year, 81% plan to reduce debt next year. An American is
selected randomly.

a. What is the probability that this person expects to
save more money next year and plans to reduce debt
next year?

b. What is the probability that this person expects to
save more money next year or plans to reduce debt
next year?

c. What is the probability that this person neither
expects to save more money next year nor plans to
reduce debt next year?

d. What is the probability that this person expects to
save more money next year and does not plan to
reduce debt next year?

The Steelcase Workplace Index studied the types of work-
related activities that Americans did while on vacation in
the summer. Among other things, 40% read work-related
material. Thirty-four percent checked in with the boss.
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Respondents to the study were allowed to select more

than one activity. Suppose that of those who read work-

related material, 78% checked in with the boss. One of
these survey respondents is selected randomly.

a. What is the probability that while on vacation this
respondent checked in with the boss and read work-
related material?

b. What is the probability that while on vacation this
respondent neither read work-related material nor
checked in with the boss?

c. What is the probability that while on vacation this
respondent read work-related material given that the
respondent checked in with the boss?

d. What is the probability that while on vacation this
respondent did not check in with the boss given that
the respondent read work-related material?

e. What is the probability that while on vacation this
respondent did not check in with the boss given that
the respondent did not read work-related material?

f. Construct a probability matrix for this problem.

A study on ethics in the workplace by the Ethics
Resource Center and Kronos, Inc., revealed that 35% of
employees admit to keeping quiet when they see
coworker misconduct. Suppose 75% of employees who
admit to keeping quiet when they see coworker miscon-
duct call in sick when they are well. In addition, suppose
that 40% of the employees who call in sick when they are
well admit to keeping quiet when they see coworker mis-
conduct. If an employee is randomly selected, determine
the following probabilities:

a. The employee calls in sick when well and admits to
keeping quiet when seeing coworker misconduct.

b. The employee admits to keeping quiet when seeing
coworker misconduct or calls in sick when well.

c. Given that the employee calls in sick when well, he
or she does not keep quiet when seeing coworker
misconduct.

d. The employee neither keeps quiet when seeing
coworker misconduct nor calls in sick when well.

e. The employee admits to keeping quiet when seeing
coworker misconduct and does not call in sick when
well.

Health Rights Hotline published the results of a survey
of 2,400 people in Northern California in which con-
sumers were asked to share their complaints about man-
aged care. The number one complaint was denial of care,
with 17% of the participating consumers selecting it.
Several other complaints were noted, including inappro-
priate care (14%), customer service (14%), payment dis-
putes (11%), specialty care (10%), delays in getting care
(8%), and prescription drugs (7%). These complaint
categories are mutually exclusive. Assume that the
results of this survey can be inferred to all managed care
consumers. If a managed care consumer is randomly
selected, determine the following probabilities:

a. The consumer complains about payment disputes or

specialty care.
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b. The consumer complains about prescription drugs
and customer service.

c. The consumer complains about inappropriate care
given that the consumer complains about specialty care.

d. The consumer does not complain about delays in
getting care nor does the consumer complain about
payment disputes.

Companies use employee training for various reasons,
including employee loyalty, certification, quality, and
process improvement. In a national survey of compa-
nies, BI Learning Systems reported that 56% of the
responding companies named employee retention as a
top reason for training. Suppose 36% of the companies
replied that they use training for process improvement
and for employee retention. In addition, suppose that of
the companies that use training for process improve-
ment, 90% use training for employee retention. A com-
pany that uses training is randomly selected.

a. What is the probability that the company uses
training for employee retention and not for process
improvement?

b. If it is known that the company uses training for
employee retention, what is the probability that it uses
training for process improvement?

c. What is the probability that the company uses training
for process improvement?

d. What is the probability that the company uses training
for employee retention or process improvement?

e. What is the probability that the company neither uses
training for employee retention nor uses training for
process improvement?

f. Suppose it is known that the company does not use
training for process improvement. What is the proba-
bility that the company does use training for employee
retention?

Pitney Bowes surveyed 302 directors and vice presidents
of marketing at large and midsized U.S. companies to
determine what they believe is the best vehicle for edu-
cating decision makers on complex issues in selling
products and services. The highest percentage of compa-
nies chose direct mail/catalogs, followed by direct
sales/sales rep. Direct mail/catalogs was selected by 38%
of the companies. None of the companies selected both
direct mail/catalogs and direct sales/sales rep. Suppose
also that 41% selected neither direct mail/catalogs nor
direct sales/sales rep. If one of these companies is
selected randomly and their top marketing person inter-
viewed about this matter, determine the following
probabilities:

a. The marketing person selected direct mail/catalogs

and did not select direct sales/sales rep.

b. The marketing person selected direct sales/sales rep.
c. The marketing person selected direct sales/sales rep
given that the person selected direct mail/catalogs.

d. The marketing person did not select direct mail/
catalogs given that the person did not select direct
sales/sales rep.
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1.

Chapter 4 Probability

In a study of incentives used by companies to retain

mature workers by The Conference Board, it was

reported that 41% use flexible work arrangements.

Suppose that of those companies that do not use flexible

work arrangements, 10% give time off for volunteerism.

In addition, suppose that of those companies that use

flexible work arrangements, 60% give time off for volun-

teerism. If a company is randomly selected, determine
the following probabilities:

a. The company uses flexible work arrangements or

gives time off for volunteerism.

The company uses flexible work arrangements and

does not give time off for volunteerism.

c. Given that the company does not give time off for
volunteerism, the company uses flexible work
arrangements.

. The company does not use flexible work arrange-
ments given that the company does give time off for
volunteerism.

e. The company does not use flexible work arrange-

ments or the company does not give time off for
volunteerism.

b.

A small independent physicians’ practice has three doc-
tors. Dr. Sarabia sees 41% of the patients, Dr. Tran sees
32%, and Dr. Jackson sees the rest. Dr. Sarabia requests
blood tests on 5% of her patients, Dr. Tran requests blood
tests on 8% of his patients, and Dr. Jackson requests
blood tests on 6% of her patients. An auditor randomly
selects a patient from the past week and discovers that the
patient had a blood test as a result of the physician visit.
Knowing this information, what is the probability that
the patient saw Dr. Sarabia? For what percentage of all
patients at this practice are blood tests requested?

A survey by the Arthur Andersen Enterprise Group/
National Small Business United attempted to determine
what the leading challenges are for the growth and sur-
vival of small businesses. Although the economy and
finding qualified workers were the leading challenges,
several others were listed in the results of the study,
including regulations, listed by 30% of the companies,
and the tax burden, listed by 35%. Suppose that 71% of
the companies listing regulations as a challenge listed the
tax burden as a challenge. Assume these percentages
hold for all small businesses. If a small business is ran-
domly selected, determine the following probabilities:
a. The small business lists both the tax burden and reg-
ulations as a challenge.
b. The small business lists either the tax burden or regu-
lations as a challenge.
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c. The small business lists either the tax burden or regu-
lations but not both as a challenge.
. The small business lists regulations as a challenge
given that it lists the tax burden as a challenge.
e. The small business does not list regulations as a chal-
lenge given that it lists the tax burden as a challenge.
f. The small business does not list regulations as a chal-
lenge given that it does not list the tax burden as a
challenge.

According to U.S. Census Bureau figures, 35.3% of all
Americans are in the 0-24 age bracket, 14.2% are in the
25-34 age bracket, 16.0% are in the 35-44 age bracket,
and 34.5 are in the 45 and older age bracket. A study by
Jupiter Media Metrix determined that Americans use
their leisure time in different ways according to age. For
example, of those who are in the 45 and older age bracket,
39% read a book or a magazine more than 10 hours per
week. Of those who are in the 0-24 age bracket, only 11%
read a book or a magazine more than 10 hours per week.
The percentage figures for reading a book or a magazine
for more than 10 hours per week are 24% for the 25-34
age bracket and 27% the 35-44 age bracket. Suppose an
American is randomly selected and it is determined that
he or she reads a book or a magazine more than 10 hours
per week. Revise the probabilities that he or she is in any
given age category. Using these figures, what is the overall
percentage of the U.S. population that reads a book or a
magazine more than 10 hours per week?

A retail study by Deloitte revealed that 54% of adults
surveyed believed that plastic, noncompostable shop-
ping bags should be banned. Suppose 41% of adults reg-
ularly recycle aluminum cans and believe that plastic,
noncompostable shopping bags should be banned. In
addition, suppose that 60% of adults who do not believe
that plastic, noncompostable shopping bags should be
banned do recycle. If an adult is randomly selected,

a. What is the probability that the adult recycles and
does not believe that plastic, noncompostable shop-
ping bags should be banned?

b. What is the probability that the adult does recycle?

c. What is the probability that the adult does recycle or
does believe that plastic, noncompostable shopping
bags should be banned?

. What is the probability that the adult does not recycle
or does not believe that plastic, noncompostable
shopping bags should be banned?

e. What is the probability that the adult does not believe

that plastic, noncompostable shopping bags should be
banned given that the adult does recycle?

see www.wiley.com/college/black

In the Manufacturing database, what is the probability
that a randomly selected SIC Code industry is in industry
group 13? What is the probability that a randomly

selected SIC Code industry has a value of industry ship-
ments of 4 (see Chapter 1 for coding)? What is the prob-
ability that a randomly selected SIC Code industry is in


http://www.wiley.com/college/black

industry group 13 and has a value of industry shipments
of 2?2 What is the probability that a randomly selected SIC
Code industry is in industry group 13 or has a value of
industry shipments of 22 What is the probability that a
randomly selected SIC Code industry neither is in industry
group 13 nor has a value of industry shipments of 2?

2. Use the Hospital database. Construct a raw values matrix
for region and for type of control. You should have a 7X4
matrix. Using this matrix, answer the following questions.

Case 133

(Refer to Chapter 1 for category members.) What is the
probability that a randomly selected hospital is in the
Midwest if the hospital is known to be for-profit? If the hos-
pital is known to be in the South, what is the probability that
it is a government, nonfederal hospital? What is the proba-
bility that a hospital is in the Rocky Mountain region or a
not-for-profit, nongovernment hospital? What is the prob-
ability that a hospital is a for-profit hospital located in
California?

COLGATE-PALMOLIVE MAKES A “TOTAL" EFFORT

In the mid-1990s, Colgate-Palmolive developed a new tooth-
paste for the U.S. market, Colgate Total, with an antibacterial
ingredient that was already being successfully sold overseas.
However, the word antibacterial was not allowed for such prod-
ucts by the Food and Drug Administration rules. So Colgate-
Palmolive had to come up with another way of marketing this
and other features of their new toothpaste to U.S. consumers.
Market researchers told Colgate-Palmolive that consumers were
weary of trying to discern among the different advantages of
various toothpaste brands and wanted simplification in their
shopping lives. In response, the name “Total” was given to the
product in the United States: The one word would convey that
the toothpaste is the “total” package of various benefits.

Young & Rubicam developed several commercials illustrating
Total’s benefits and tested the commercials with focus groups.
One commercial touting Total’s long-lasting benefits was partic-
ularly successful. Meanwhile, in 1997, Colgate-Palmolive
received FDA approval for Total, five years after the company
had applied for it. The product was launched in the United
States in January of 1998 using commercials that were designed
from the more successful ideas of the focus group tests. Total was
introduced with a $100 million advertising campaign. Ten
months later, 21% of all United States households had pur-
chased Total for the first time. During this same time period,
43% of those who initially tried Total purchased it again. A year
after its release, Total was the number one toothpaste in the
United States. Total is advertised as not just a toothpaste but as
a protective shield that protects you for a full range of oral
health problems for up to 12 hours. Total is now offered in a
variety of forms, including Colgate Total Advanced Whitening,
Colgate Total Advanced Clean, Colgate Total Advanced Fresh
Gel, Colgate Total Clean Mint Paste, Colgate Total Whitening
Paste, Colgate Total Whitening Gel, Colgate Total Plus
Whitening Liquid, and Colgate Total Mint Stripe Gel. In the
United States, market share for Colgate Total toothpaste was
16.2% in the second quarter of 2008, which was its highest
quarterly share ever.

Discussion

1. What probabilities are given in this case? Use these prob-
abilities and the probability laws to determine what per-
centage of U.S. households purchased Total at least twice
in the first 10 months of its release.

2. Is age category independent of willingness to try new
products? According to the U.S. Census Bureau, approxi-
mately 20% of all Americans are in the 45-64 age cate-
gory. Suppose 24% of the consumers who purchased
Total for the first time during the initial 10-month period
were in the 45-64 age category. Use this information to
determine whether age is independent of the initial pur-
chase of Total during the introductory time period.
Explain your answer.

3. Using the probabilities given in Question 2, calculate the
probability that a randomly selected U.S. consumer is either
in the 45-64 age category or purchased Total during the
initial 10-month period. What is the probability that a
randomly selected person purchased Total in the first
10 months given that the person is in the 4564 age category?

4. Suppose 32% of all toothpaste consumers in the United
States saw the Total commercials. Of those who saw the
commercials, 40% purchased Total at least once in the first
10 months of its introduction. Of those who did not see the
commercials, 12.06% purchased Total at least once in the
first 10 months of its introduction. Suppose a toothpaste
consumer is randomly selected and it is learned that they
purchased Total during the first 10 months of its introduc-
tion. Revise the probability that this person saw the Total
commercials and the probability that the person did not see
the Total commercials.

Source: Colgate-Palmolive’s home page at http://www.colgate.com/app/
Colgate/US/HomePage.cvsp, Total’s homepage at http://www.colgate.com/app/
ColgateTotal/US/EN/Products.cvsp, and at answers.com found at: http:/
www.answers.com/topic/colgate-palmolive-company, 2008
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DISTRIBUTIONS
AND SAMPLING

Unit Il of this textbook introduces you to the concept of statistical distribu-
tion. In lay terms, a statistical distribution is a numerical or graphical depic-
tion of frequency counts or probabilities for various values of a variable
that can occur. Distributions are important because most of the analyses
done in business statistics are based on the characteristics of a particular
distribution. In Unit I, you will study eight distributions: six population dis-
tributions and two sampling distributions.

Six population distributions are presented in Chapters 5 and 6. These
population distributions can be categorized as discrete distributions or
continuous distributions. Discrete distributions are introduced in Chapter 5,
and they include the binomial distribution, the Poisson distribution, and
the hypergeometric distribution. Continuous distributions are presented in
Chapter 6, and they include the uniform distribution, the normal distribu-
tion, and the exponential distribution. Information about sampling is dis-
cussed in Chapter 7 along with two sampling distributions, the sampling
distribution of x and the sampling distribution of p. Three more population
distributions are introduced later in the text in Unit lll. These include the t
distribution and the chi-square distribution in Chapter 8 and the F distribu-
tion in Chapter 10.



Discrete Distributions

LEARNING OBJECTIVES

The overall learning objective of Chapter 5 is to help you understand a
category of probability distributions that produces only discrete outcomes,
thereby enabling you to:

1. Define a random variable in order to differentiate between a discrete
distribution and a continuous distribution

2. Determine the mean, variance, and standard deviation of a discrete
distribution

3. Solve problems involving the binomial distribution using the binomial
formula and the binomial table

4. Solve problems involving the Poisson distribution using the Poisson
formula and the Poisson table

5. Solve problems involving the hypergeometric distribution using the
hypergeometric formula

Noel Hendrickson/DigitalVision/Getty Images
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As early as 1947, scientists under-
stood the basic concept of a cell
phone as a type of two-way radio.
Seeing the poten-
tial of crude
mobile car phones,
researchers under-
stood that by using
a small range of service areas (cells) with frequency reuse, they
could increase the capacity for mobile phone usage significantly
even though the technology was not then available. During that
same year, AT&T proposed the allocation of a large number of
radio-spectrum frequencies by the FCC that would thereby
make widespread mobile phone service feasible. At the same
time, the FCC decided to limit the amount of frequency capac-
ity available such that only 23 phone conversations could take
place simutaneously. In 1968, the FCC reconsidered its position
and freed the airwaves for more phones. About this time, AT&T
and Bell Labs proposed to the FCC a system in which they would
construct a series of many small, low-powered broadcast towers,
each of which would broadcast to a “cell” covering a few miles.
Taken as a whole, such “cells” could be used to pass phone calls
from cell to cell, thereby reaching a large area.

The first company to actually produce a cell phone was
Motorola, and Dr. Martin Cooper, then of Motorola and
considered the inventor of the first modern portable hand-
set, made his first call on the portable
cell phone in 1973. By 1977, AT&T
and Bell Labs had developed a proto-
type cellular phone system that was
tested in Chicago by 2,000 trial cus-
tomers. After the first commercial cell
phone system began operation in
Japan in 1979, and Motorola and
American Radio developed a second
U.S. cell system in 1981, the FCC
authorized commerical cellular service
in the United States in 1982. By 1987,
cell phone subscribers had exceeded
1 million customers in the United
States, and as frequencies were getting
crowded, the FCC authorized alterna-
tive cellular technologies, opening up
new opportunities for development.
Since that time, researchers have devel-
oped a number of advances that have
increased capacity exponentially.

Life with a Cell Phone

Today in the United States, over 14% of cell phone
owners use only cellular phones, and the trend is rising.
According to a Harris Poll of 9132 surveyed adults, 89% of
adults have a cell phone. In an Associated Press/America
Online Pew Poll of 1,200 cell phone users, it was discovered
that two-thirds of all cell phone users said that it would be
hard to give up their cell phones, and 26% responded that
they cannot imagine life without their cell phones. In spite of
American’s growing dependence on their cell phones, not
everyone is happy about their usage. Almost 9 out of 10 cell
users encounter others using their phones in an annoying
way. In addition, 28% claim that sometimes they do not
drive as safely as they should because they are using cell
phones. Now, there are multiple uses for the cell phone,
including picture taking, text messaging, game playing, and
others. According to the study, two-thirds of cell phone own-
ers in the 18 to 29 age bracket sent text messages using their
cell phones, 55% take pictures with their phones, 47% play
games on the phones, and 28% use the Internet through
their cell phones.

Managerial and Statistical Questions

1. One study reports that 14% of cell phone owners in the
United States use only cellular phones (no land line).
Suppose you randomly select 20 Americans, what is the
probability that more than 7 of the sample use only cell
phones?

2. The study also reports that 9 out of 10 cell users encounter
others using their phones in an annoying way. Based on
this, if you were to randomly select 25 cell phone users,
what is the probability that fewer than 20 report that
they encounter others using their phones in an annoying
way?

3. Suppose a survey of cell phone users shows that, on
average, a cell phone user receives 3.6 calls per day. If this
figure is true, what is the probability that a cell phone
user receives no calls in a day? What is the probability that
a cell phone user receives five or more calls in a day?

Sources: Mary Bellis, “Selling the Cell Phone, Part 1: History of Cellular
Phones,” in About Business ¢ Finance. An America Online site, Selling the Cell
Phone—History of Cellular Phones at: http://inventors.about.com/library/
weekly/aa070899.htm; USA Today Tech, “For Many, Their Cell Phone Has
Become Their Only Phone,” at: http://www.usatoday.com/tech/news/2003-
03-24-cell-phones x.htm; and Will Lester, “A Love-Hate Relationship,”
Houston Chronicle. April 4, 2006, p. D4. http://www.harrisinteractive.com/
harris_poll/index.asp?PID=890
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In statistical experiments involving chance, outcomes occur randomly. As an example
of such an experiment, a battery manufacturer randomly selects three batteries from a large
batch of batteries to be tested for quality. Each selected battery is to be rated as good or
defective. The batteries are numbered from 1 to 3, a defective battery is designated with a

All Possible Outcomes for the
Battery Experiment

G, G, Gs D, and a good battery is designated with a G. All possible outcomes are shown in Table 5.1.
D, G, G; The expression D, G, D; denotes one particular outcome in which the first and third bat-
G, D, Gs teries are defective and the second battery is good. In this chapter, we examine the
G, G D; probabilities of events occurring in experiments that produce discrete distributions. In
D, D, Gs  particular, we will study the binomial distribution, the Poisson distribution, and the
D, G, D; hypergeometric distribution.

G, D, D;

D, D, D;

DISCRETE VERSUS CONTINUOUS DISTRIBUTIONS

A random variable is a variable that contains the outcomes of a chance experiment. For
example, suppose an experiment is to measure the arrivals of automobiles at a turnpike
tollbooth during a 30-second period. The possible outcomes are: 0 cars, 1 car, 2 cars, . .., n
cars. These numbers (0, 1, 2, .. ., n) are the values of a random variable. Suppose another
experiment is to measure the time between the completion of two tasks in a production
line. The values will range from 0 seconds to n seconds. These time measurements are the
values of another random variable. The two categories of random variables are (1) discrete
random variables and (2) continuous random variables.

A random variable is a discrete random variable if the set of all possible values is at most
a finite or a countably infinite number of possible values. In most statistical situations, discrete
random variables produce values that are nonnegative whole numbers. For example, if six
people are randomly selected from a population and how many of the six are left-handed is
to be determined, the random variable produced is discrete. The only possible numbers of
left-handed people in the sample of six are 0, 1, 2, 3, 4, 5, and 6. There cannot be 2.75 left-
handed people in a group of six people; obtaining nonwhole number values is impossible.
Other examples of experiments that yield discrete random variables include the following:

1. Randomly selecting 25 people who consume soft drinks and determining how
many people prefer diet soft drinks

2. Determining the number of defects in a batch of 50 items
3. Counting the number of people who arrive at a store during a five-minute period

4. Sampling 100 registered voters and determining how many voted for the
president in the last election

The battery experiment described at the beginning of the chapter produces a distribu-
tion that has discrete outcomes. Any one trial of the experiment will contain 0, 1, 2, or 3
defective batteries. It is not possible to get 1.58 defective batteries. It could be said that
discrete random variables are usually generated from experiments in which things are
“counted” not “measured.”

Continuous random variables take on values at every point over a given interval. Thus
continuous random variables have no gaps or unassumed values. It could be said that con-
tinuous random variables are generated from experiments in which things are “measured”
not “counted.” For example, if a person is assembling a product component, the time it takes
to accomplish that feat could be any value within a reasonable range such as 3 minutes
36.4218 seconds or 5 minutes 17.5169 seconds. A list of measures for which continuous ran-
dom variables might be generated would include time, height, weight, and volume. Other
examples of experiments that yield continuous random variables include the following:

1. Sampling the volume of liquid nitrogen in a storage tank
. Measuring the time between customer arrivals at a retail outlet

2
3. Measuring the lengths of newly designed automobiles
4. Measuring the weight of grain in a grain elevator at different points of time
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Once continuous data are measured and recorded, they become discrete data because
the data are rounded off to a discrete number. Thus in actual practice, virtually all business
data are discrete. However, for practical reasons, data analysis is facilitated greatly by using
continuous distributions on data that were continuous originally.

The outcomes for random variables and their associated probabilities can be organized
into distributions. The two types of distributions are discrete distributions, constructed from
discrete random variables, and continuous distributions, based on continuous random variables.

In this text, three discrete distributions are presented:

1. binomial distribution
2. Poisson distribution
3. hypergeometric distribution
All three of these distributions are presented in this chapter.
In addition, six continuous distributions are discussed later in this text:
1. uniform distribution
normal distribution
exponential distribution
t distribution
chi-square distribution
F distribution

SN S

Discrete

Continuous

DESCRIBING A DISCRETE DISTRIBUTION

How can we describe a discrete distribution? One way is to construct a graph of the distri-
bution and study the graph. The histogram is probably the most common graphical way to
depict a discrete distribution.

Observe the discrete distribution in Table 5.2. An executive is considering out-of-town

Discrete Distribution of business travel for a given Friday. She recognizes that at least one crisis could occur on the
Occurrence of Daily Crises day that she is gone and she is concerned about that possibility. Table 5.2 shows a discrete
Number of distribution that contains the number of crises that could occur during the day that she is
Crises Probability gone and the probability that each number will occur. For example, there is a .37 probabil-

ity that no crisis will occur, a .31 probability of one crisis, and so on. The histogram in

0 .37 K . .. . . . . . .

" - Figure 5.1 depicts the distribution given in Table 5.2. Notice that the x-axis of the his-

. ’ - togram contains the possible outcomes of the experiment (number of crises that might
’ occur) and that the y-axis contains the probabilities of these occurring.

3 .09 . . . . .

p - It is readily apparent from studying the graph of Figure 5.1 that the most likely num-

- ’ i ber of crises is 0 or 1. In addition, we can see that the distribution is discrete in that no

probabilities are shown for values in between the whole-number crises.
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Minitab Histogram of Discrete
Distribution of Crises Data

Computing the Mean of the
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Mean, Variance, and Standard Deviation
of Discrete Distributions

What additional mechanisms can be used to describe discrete distributions besides depict-
ing them graphically? The measures of central tendency and measures of variability dis-
cussed in Chapter 3 for grouped data can be applied to discrete distributions to compute a
mean, a variance, and a standard deviation. Each of those three descriptive measures
(mean, variance, and standard deviation) is computed on grouped data by using the class
midpoint as the value to represent the data in the class interval. With discrete distributions,
using the class midpoint is not necessary because the discrete value of an outcome (0, 1, 2,
3,...) is used to represent itself. Thus, instead of using the value of the class midpoint (M)
in computing these descriptive measures for grouped data, the discrete experiment’s

Crises Data outcomes (x) are used. In computing these descriptive measures on grouped data, the
5 P(x) x+ P(x) frequency of each class interval is used to weight the class midpoint. With discrete distri-
. 37 00 bution analysis, the probability of each occurrence is used as the weight.
1 31 31
2 18 36 Mean or Expected Value
431 8491 iz The mean or expected value of a discrete distribution is the long-run average of occurrences.
. '01 '05 We must realize that any one trial using a discrete random variable yields only one out-
’ S[x- P9] = 1'15 come. However, if the process is repeated long enough, the average of the outcomes are
i 19; Cri;;s ' most likely to approach a long-run average, expected value, or mean value. This mean, or
R expected, value is computed as follows.
MEAN OR EXPECTED VALUE w=E(x) = S[x-P(x)]
OF A DISCRETE h
DISTRIBUTION where

E(x) =long-run average
X = an outcome
P(x) = probability of that outcome

As an example, let’s compute the mean or expected value of the distribution given in
Table 5.2. See Table 5.3 for the resulting values. In the long run, the mean or expected num-
ber of crises on a given Friday for this executive is 1.15 crises. Of course, the executive will
never have 1.15 crises.

Variance and Standard Deviation of a Discrete Distribution

The variance and standard deviation of a discrete distribution are solved for by using the out-
comes (x) and probabilities of outcomes [P(x)] in a manner similar to that of computing a
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. . x P(x) (x — p)? (x — p)*- P(x)
Calculation of Variance and 0 b7 (0—1.157%= 1.32 (1.32)(.37) = .49
Standard Deviation on Crises 5
Data 1 31 (1—-1.152= .02 (0.02)(.31) = .01
2 18 (2—-1.152= .72 0.72)(.18) = .13
3 .09 (3—1.15)0= 3.42 (3.42)(.09) = 31
4 .04 (4—1.152= 8.12 (8.12)(.04) = .32
5 01 (5—1.15)2 = 14.82 (14.82)(.01) = .15
Si(x — ) P(x)]=1.41
The variance of 0> = Z[(x — u)?* P(x)] = 1.41
The standard deviation is 0 = V 1.41 = 1.19 crises.
mean. In addition, the computations for variance and standard deviations use the mean of
the discrete distribution. The formula for computing the variance follows.
VARIANCE OF A DISCRETE o2 = 3[(x — p)? P(x)]
DISTRIBUTION
where
X = an outcome
P(x) = probability of a given outcome
= mean
The standard deviation is then computed by taking the square root of the variance.
DISCRETE DISTRIBUTION

DEMONSTRATION
PROBLEM 5.1

The variance and standard deviation of the crisis data in Table 5.2 are calculated and
shown in Table 5.4. The mean of the crisis data is 1.15 crises. The standard deviation is 1.19
crises, and the variance is 1.41.

During one holiday season, the Texas lottery played a game called the Stocking
Stuffer. With this game, total instant winnings of $34.8 million were available in
70 million $1 tickets, with ticket prizes ranging from $1 to $1,000. Shown here are the
various prizes and the probability of winning each prize. Use these data to compute
the expected value of the game, the variance of the game, and the standard deviation
of the game.

Prize (x) Probability P(x)
$1,000 .00002
100 .00063
20 .00400
10 .00601
4 .02403
2 .08877
1 .10479
0 77175
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Solution
The mean is computed as follows.
Prize (x) Probability P(x) x-P(x)
$1,000 .00002 .02000
100 .00063 .06300
20 .00400 .08000
10 .00601 .06010
4 .02403 .09612
2 .08877 17754
1 .10479 .10479
0 77175 .00000

2[x - P(x)] = .60155
u = E(x) = Z[x- P(x)] = .60155

The expected payoff for a $1 ticket in this game is 60.2 cents. If a person plays
the game for a long time, he or she could expect to average about 60 cents in win-
nings. In the long run, the participant will lose about $1.00 — .602 = .398, or about
40 cents a game. Of course, an individual will never win 60 cents in any one game.

Using this mean, p = .60155, the variance and standard deviation can be
computed as follows.

x P(x) (x — pn)? (x — p)?-P(x)
$1,000 .00002 998797.26190 19.97595
100 .00063 9880.05186 6.22443
20 .00400 376.29986 1.50520

10 .00601 88.33086 0.53087

4 .02403 11.54946 0.27753

2 .08877 1.95566 0.17360

1 10479 0.15876 0.01664

0 77175 0.36186 0.27927

Slix — w)?- P(x)] = 28.98349
0% = Sl(x — w)?- P(x)] = 28.98349
o= Vo?=V3lx - u? P(x)] = \/28.98349 = 5.38363

The variance is 28.98349 (dollars)? and the standard deviation is $5.38.

5.2 PROBLEMS 5.1 Determine the mean, the variance, and the standard deviation of the following
discrete distribution.
x P(x)
1 238
2 .290
3 177
4 .158
5 137

5.2 Determine the mean, the variance, and the standard deviation of the following
discrete distribution.

P(x)

.103
118
.246
229
138
.094
.071
.001

®

N O U W= O
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5.3 The following data are the result of a historical study of the number of flaws found in a
porcelain cup produced by a manufacturing firm. Use these data and the associated
probabilities to compute the expected number of flaws and the standard deviation of

flaws.
Flaws Probability
0 461
1 .285
2 129
3 .087
4 .038

5.4 Suppose 20% of the people in a city prefer Pepsi-Cola as their soft drink of choice. If
a random sample of six people is chosen, the number of Pepsi drinkers could range
from zero to six. Shown here are the possible numbers of Pepsi drinkers in a sample
of six people and the probability of that number of Pepsi drinkers occurring in the
sample. Use the data to determine the mean number of Pepsi drinkers in a sample of
six people in the city, and compute the standard deviation.

Number of Pepsi Drinkers Probability

0 262
1 393
2 .246
3 .082
4 .015
5 .002
6 .000

BINOMIAL DISTRIBUTION

Perhaps the most widely known of all discrete distributions is the binomial distribution.
The binomial distribution has been used for hundreds of years. Several assumptions
underlie the use of the binomial distribution:

ASSUMPTIONS OF THE
BINOMIAL DISTRIBUTION

The experiment involves 7 identical trials.
Each trial has only two possible outcomes denoted as success or as failure.
Each trial is independent of the previous trials.

The terms p and g remain constant throughout the experiment, where the term p
is the probability of getting a success on any one trial and the term g = (1 — p) is
the probability of getting a failure on any one trial.

As the word binomial indicates, any single trial of a binomial experiment contains
only two possible outcomes. These two outcomes are labeled success or failure. Usually the
outcome of interest to the researcher is labeled a success. For example, if a quality control
analyst is looking for defective products, he would consider finding a defective product a
success even though the company would not consider a defective product a success. If
researchers are studying left-handedness, the outcome of getting a left-handed person in
a trial of an experiment is a success. The other possible outcome of a trial in a binomial
experiment is called a failure. The word failure is used only in opposition to success. In the
preceding experiments, a failure could be to get an acceptable part (as opposed to a defec-
tive part) or to get a right-handed person (as opposed to a left-handed person). In a bino-
mial distribution experiment, any one trial can have only two possible, mutually exclusive
outcomes (right-handed/left-handed, defective/good, male/female, etc.).
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The binomial distribution is a discrete distribution. In 7 trials, only x successes are
possible, where x is a whole number between 0 and n. For example, if five parts are ran-
domly selected from a batch of parts, only 0, 1, 2, 3, 4, or 5 defective parts are possible in
that sample. In a sample of five parts, getting 2.714 defective parts is not possible, nor is
getting eight defective parts possible.

In a binomial experiment, the trials must be independent. This constraint means that
either the experiment is by nature one that produces independent trials (such as tossing
coins or rolling dice) or the experiment is conducted with replacement. The effect of the
independent trial requirement is that p, the probability of getting a success on one trial,
remains constant from trial to trial. For example, suppose 5% of all parts in a bin are
defective. The probability of drawing a defective part on the first draw is p=.05. If the first
part drawn is not replaced, the second draw is not independent of the first, and the p value
will change for the next draw. The binomial distribution does not allow for p to change
from trial to trial within an experiment. However, if the population is large in compari-
son with the sample size, the effect of sampling without replacement is minimal, and the
independence assumption essentially is met, that is, p remains relatively constant.

Generally, if the sample size, n, is less than 5% of the population, the independence
assumption is not of great concern. Therefore the acceptable sample size for using the
binomial distribution with samples taken without replacement is

n < 5%N
where
n = sample size
N = population size

For example, suppose 10% of the population of the world is left-handed and that a
sample of 20 people is selected randomly from the world’s population. If the first person
selected is left-handed—and the sampling is conducted without replacement—the value of
p = .10 is virtually unaffected because the population of the world is so large. In addition,
with many experiments the population is continually being replenished even as the sam-
pling is being done. This condition often is the case with quality control sampling of prod-
ucts from large production runs. Some examples of binomial distribution problems follow.

1. Suppose a machine producing computer chips has a 6% defective rate. If a company
purchases 30 of these chips, what is the probability that none is defective?

2. One ethics study suggested that 84% of U.S. companies have an ethics code.
From a random sample of 15 companies, what is the probability that at least
10 have an ethics code?

3. A survey found that nearly 67% of company buyers stated that their company
had programs for preferred buyers. If a random sample of 50 company buyers
is taken, what is the probability that 40 or more have companies with programs
for preferred buyers?

Solving a Binomial Problem

A survey of relocation administrators by Runzheimer International revealed several reasons
why workers reject relocation offers. Included in the list were family considerations, financial
reasons, and others. Four percent of the respondents said they rejected relocation offers because
they received too little relocation help. Suppose five workers who just rejected relocation offers
are randomly selected and interviewed. Assuming the 4% figure holds for all workers rejecting
relocation, what is the probability that the first worker interviewed rejected the offer because of
too little relocation help and the next four workers rejected the offer for other reasons?

Let T represent too little relocation help and R represent other reasons. The sequence
of interviews for this problem is as follows:

Ti, Ry, R, Ry, Ry

The probability of getting this sequence of workers is calculated by using the special
rule of multiplication for independent events (assuming the workers are independently
selected from a large population of workers). If 4% of the workers rejecting relocation
offers do so for too little relocation help, the probability of one person being randomly
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selected from workers rejecting relocation offers who does so for that reason is .04, which
is the value of p. The other 96% of the workers who reject relocation offers do so for other
reasons. Thus the probability of randomly selecting a worker from those who reject relo-
cation offers who does so for other reasons is 1 — .04 = .96, which is the value for g. The
probability of obtaining this sequence of five workers who have rejected relocation offers is

P(T,NR,NR;NR,NR;) = (.04)(.96)(.96)(.96)(.96) = .03397

Obviously, in the random selection of workers who rejected relocation offers, the worker
who did so because of too little relocation help could have been the second worker or the
third or the fourth or the fifth. All the possible sequences of getting one worker who rejected
relocation because of too little help and four workers who did so for other reasons follow.

Ti, Ry, R3, Ry, Rs
R;, T5, Rs, Ry, Rs
Ry, Ry, T3, Ry, Rs
Ry, Ry, Rs, Ty, Ry
Ry, Ry, R3, Ry, Ts
The probability of each of these sequences occurring is calculated as follows:

(.04)(.96)(.96)(.96)(.96) = .03397
(.96)(.04)(.96)(.96)(.96) = .03397
(.96)(.96)(.04)(.96)(.96) = .03397
(:96)(.96)(.96)(.04)(.96) = .03397
(.96)(.96)(.96)(.96)(.04) = .03397

Note that in each case the final probability is the same. Each of the five sequences con-
tains the product of .04 and four .96s. The commutative property of multiplication allows
for the reordering of the five individual probabilities in any one sequence. The probabili-
ties in each of the five sequences may be reordered and summarized as (.04)"' (.96)*. Each
sequence contains the same five probabilities, which makes recomputing the probability of
each sequence unnecessary. What is important is to determine how many different ways the
sequences can be formed and multiply that figure by the probability of one sequence occur-
ring. For the five sequences of this problem, the total probability of getting exactly one
worker who rejected relocation because of too little relocation help in a random sample of
five workers who rejected relocation offers is

5(.04)'(.96)* = .16987

An easier way to determine the number of sequences than by listing all possibilities is
to use combinations to calculate them. (The concept of combinations was introduced in
Chapter 4.) Five workers are being sampled, so n =5, and the problem is to get one worker
who rejected a relocation offer because of too little relocation help, x = 1. Hence ,C, will
yield the number of possible ways to get x successes in # trials. For this problem, ;C, tells
the number of sequences of possibilities.

5!
C = ———
oG -1

Weighting the probability of one sequence with the combination yields
sC,(.04)'(.96)* = .16987

Using combinations simplifies the determination of how many sequences are possible
for a given value of x in a binomial distribution.

As another example, suppose 70% of all Americans believe cleaning up the environ-
ment is an important issue. What is the probability of randomly sampling four Americans
and having exactly two of them say that they believe cleaning up the environment is an
important issue? Let E represent the success of getting a person who believes cleaning up
the environment is an important issue. For this example, p=.70. Let N represent the fail-
ure of not getting a person who believes cleaning up is an important issue (N denotes not
important). The probability of getting one of these persons is g = .30.
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The various sequences of getting two E’s in a sample of four follow.
Ep, Ep N3, Ny
E;, Ny, B3, Ny
E;, Ny, N3, Ey
Ny, Ey, E;, Ny
N, E;, N3, E,
N, Ny, Es, By
Two successes in a sample of four can occur six ways. Using combinations, the num-
ber of sequences is
4+C, = 6 ways
The probability of selecting any individual sequence is
(.70)*(.30)* = .0441

Thus the overall probability of getting exactly two people who believe cleaning up the
environment is important out of four randomly selected people, when 70% of Americans
believe cleaning up the environment is important, is

.C,(.70)%(.30)* = .2646

Generalizing from these two examples yields the binomial formula, which can be used
to solve binomial problems.

BINOMIAL FORMULA

!
P(x) = ,Cop™q"" = n; g
xl(n — x)!
where

n= the number of trials (or the number being sampled)

x = the number of successes desired

p = the probability of getting a success in one trial

q=1— p=the probability of getting a failure in one trial

DEMONSTRATION
PROBLEM 5.2

The binomial formula summarizes the steps presented so far to solve binomial prob-
lems. The formula allows the solution of these problems quickly and efficiently.

A Gallup survey found that 65% of all financial consumers were very satisfied with
their primary financial institution. Suppose that 25 financial consumers are sampled
and if the Gallup survey result still holds true today, what is the probability that
exactly 19 are very satisfied with their primary financial institution?

Solution

The value of p is .65 (very satisfied), the value of g=1—- p=1— .65 =.35 (not very
satisfied), n= 25, and x = 19. The binomial formula yields the final answer.

25Ci9(.65)19(.35)° = (177,100)(.00027884)(.00183827) = .0908

If 65% of all financial consumers are very satisfied, about 9.08% of the time the
researcher would get exactly 19 out of 25 financial consumers who are very satisfied
with their financial institution. How many very satisfied consumers would one expect to
get in 25 randomly selected financial consumers? If 65% of the financial consumers are
very satisfied with their primary financial institution, one would expect to get about 65%
of 25 or (.65)(25) = 16.25 very satisfied financial consumers. While in any individual sam-
ple of 25 the number of financial consumers who are very satisfied cannot be 16.25, busi-
ness researchers understand the x values near 16.25 are the most likely occurrences.
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According to the U.S. Census Bureau, approximately 6% of all workers in Jackson,
Mississippi, are unemployed. In conducting a random telephone survey in Jackson,
what is the probability of getting two or fewer unemployed workers in a sample of 20?

Solution

This problem must be worked as the union of three problems: (1) zero unemployed,
x=0; (2) one unemployed, x = 1; and (3) two unemployed, x= 2. In each problem,
p=.06, g=.94, and n=20. The binomial formula gives the following result.

x=0 x=1 x=2
20C0(.06)°(.94)%° + 20C1(.06)1(.94)"° + 20C,(.06)%(.94)18 =
.2901 + .3703 + .2246 =.8850

If 6% of the workers in Jackson, Mississippi, are unemployed, the telephone surveyor
would get zero, one, or two unemployed workers 88.5% of the time in a random sample
of 20 workers. The requirement of getting two or fewer is satisfied by getting zero, one,
or two unemployed workers. Thus this problem is the union of three probabilities.
Whenever the binomial formula is used to solve for cumulative success (not an exact
number), the probability of each x value must be solved and the probabilities summed. If
an actual survey produced such a result, it would serve to validate the census figures.

Using the Binomial Table

Anyone who works enough binomial problems will begin to recognize that the probability of
getting x=>5 successes from a sample size of n= 18 when p=.10 is the same no matter whether
the five successes are left-handed people, defective parts, brand X purchasers, or any other vari-
able. Whether the sample involves people, parts, or products does not matter in terms of the final
probabilities. The essence of the problem is the same: n=18, x=5, and p=.10. Recognizing this
fact, mathematicians constructed a set of binomial tables containing presolved probabilities.
Two parameters, n and p, describe or characterize a binomial distribution. Binomial
distributions actually are a family of distributions. Every different value of n and/or every
different value of p gives a different binomial distribution, and tables are available for
various combinations of # and p values. Because of space limitations, the binomial tables
presented in this text are limited. Table A.2 in Appendix A contains binomial tables. Each
table is headed by a value of n. Nine values of p are presented in each table of size n. In
the column below each value of p is the binomial distribution for that combination of n
and p. Table 5.5 contains a segment of Table A.2 with the binomial probabilities for n = 20.

Solve the binomial probability for n = 20, p = .40, and x = 10 by using Table A.2,
Appendix A.

Solution

To use Table A.2, first locate the value of n. Because n= 20 for this problem, the por-
tion of the binomial tables containing values for n= 20 presented in Table 5.5 can be
used. After locating the value of n, search horizontally across the top of the table for
the appropriate value of p. In this problem, p =.40. The column under .40 contains
the probabilities for the binomial distribution of n=20 and p =.40. To get the proba-
bility of x = 10, find the value of x in the leftmost column and locate the probability
in the table at the intersection of p=.40 and x= 10. The answer is .117. Working this
problem by the binomial formula yields the same result.

20C10(.40)10(.60)10 = 1 171
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Excerpt from Table A.2,
Appendix A

DEMONSTRATION
PROBLEM 5.5

n =20 Probability
x oll o2 oD 4 ) .6 v .8 89
0 122 .012 .001 .000 .000 .000 .000 .000 .000
1 270 .058 .007 .000 .000 .000 .000 .000 .000
2 .285 37 .028 .003 .000 .000 .000 .000 .000
3 .190 .205 .072 .012 .001 .000 .000 .000 .000
4 .090 218 130 .035 .005 .000 .000 .000 .000
5 .032 175 179 .075 .015 .001 .000 .000 .000
6 .009 .109 192 124 .037 .005 .000 .000 .000
7 .002 .055 164 .166 .074 .015 .001 .000 .000
8 .000 .022 114 .180 120 .035 .004 .000 .000
9 .000 .007 .065 .160 .160 .071 .012 .000 .000
10 .000 .002 .031 117 176 117 .031 .002 .000
11 .000 .000 .012 .071 .160 .160 .065 .007 .000
12 .000 .000 .004 .035 120 180 114 .022 .000
13 .000 .000 .001 .015 .074 166 164 .055 .002
14 .000 .000 .000 .005 .037 124 192 .109 .009
15 .000 .000 .000 .001 .015 .075 179 175 .032
16 .000 .000 .000 .000 .005 .035 130 218 .090
17 .000 .000 .000 .000 .001 .012 .072 .205 .190
18 .000 .000 .000 .000 .000 .003 .028 137 .285
19 .000 .000 .000 .000 .000 .000 .007 .058 270
20 .000 .000 .000 .000 .000 .000 .001 .012 122

According to Information Resources, which publishes data on market share for
various products, Oreos control about 10% of the market for cookie brands.
Suppose 20 purchasers of cookies are selected randomly from the population.
What is the probability that fewer than four purchasers choose Oreos?

Solution

For this problem, n =20, p=.10, and x < 4. Because n = 20, the portion of the bino-
mial tables presented in Table 5.5 can be used to work this problem. Search along the
row of p values for .10. Determining the probability of getting x <4 involves summing
the probabilities for x=0, 1, 2, and 3. The values appear in the x column at the inter-
section of each x value and p=.10.

x Value Probability
0 122

1 .270

2 .285

3 .190
(x < 4)=.867

If 10% of all cookie purchasers prefer Oreos and 20 cookie purchasers are randomly
selected, about 86.7% of the time fewer than four of the 20 will select Oreos.

Using the Computer to Produce
a Binomial Distribution

Both Excel and Minitab can be used to produce the probabilities for virtually any bino-
mial distribution. Such computer programs offer yet another option for solving bino-
mial problems besides using the binomial formula or the binomial tables. Actually, the
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computer packages in effect print out what would be a column of the binomial table.
The advantages of using statistical software packages for this purpose are convenience
(if the binomial tables are not readily available and a computer is) and the potential for
generating tables for many more values than those printed in the binomial tables.

For example, a study of bank customers stated that 64% of all financial consumers
believe banks are more competitive today than they were five years ago. Suppose 23 finan-
cial consumers are selected randomly and we want to determine the probabilities of vari-
ous x values occurring. Table A.2 in Appendix A could not be used because only nine
different p values are included and p = .64 is not one of those values. In addition, n=23 is
not included in the table. Without the computer, we are left with the binomial formula as
the only option for solving binomial problems for n =23 and p = .64. Particularly if the
cumulative probability questions are asked (for example, x =< 10), the binomial formula
can be a tedious way to solve the problem.

Shown in Table 5.6 is the Minitab output for the binomial distribution of n= 23 and
p = .64. With this computer output, a researcher could obtain or calculate the probability
of any occurrence within the binomial distribution of n =23 and p = .64. Table 5.7 con-
tains Minitab output for the particular binomial problem, P(x =< 10) when n= 23 and
p = .64, solved by using Minitab’s cumulative probability capability.

Shown in Table 5.8 is Excel output for all values of x that have probabilities greater
than .000001 for the binomial distribution discussed in Demonstration Problem 5.3 (1= 20,
p=.06) and the solution to the question posed in Demonstration Problem 5.3.

Mean and Standard Deviation of
a Binomial Distribution

A binomial distribution has an expected value or a long-run average, which is denoted by
. The value of u is determined by n- p. For example, if n=10 and p= 4,then u=n-p=
(10)(.4) = 4. The long-run average or expected value means that, if n items are sampled
over and over for a long time and if p is the probability of getting a success on one trial, the
average number of successes per sample is expected to be 7+ p. If 40% of all graduate busi-
ness students at a large university are women and if random samples of 10 graduate busi-
ness students are selected many times, the expectation is that, on average, four of the 10
students would be women.

X A X = X)
0 0. 000000
1 0. 000000
2 0. 000000
8 0. 000001
4 0. 000006
5 0. 000037
6 0. 000199
7 0. 000858
8 0. 003051
9 0. 009040
10 0. 022500
11 0.047273
12 0. 084041
13 0.126420
14 0. 160533
k5 0.171236
16 0. 152209
17 0.111421
18 0. 066027
19 0. 030890
20 0.010983
21 0. 002789
22 0. 000451
23 0. 000035
MEAN AND STANDARD
DEVIATION OF A BINOMIAL
DISTRIBUTION

p=np
o=Vupq

Minitab Output for the
Binomial Problem,
P(x = 10ln=23 and p= .64

Examining the mean of a binomial distribution gives an intuitive feeling about the likeli-
hood of a given outcome.

According to one study, 64% of all financial consumers believe banks are more com-
petitive today than they were five years ago. If 23 financial consumers are selected ran-
domly, what is the expected number who believe banks are more competitive today than
they were five years ago? This problem can be described by the binomial distribution of
n =23 and p = .64 given in Table 5.6. The mean of this binomial distribution yields the
expected value for this problem.

Cumulative Distribution Function

Binomal with n =23 and p = 0.64
X (X< X)
10 0. 0356916
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Excel Output for
Demonstration Problem 5.3
and the Binomial Distribution

of n=20, p=.06

Probabilities for Three
Binomial Distributions

with n=8
Probabilities for
x p=.20 p=.50 p=.80
0 .1678 .0039 .0000
1 .3355 .0312 .0001
2 .2936 .1094 .0011
3 .1468 2187 .0092
4 .0459 2734 .0459
5 .0092 2187 .1468
6 .0011 .1094 .2936
7 .0001 .0312 .3355
8 .0000 .0039 .1678

Prob(x)
0.2901
0.3703
0.2246  The probability x<2 when n =20 and p = .06 is .8850
0.0860
0.0233
0.0048
0.0008
0.0001
0.0000
0.0000

©WOWNOTDAWN = O X

w=n-p=23.64) = 14.72

In the long run, if 23 financial consumers are selected randomly over and over and if
indeed 64% of all financial consumers believe banks are more competitive today, then the
experiment should average 14.72 financial consumers out of 23 who believe banks are more
competitive today. Realize that because the binomial distribution is a discrete distribution
you will never actually get 14.72 people out of 23 who believe banks are more competitive
today. The mean of the distribution does reveal the relative likelihood of any indi-
vidual occurrence. Examine Table 5.6. Notice that the highest probabilities are those near
x=14.72: P(x=15) =.1712, P(x = 14) = .1605, and P(x = 16) = .1522. All other proba-
bilities for this distribution are less than these probabilities.

The standard deviation of a binomial distribution is denoted o and is equal to
Vn-p-q. The standard deviation for the financial consumer problem described by the
binomial distribution in Table 5.6 is

o= Vnp-q=V(23)(.64)(.36) = 2.30

Chapter 6 shows that some binomial distributions are nearly bell shaped and can be
approximated by using the normal curve. The mean and standard deviation of a bino-
mial distribution are the tools used to convert these binomial problems to normal curve
problems.

Graphing Binomial Distributions

The graph of a binomial distribution can be constructed by using all the possible x values
of a distribution and their associated probabilities. The x values usually are graphed along
the x-axis and the probabilities are graphed along the y-axis.

Table 5.9 lists the probabilities for three different binomial distributions: n =8 and
p=.20, n=8and p=.50, and n=8 and p = .80. Figure 5.2 displays Excel graphs for each
of these three binomial distributions. Observe how the shape of the distribution changes
as the value of p increases. For p = .50, the distribution is symmetrical. For p = .20 the
distribution is skewed right and for p = .80 the distribution is skewed left. This pattern
makes sense because the mean of the binomial distribution n= 8 and p = .50 is 4, which
is in the middle of the distribution. The mean of the distribution n= 8 and p=.20is 1.6,
which results in the highest probabilities being near x = 2 and x = 1. This graph peaks
early and stretches toward the higher values of x. The mean of the distribution n= 8 and
p=.80is 6.4, which results in the highest probabilities being near x= 6 and x=7. Thus
the peak of the distribution is nearer to 8 than to 0 and the distribution stretches back
toward x= 0.

In any binomial distribution the largest x value that can occur is n and the smallest
value is zero. Thus the graph of any binomial distribution is constrained by zero and . If
the p value of the distribution is not .50, this constraint will result in the graph “piling up”
at one end and being skewed at the other end.
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Excel Graphs of Three
Binomial Distributions
with n=8

DEMONSTRATION
PROBLEM 5.6

Binomial Distribution: # = 8 and p = .20

0.4 —
0.35 —
0.3 —
0.25 —
0.2 —
0.15 —
0.1 —
0.05 —

Probability

x Values

Binomial Distribution: 7 = 8 and p = .50
0.3 7

0.25
0.2 —

0.15

Probability

0.1

0.05

X Values

Binomial Distribution: # = 8 and p = .80
0.4

0.35 —
0.3
0.25 —
0.2
0.15 —

Probability

0.1
0.05 —

x Values

A manufacturing company produces 10,000 plastic mugs per week. This company
supplies mugs to another company, which packages the mugs as part of picnic sets.
The second company randomly samples 10 mugs sent from the supplier. If two or
fewer of the sampled mugs are defective, the second company accepts the lot. What
is the probability that the lot will be accepted if the mug manufacturing company
actually is producing mugs that are 10% defective? 20% defective? 30% defective?
40% defective?
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Solution

In this series of binomial problems, n= 10, x = 2, and p ranges from.10 t0.40. From
Table A.2—and cumulating the values—we have the following probability of x = 2
for each p value and the expected value (u = n- p).

Lot Accepted Expected Number

P Pix < 2) of Defects (u)
.10 .930 1.0
.20 .677 2.0
.30 .382 3.0
.40 .167 4.0

These values indicate that if the manufacturing company is producing 10% defec-
tive mugs, the probability is relatively high (.930) that the lot will be accepted by
chance. For higher values of p, the probability of lot acceptance by chance decreases.
In addition, as p increases, the expected value moves away from the acceptable values,
x = 2. This move reduces the chances of lot acceptance.

STATISTICS IN BUSINESS TODAY

Plastic Bags vs. Bringing Your Own in Japan

In a move to protect and improve the environment, govern-
ments and companies around the world are making an
effort to reduce the use of plastic bags by shoppers for trans-
porting purchased food and goods. Specifically, in Yamagata
City in northern Japan, the city concluded an agreement
with seven local food supermarket chains to reduce plastic
bag use in May of 2008 by having them agree to charge for
the use of such bags. Before the agreement, in April of 2008,
the average percentage of shoppers bringing their own

shopping bags was about 35%. By the end of June, with
some of the supermarket chains participating, the percent-
age had risen to almost 46%. However, by August, when 39
stores of the nine supermarket chains (two other chains
joined the agreement) were charging for the use of plastic
bags, the percentage rose to nearly 90%. It is estimated that
the reduction of carbon dioxide emissions by this initiative
is about 225 tons during July and August alone.

Source: http://www.japanfs.org/en/pages/028631.html

5.3 PROBLEMS

5.5 Solve the following problems by using the binomial formula.
a. If n=4and p=.10, find P(x = 3).
b. If n=7 and p= .80, find P(x=4).
c. If n=10and p=.60, find P(x = 7).
d. If n=12and p= 45,find P(5 = x = 7).
5.6 Solve the following problems by using the binomial tables (Table A.2).
If n=20 and p= .50, find P(x=12).
If n=20 and p=.30, find P(x > 8).
If n=20 and p=.70, find P(x < 12).
. If n=20and p=.90, find P(x = 16).
Ifn=15and p= .40, find P(4 = x = 9).
If n=10 and p= .60, find P(x = 7).

™o AN g

5.7 Solve for the mean and standard deviation of the following binomial distributions.
a. n=20and p=.70
b. n=70and p=.35
c¢. n=100and p=.50
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Use the probability tables in Table A.2 and sketch the graph of each of the
following binomial distributions. Note on the graph where the mean of the
distribution falls.

a. n=6and p=.70

b. n=20and p=.50

c. n=8and p=.80

What is the first big change that American drivers made due to higher gas prices?
According to an Access America survey, 30% said that it was cutting recreational
driving. However, 27% said that it was consolidating or reducing errands. If these
figures are true for all American drivers, and if 20 such drivers are randomly sampled
and asked what is the first big change they made due to higher gas prices,

a. What is the probability that exactly 8 said that it was consolidating or reducing
errands?

b. What is the probability that none of them said that it was cutting recreational
driving?

c. What is the probability that more than 7 said that it was cutting recreational
driving?

The Wall Street Journal reported some interesting statistics on the job market. One
statistic is that 40% of all workers say they would change jobs for “slightly higher
pay.” In addition, 88% of companies say that there is a shortage of qualified job
candidates. Suppose 16 workers are randomly selected and asked if they would change
jobs for “slightly higher pay.”

a. What is the probability that nine or more say yes?

b. What is the probability that three, four, five, or six say yes?

c. If 13 companies are contacted, what is the probability that exactly 10 say there is a
shortage of qualified job candidates?

d. If 13 companies are contacted, what is the probability that all of the companies
say there is a shortage of qualified job candidates?

e. If 13 companies are contacted, what is the expected number of companies that
would say there is a shortage of qualified job candidates?

An increasing number of consumers believe they have to look out for themselves
in the marketplace. According to a survey conducted by the Yankelovich Partners
for USA WEEKEND magazine, 60% of all consumers have called an 800 or

900 telephone number for information about some product. Suppose a random

sample of 25 consumers is contacted and interviewed about their buying
habits.

a. What is the probability that 15 or more of these consumers have called an 800 or
900 telephone number for information about some product?

b. What is the probability that more than 20 of these consumers have called an 800
or 900 telephone number for information about some product?

c. What is the probability that fewer than 10 of these consumers have called an 800
or 900 telephone number for information about some product?

Studies have shown that about half of all workers who change jobs cash out

their 401(k) plans rather than leaving the money in the account to grow. The
percentage is much higher for workers with small 401 (k) balances. In fact, 87% of
workers with 401(k) accounts less than $5,000 opt to take their balance in cash
rather than roll it over into individual retirement accounts when they change
jobs.

a. Assuming that 50% of all workers who change jobs cash out their 401(k) plans, if
16 workers who have recently changed jobs that had 401(k) plans are randomly
sampled, what is the probability that more than 10 of them cashed out their
401(k) plan?
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b. If 10 workers who have recently changed jobs and had 401 (k) plans with accounts
less than $5,000 are randomly sampled, what is the probability that exactly 6 of
them cashed out?

In the past few years, outsourcing overseas has become more frequently used than
ever before by U.S. companies. However, outsourcing is not without problems. A
recent survey by Purchasing indicates that 20% of the companies that outsource
overseas use a consultant. Suppose 15 companies that outsource overseas are
randomly selected.

a. What is the probability that exactly five companies that outsource overseas use a
consultant?

b. What is the probability that more than nine companies that outsource overseas
use a consultant?

c. What is the probability that none of the companies that outsource overseas use a
consultant?

d. What is the probability that between four and seven (inclusive) companies that
outsource overseas use a consultant?

e. Construct a graph for this binomial distribution. In light of the graph and the
expected value, explain why the probability results from parts (a) through
(d) were obtained.

According to Cerulli Associates of Boston, 30% of all CPA financial advisors have an
average client size between $500,000 and $1 million. Thirty-four percent have an
average client size between $1 million and $5 million. Suppose a complete list of all
CPA financial advisors is available and 18 are randomly selected from that list.

a. What is the expected number of CPA financial advisors that have an average client
size between $500,000 and $1 million? What is the expected number with an
average client size between $1 million and $5 million?

b. What is the probability that at least eight CPA financial advisors have an average
client size between $500,000 and $1 million?

c. What is the probability that two, three, or four CPA financial advisors have an
average client size between $1 million and $5 million?

d. What is the probability that none of the CPA financial advisors have an average
client size between $500,000 and $1 million? What is the probability that none
have an average client size between $1 million and $5 million? Which probability
is higher and why?

BUTION

Poisson distribution is another discrete distribution. It is named after Simeon-Denis

Poisson (1781-1840), a French mathematician, who published its essentials in a paper in

1837. The Poisson distribution and the binomial distribution have some similar-
ities but also several differences. The binomial distribution describes a distribu-
tion of two possible outcomes designated as successes and failures from a given
number of trials. The Poisson distribution focuses only on the number of discrete

occurrences over some interval or continuum. A Poisson experiment does not have a given
number of trials (1) as a binomial experiment does. For example, whereas a binomial
experiment might be used to determine how many U.S.-made cars are in a random sam-
ple of 20 cars, a Poisson experiment might focus on the number of cars randomly arriv-
ing at an automobile repair facility during a 10-minute interval.

The Poisson distribution describes the occurrence of rare events. In fact, the Poisson

formula has been referred to as the law of improbable events. For example, serious accidents
at a chemical plant are rare, and the number per month might be described by the Poisson
distribution. The Poisson distribution often is used to describe the number of random
arrivals per some time interval. If the number of arrivals per interval is too frequent, the
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time interval can be reduced enough so that a rare number of occurrences is expected.
Another example of a Poisson distribution is the number of random customer arrivals per
five-minute interval at a small boutique on weekday mornings.

The Poisson distribution also has an application in the field of management science.
The models used in queuing theory (theory of waiting lines) usually are based on the
assumption that the Poisson distribution is the proper distribution to describe random
arrival rates over a period of time.

The Poisson distribution has the following characteristics:

It is a discrete distribution.

It describes rare events.

Each occurrence is independent of the other occurrences.

It describes discrete occurrences over a continuum or interval.

The occurrences in each interval can range from zero to infinity.

The expected number of occurrences must hold constant throughout the experiment.

Examples of Poisson-type situations include the following:

1. Number of telephone calls per minute at a small business
2. Number of hazardous waste sites per county in the United States

3. Number of arrivals at a turnpike tollbooth per minute between 3 A.M. and 4 A.M.
in January on the Kansas Turnpike

4. Number of sewing flaws per pair of jeans during production
5. Number of times a tire blows on a commercial airplane per week

Each of these examples represents a rare occurrence of events for some interval. Note
that, although time is a more common interval for the Poisson distribution, intervals can
range from a county in the United States to a pair of jeans. Some of the intervals in these
examples might have zero occurrences. Moreover, the average occurrence per interval for
many of these examples is probably in the single digits (1-9).

If a Poisson-distributed phenomenon is studied over a long period of time, a long-run
average can be determined. This average is denoted lambda (A). Each Poisson problem con-
tains a lambda value from which the probabilities of particular occurrences are determined.
Although n and p are required to describe a binomial distribution, a Poisson distribution
can be described by A alone. The Poisson formula is used to compute the probability of
occurrences over an interval for a given lambda value.

POISSON FORMULA

X,—A
P(x) — A'e
x!
where
x=0,1,2,3,...
A =long-run average
e =2.718282

Here, x is the number of occurrences per interval for which the probability is being
computed, A is the long-run average, and e = 2.718282 is the base of natural logarithms.

A word of caution about using the Poisson distribution to study various phenomena
is necessary. The A value must hold constant throughout a Poisson experiment. The
researcher must be careful not to apply a given lambda to intervals for which lambda
changes. For example, the average number of customers arriving at a Sears store during a
one-minute interval will vary from hour to hour, day to day, and month to month.
Different times of the day or week might produce different lambdas. The number of flaws
per pair of jeans might vary from Monday to Friday. The researcher should be specific in
describing the interval for which A is being used.
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DEMONSTRATION
PROBLEM 5.7

DEMONSTRATION
PROBLEM 5.8

Working Poisson Problems by Formula

Suppose bank customers arrive randomly on weekday afternoons at an average of 3.2
customers every 4 minutes. What is the probability of exactly 5 customers arriving in a
4-minute interval on a weekday afternoon? The lambda for this problem is 3.2 customers
per 4 minutes. The value of xis 5 customers per 4 minutes. The probability of 5 customers
randomly arriving during a 4-minute interval when the long-run average has been 3.2
customers per 4-minute interval is

(3.2%) (e *?) _ (335.54)(.0408) C
5 120

If a bank averages 3.2 customers every 4 minutes, the probability of 5 customers arriving
during any one 4-minute interval is .1141.

Bank customers arrive randomly on weekday afternoons at an average of 3.2 cus-
tomers every 4 minutes. What is the probability of having more than 7 customers in
a 4-minute interval on a weekday afternoon?

Solution
A = 3.2 customers/minutes
x > 7 customers/4 minutes
In theory, the solution requires obtaining the values of x=8, 9, 10, 11, 12, 13, 14,
. 0o. In actuality, each x value is determined until the values are so far away from

A = 3.2 that the probabilities approach zero. The exact probabilities are then summed
to find x > 7.

8 —3.2

P(x = 8|\ = 3.2) = (3'2;# - 0111
9 —3.2

Pix =9\ = 3.2) = (3'2;# — .0040
_210 —3.2

Pix = 10|\ = 3.2) = % - 0013
1 —3.2

P(x = 11| = 3.2) = % — 0004
12 —3.2

P(x = 12|\ = 3.2) = % —~ 0001
_213 —3.2

Pix = 13|\ = 3.2) = % — .0000

P(x >7) = P(x = 8) =.0169

If the bank has been averaging 3.2 customers every 4 minutes on weekday
afternoons, it is unlikely that more than 7 people would randomly arrive in any one
4-minute period. This answer indicates that more than 7 people would randomly
arrive in a 4-minute period only 1.69% of the time. Bank officers could use these
results to help them make staffing decisions.

A bank has an average random arrival rate of 3.2 customers every 4 minutes. What
is the probability of getting exactly 10 customers during an 8-minute interval?



Poisson Table for A= 1.6

x Probability
0 2019
1 .3230
2 .2584
3 1378
4 .0551
5 .0176
6 .0047
7 .0011
8 .0002
9 .0000

DEMONSTRATION
PROBLEM 5.9
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Solution
A = 3.2 customers/4 minutes
x = 10 customers/8 minutes

This example is different from the first two Poisson examples in that the intervals
for lambda and the sample are different. The intervals must be the same in order to
use A and x together in the probability formula. The right way to approach this
dilemma is to adjust the interval for lambda so that it and x have the same interval.
The interval for x is 8 minutes, so lambda should be adjusted to an 8-minute interval.
Logically, if the bank averages 3.2 customers every 4 minutes, it should average
twice as many, or 6.4 customers, every 8 minutes. If x were for a 2-minute interval,
the value of lambda would be halved from 3.2 to 1.6 customers per 2-minute inter-
val. The wrong approach to this dilemma is to equalize the intervals by changing the
x value. Never adjust or change x in a problem. Just because 10 customers arrive in
one 8-minute interval does not mean that there would necessarily have been five cus-
tomers in a 4-minute interval. There is no guarantee how the 10 customers are spread
over the 8-minute interval. Always adjust the lambda value. After lambda has been
adjusted for an 8-minute interval, the solution is

A = 6.4 customers/8 minutes
x = 10 customers/8 minutes

(6.4)10976.4

101 = .0528

Using the Poisson Tables

Every value of lambda determines a different Poisson distribution. Regardless of the nature
of the interval associated with a lambda, the Poisson distribution for a particular lambda is
the same. Table A.3, Appendix A, contains the Poisson distributions for selected values of
lambda. Probabilities are displayed in the table for each x value associated with a given
lambda if the probability has a nonzero value to four decimal places. Table 5.10 presents a
portion of Table A.3 that contains the probabilities of x = 9 if lambda is 1.6.

If a real estate office sells 1.6 houses on an average weekday and sales of houses on
weekdays are Poisson distributed, what is the probability of selling exactly 4 houses in
one day? What is the probability of selling no houses in one day? What is the probabil-
ity of selling more than five houses in a day? What is the probability of selling 10 or
more houses in a day? What is the probability of selling exactly 4 houses in two days?

Solution
A = 1.6 houses/day
P(x=4|A=16) =7

Table 5.10 gives the probabilities for A = 1.6. The left column contains the x val-
ues. The line x = 4 yields the probability .0551. If a real estate firm has been averag-
ing 1.6 houses sold per day, only 5.51% of the days would it sell exactly 4 houses and
still maintain the lambda value. Line 1 of Table 5.10 shows the probability of selling
no houses in a day (.2019). That is, on 20.19% of the days, the firm would sell no
houses if sales are Poisson distributed with A = 1.6 houses per day. Table 5.10 is not
cumulative. To determine P(x > 5), more than 5 houses, find the probabilities of x=6,
x=7,x=8,x=9,...x=7. However, at x=9, the probability to four decimal places
is zero, and Table 5.10 stops when an x value zeros out at four decimal places. The
answer for x > 5 follows.
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X Probability

6 .0047

7 .0011

8 .0002

9 0000
x>5= .0060

What is the probability of selling 10 or more houses in one day? As the table zeros
out at x =9, the probability of x = 10 is essentially .0000—that is, if the real estate
office has been averaging only 1.6 houses sold per day, it is virtually impossible to sell
10 or more houses in a day. What is the probability of selling exactly 4 houses in two
days? In this case, the interval has been changed from one day to two days. Lambda
is for one day, so an adjustment must be made: A lambda of 1.6 for one day converts
to a lambda of 3.2 for two days. Table 5.10 no longer applies, so Table A.3 must be
used to solve this problem. The answer is found by looking up A = 3.2 and x= 4 in
Table A.3: the probability is .1781.

Mean and Standard Deviation of
a Poisson Distribution

The mean or expected value of a Poisson distribution is A. It is the long-run average of occur-
rences for an interval if many random samples are taken. Lambda usually is not a whole num-
ber, so most of the time actually observing lambda occurrences in an interval is impossible.

For example, suppose A = 6.5/interval for some Poisson-distributed phenomenon. The
resulting numbers of x occurrences in 20 different random samples from a Poisson distri-
bution with A = 6.5 might be as follows.

6 9 7 4 8 7 6 6 10 6 55 8 4 5 8 5 4 9 10

Computing the mean number of occurrences from this group of 20 intervals gives 6.6.
In theory, for infinite sampling the long-run average is 6.5. Note from the samples that,
when A is 6.5, several 5s and 6s occur. Rarely would sample occurrences of 1, 2, 3, 11, 12,

STATISTICS IN BUSINESS TODAY

Air Passengers’ Complaints Within the top 10 largest U.S. airlines, U.S. Airways had
the highest average number of complaints logged against
it —2.11 complaints per 100,000 passengers.

Because these average numbers are relatively small, it
appears that the actual number of complaints per 100,000
is rare and may follow a Poisson distribution. In this case,
A represents the average number of complaints and the
interval is 100,000 passengers. For example, using A = 1.21
complaints (average for all airlines), if 100,000 boarded
passengers were contacted, the probability that exactly
three of them logged a complaint to the Department of

In recent months, airline passengers have expressed much
more dissatisfaction with airline service than ever before.
Complaints include flight delays, lost baggage, long run-
way delays with little or no onboard service, overbooked
flights, cramped space due to fuller flights, canceled
flights, and grumpy airline employees. A majority of dis-
satisfied fliers merely grin and bear it. However, an
increasing number of passengers log complaints with the
U.S. Department of Transportation. In the mid-1990s, the
average number of complaints per 100,000 passengers

boarded was .66. In ensuing years, the average rose to .74,
.86, 1.08, and 1.21.

In a recent year, according to the Department of
Transportation, Southwest Airlines had the fewest average
number of complaints per 100,000 with .27, followed by
Expressjet Airlines with .44, Alaska Airlines with .50,
SkyWest Airlines with .53, and Frontier Airlines with .82.

Transportation could be computed as

(121)Pe 2
3!

= .0880

That is, if 100,000 boarded passengers were contacted
over and over, 8.80% of the time exactly three would have
logged complaints with the Department of Transportation.
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Minitab Graph of the Poisson
Distribution for A = 1.6
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13, ... occur when A = 6.5. Understanding the mean of a Poisson distribution gives a feel

for the actual occurrences that are likely to happen.

The variance of a Poisson distribution also is A. The standard deviation is V/A.
Combining the standard deviation with Chebyshev’s theorem indicates the spread or disper-
sion of a Poisson distribution. For example, if A = 6.5, the variance also is 6.5, and the
standard deviation is 2.55. Chebyshev’s theorem states that at least 1 — 1/k* values are within
k standard deviations of the mean. The interval u + 20 contains at least 1 — (1/2%) = .75
of the values. For w = A = 6.5 and o = 2.55, 75% of the values should be within the
6.5 £ 2(2.55) =6.5 £ 5.1 range. That is, the range from 1.4 to 11.6 should include at least
75% of all the values. An examination of the 20 values randomly generated for a Poisson dis-
tribution with A = 6.5 shows that actually 100% of the values are within this range.

Graphing Poisson Distributions

The values in Table A.3, Appendix A, can be used to graph a Poisson distribution. The x
values are on the x-axis and the probabilities are on the y-axis. Figure 5.3 is a Minitab graph
for the distribution of values for A = 1.6.

The graph reveals a Poisson distribution skewed to the right. With a mean of 1.6 and
a possible range of x from zero to infinity, the values obviously will “pile up” at 0 and 1.
Consider, however, the Minitab graph of the Poisson distribution for A = 6.5 in Figure 5.4.
Note that with A = 6.5, the probabilities are greatest for the values of 5, 6, 7, and 8. The
graph has less skewness, because the probability of occurrence of values near zero is small,
as are the probabilities of large values of x.

Using the Computer to Generate
Poisson Distributions

Using the Poisson formula to compute probabilities can be tedious when one is working
problems with cumulative probabilities. The Poisson tables in Table A.3, Appendix A, are
faster to use than the Poisson formula. However, Poisson tables are limited by the amount

Minitab Graph of the Poisson
Distribution for A = 6.5
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Minitab Output for the Poisson
Distribution A = 1.9

Excel Output for the Poisson
Distribution A =1.6

O© O NO o WN = O Xx

Probability
0.2019
0.3230
0.2584
0.1378
0.0551
0.0176
0.0047
0.0011
0.0002
0.0000
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Poi sson with nean = 1.9
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0. 149569
. 284180
. 269971
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. 009773
. 002653
. 000630
. 000133
. 000025

x
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of space available, and Table A.3 only includes probability values for Poisson distributions
with lambda values to the tenths place in most cases. For researchers who want to use
lambda values with more precision or who feel that the computer is more convenient than
textbook tables, some statistical computer software packages are an attractive option.

Minitab will produce a Poisson distribution for virtually any value of lambda. For
example, one study by the National Center for Health Statistics claims that, on average, an
American has 1.9 acute illnesses or injuries per year. If these cases are Poisson distributed,
lambda is 1.9 per year. What does the Poisson probability distribution for this lambda look
like? Table 5.11 contains the Minitab computer output for this distribution.

Excel can also generate probabilities of different values of x for any Poisson distribu-
tion. Table 5.12 displays the probabilities produced by Excel for the real estate problem
from Demonstration Problem 5.9 using a lambda of 1.6.

Approximating Binomial Problems by
the Poisson Distribution

Certain types of binomial distribution problems can be approximated by using the Poisson
distribution. Binomial problems with large sample sizes and small values of p, which then
generate rare events, are potential candidates for use of the Poisson distribution. As a rule
of thumb, if n > 20 and n- p = 7, the approximation is close enough to use the Poisson
distribution for binomial problems.

If these conditions are met and the binomial problem is a candidate for this process, the
procedure begins with computation of the mean of the binomial distribution, u = n- p.
Because w is the expected value of the binomial, it translates to the expected value, A, of the
Poisson distribution. Using w as the A value and using the x value of the binomial problem
allows approximation of the probability from a Poisson table or by the Poisson formula.

Large values of n and small values of p usually are not included in binomial distribution
tables thereby precluding the use of binomial computational techniques. Using the Poisson
distribution as an approximation to such a binomial problem in such cases is an attractive
alternative; and indeed, when a computer is not available, it can be the only alternative.

As an example, the following binomial distribution problem can be worked by
using the Poisson distribution: n = 50 and p = .03. What is the probability that x = 4?
That is, P(x=4|n=50 and p=.03) =2

To solve this equation, first determine lambda:

A=p=np=(50)(03) =15

As n > 20and n-p = 7, this problem is a candidate for the Poisson approximation.
For x = 4, Table A.3 yields a probability 0f.0471 for the Poisson approximation. For com-
parison, working the problem by using the binomial formula yields the following results:

50C,(.03)*(.97)* = .0459
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The Poisson approximation is .0012 different from the result obtained by using the
binomial formula to work the problem.
A Minitab graph of this binomial distribution follows.
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With A = 1.5, the Poisson distribution can be generated. A Minitab graph of this
Poisson distribution follows.
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In comparing the two graphs, it is difficult to tell the difference between the binomial
distribution and the Poisson distribution because the approximation of the binomial dis-
tribution by the Poisson distribution is close.

DEMONSTRATION
PROBLEM 5.10
Suppose the probability of a bank making a mistake in processing a deposit is .0003.

If 10,000 deposits (n) are audited, what is the probability that more than 6 mistakes
were made in processing deposits?

Solution
A =pu = n-p=(10,000)(.0003) = 3.0

Because n > 20 and n- p = 7, the Poisson approximation is close enough to ana-
lyze x > 6. Table A.3 yields the following probabilities for A =3.0 and x = 7.

A=3.0

X Probability
7 .0216

8 .0081

9 .0027

10 .0008
11 .0002
12 0001
x > 6=.0335

To work this problem by using the binomial formula requires starting with x=17.

10,000 C,(.0003)7(.9997)%9%2
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5.4 PROBLEMS

This process would continue for x values of 8, 9, 10, 11, . . ., until the probabili-

ties approach zero. Obviously, this process is impractical, making the Poisson
approximation an attractive alternative.

5.15

5.16

5.17

5.18

5.19

Find the following values by using the Poisson formula.
a. P(x = 5|A = 2.3)

b. P(x = 2|A = 3.9)

c. P(x=3|A=41)

d. P(x = 0|A = 2.7)

e. P(x =1|A = 5.4)

f. P(4 <x<38|A=44)

Find the following values by using the Poisson tables in Appendix A.

P(x = 6|1 = 3.8)
P(x > 7|\ = 2.9)
P(3=x=9|\=42)
. P(x = 0|A = 1.9)
P(x = 6|]A = 2.9)
P(5 < x < 8|\ = 5.7)

me a0 oo

Sketch the graphs of the following Poisson distributions. Compute the mean and
standard deviation for each distribution. Locate the mean on the graph. Note how
the probabilities are graphed around the mean.

a. A=63
b. A=13
c. A=89
d. A=0.6
On Monday mornings, the First National Bank only has one teller window open for

deposits and withdrawals. Experience has shown that the average number of arriving
customers in a four-minute interval on Monday mornings is 2.8, and each teller can
serve more than that number efficiently. These random arrivals at this bank on
Monday mornings are Poisson distributed.

a. What is the probability that on a Monday morning exactly six customers will
arrive in a four-minute interval?

b. What is the probability that no one will arrive at the bank to make a deposit or
withdrawal during a four-minute interval?

c. Suppose the teller can serve no more than four customers in any four-minute
interval at this window on a Monday morning. What is the probability that, dur-
ing any given four-minute interval, the teller will be unable to meet the demand?
What is the probability that the teller will be able to meet the demand? When
demand cannot be met during any given interval, a second window is opened.
What percentage of the time will a second window have to be opened?

d. What is the probability that exactly three people will arrive at the bank during a
two-minute period on Monday mornings to make a deposit or a withdrawal?
What is the probability that five or more customers will arrive during an eight-
minute period?

A restaurant manager is interested in taking a more statistical approach to predicting
customer load. She begins the process by gathering data. One of the restaurant hosts
or hostesses is assigned to count customers every five minutes from 7 .M. until 8 p.m.
every Saturday night for three weeks. The data are shown here. After the data are
gathered, the manager computes lambda using the data from all three weeks as one



5.20

5.21

5.22

Problems 163

data set as a basis for probability analysis. What value of lambda did she find?
Assume that these customers randomly arrive and that the arrivals are Poisson
distributed. Use the value of lambda computed by the manager and help the manager
calculate the probabilities in parts (a) through (e) for any given five-minute interval
between 7 p.M. and 8 p.M. on Saturday night.

Number of Arrivals
Week 1 Week 2 Week 3

W WO = Ul = WO O W
B U N R TN O RN~
W = 00 W I U WU WU

a. What is the probability that no customers arrive during any given five-minute
interval?

b. What is the probability that six or more customers arrive during any given
five-minute interval?

c. What is the probability that during a 10-minute interval fewer than four
customers arrive?

d. What is the probability that between three and six (inclusive) customers arrive in
any 10-minute interval?

e. What is the probability that exactly eight customers arrive in any 15-minute interval?
According to the United National Environmental Program and World Health
Organization, in Mumbai, India, air pollution standards for particulate matter are
exceeded an average of 5.6 days in every three-week period. Assume that the

distribution of number of days exceeding the standards per three-week period is
Poisson distributed.

a. What is the probability that the standard is not exceeded on any day during a
three-week period?

b. What is the probability that the standard is exceeded exactly six days of a
three-week period?

c. What is the probability that the standard is exceeded 15 or more days during a
three-week period? If this outcome actually occurred, what might you conclude?

The average number of annual trips per family to amusement parks in the United
States is Poisson distributed, with a mean of 0.6 trips per year. What is the probability
of randomly selecting an American family and finding the following?

a. The family did not make a trip to an amusement park last year.

b. The family took exactly one trip to an amusement park last year.

c. The family took two or more trips to amusement parks last year.

d. The family took three or fewer trips to amusement parks over a three-year period.
e. The family took exactly four trips to amusement parks during a six-year period.
Ship collisions in the Houston Ship Channel are rare. Suppose the number of
collisions are Poisson distributed, with a mean of 1.2 collisions every four months.

a. What is the probability of having no collisions occur over a four-month period?
b. What is the probability of having exactly two collisions in a two-month period?
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c. What is the probability of having one or fewer collisions in a six-month period? If
this outcome occurred, what might you conclude about ship channel conditions
during this period? What might you conclude about ship channel safety awareness
during this period? What might you conclude about weather conditions during
this period? What might you conclude about lambda?

5.23 A pen company averages 1.2 defective pens per carton produced (200 pens). The
number of defects per carton is Poisson distributed.

a. What is the probability of selecting a carton and finding no defective pens?
b. What is the probability of finding eight or more defective pens in a carton?
c. Suppose a purchaser of these pens will quit buying from the company if a carton

contains more than three defective pens. What is the probability that a carton
contains more than three defective pens?

5.24 A medical researcher estimates that .00004 of the population has a rare blood
disorder. If the researcher randomly selects 100,000 people from the population,

a. What is the probability that seven or more people will have the rare blood disorder?
b. What is the probability that more than 10 people will have the rare blood disorder?

c. Suppose the researcher gets more than 10 people who have the rare blood
disorder in the sample of 100,000 but that the sample was taken from a particular
geographic region. What might the researcher conclude from the results?

5.25 A data firm records a large amount of data. Historically, .9% of the pages of data
recorded by the firm contain errors. If 200 pages of data are randomly selected,

a. What is the probability that six or more pages contain errors?

b. What is the probability that more than 10 pages contain errors?
c. What is the probability that none of the pages contain errors?

d. What is the probability that fewer than five pages contain errors?

5.26 A high percentage of people who fracture or dislocate a bone see a doctor for that
condition. Suppose the percentage is 99%. Consider a sample in which 300 people
are randomly selected who have fractured or dislocated a bone.

a. What is the probability that exactly five of them did not see a doctor?
b. What is the probability that fewer than four of them did not see a doctor?

c. What is the expected number of people who would not see a doctor?

A HYPERGEOMETRIC DISTRIBUTION

Another discrete statistical distribution is the hypergeometric distribution. Statisticians
often use the hypergeometric distribution to complement the types of analyses that can
be made by using the binomial distribution. Recall that the binomial distribution applies,
in theory, only to experiments in which the trials are done with replacement (independent
events). The hypergeometric distribution applies only to experiments in which the trials
are done without replacement.

The hypergeometric distribution, like the binomial distribution, consists of two possi-
ble outcomes: success and failure. However, the user must know the size of the population
and the proportion of successes and failures in the population to apply the hypergeomet-
ric distribution. In other words, because the hypergeometric distribution is used when
sampling is done without replacement, information about population makeup must be
known in order to redetermine the probability of a success in each successive trial as the
probability changes.

The hypergeometric distribution has the following characteristics:

It is discrete distribution.
Each outcome consists of either a success or a failure.
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Sampling is done without replacement.
The population, N, is finite and known.
The number of successes in the population, A, is known.

HYPERGEOMETRIC
FORMULA

Acx i N—Acn—x

P(x) =
(x) C,

where
N =ssize of the population
n = sample size
A =number of successes in the population
x = number of successes in the sample; sampling is done without replacement

A hypergeometric distribution is characterized or described by three parameters:
N, A, and n. Because of the multitude of possible combinations of these three parame-
ters, creating tables for the hypergeometric distribution is practically impossible.
Hence, the researcher who selects the hypergeometric distribution for analyzing data
must use the hypergeometric formula to calculate each probability. Because this task
can be tedious and time-consuming, most researchers use the hypergeometric distribu-
tion as a fallback position when working binomial problems without replacement. Even
though the binomial distribution theoretically applies only when sampling is done with
replacement and p stays constant, recall that, if the population is large enough in com-
parison with the sample size, the impact of sampling without replacement on p is min-
imal. Thus the binomial distribution can be used in some situations when sampling is
done without replacement. Because of the tables available, using the binomial distribu-
tion instead of the hypergeometric distribution whenever possible is preferable. As a
rule of thumb, if the sample size is less than 5% of the population, use of the binomial
distribution rather than the hypergeometric distribution is acceptable when sampling is
done without replacement. The hypergeometric distribution yields the exact probabil-
ity, and the binomial distribution yields a good approximation of the probability in
these situations.

In summary, the hypergeometric distribution should be used instead of the binomial
distribution when the following conditions are present:

1. Sampling is being done without replacement.
2. n= 5% N.

Hypergeometric probabilities are calculated under the assumption of equally likely
sampling of the remaining elements of the sample space.

As an application of the hypergeometric distribution, consider the following prob-
lem. Twenty-four people, of whom eight are women, apply for a job. If five of the appli-
cants are sampled randomly, what is the probability that exactly three of those sampled
are women?

This problem contains a small, finite population of 24, or N = 24. A sample of five
applicants is taken, or n=5. The sampling is being done without replacement, because the
five applicants selected for the sample are five different people. The sample size is 21% of
the population, which is greater than 5% of the population (1n/N=5/24 = .21). The hyper-
geometric distribution is the appropriate distribution to use. The population breakdown is
A =8 women (successes) and N— A =24 — 8 = 16 men. The probability of getting x=3
women in the sample of n=75 is

8G 166y (56)(120) _

= = .1581
24Cs 42,504

Conceptually, the combination in the denominator of the hypergeometric formula
yields all the possible ways of getting # samples from a population, N, including the ones
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DEMONSTRATION
PROBLEM 5.11

PROBABI LI TY DENSI TY FUNCTI ON

Minitab Output for
Hypergeometric Problem

with the desired outcome. In this problem, there are 42,504 ways of selecting 5 people from
24 people. The numerator of the hypergeometric formula computes all the possible ways of
getting x successes from the A successes available and n — x failures from the N — A available
failures in the population. There are 56 ways of getting three women from a pool of eight,
and there are 120 ways of getting 2 men from a pool of 16. The combinations of each are
multiplied in the numerator because the joint probability of getting x successes and n — x
failures is being computed.

Suppose 18 major computer companies operate in the United States and that 12 are
located in California’s Silicon Valley. If three computer companies are selected ran-
domly from the entire list, what is the probability that one or more of the selected
companies are located in the Silicon Valley?

Solution
N=18,n=3,A=12,and x=1

This problem is actually three problems in one: x=1, x=2, and x= 3. Sampling
is being done without replacement, and the sample size is 16.6% of the population.
Hence this problem is a candidate for the hypergeometric distribution. The solution
follows.

x =1 X =2 x=3
C,-C C,-sC C;-C
12¢1°6b2 | 1202760 | 12037600
‘ISCS ‘ISCS 1863

.2206 + .4853 + .2696 .9755

An alternative solution method using the law of complements would be one
minus the probability that none of the companies is located in Silicon Valley, or

1—-P(x=0N=18,n=3,A=12)
Thus,

] - 122088 _ 4 _ 0245 = 9755

Using the Computer to Solve for
Hypergeometric Distribution Probabilities

Using Minitab or Excel, it is possible to solve for hypergeometric distribution probabilities
on the computer. Both software packages require the input of N, A, 1, and x. In either pack-
age, the resulting output is the exact probability for that particular value of x. The Minitab
output for the example presented in this section, where N = 24 people of whom A = 8 are
women, #n=>5 are randomly selected, and x= 3 are women, is displayed in Table 5.13. Note
that Minitab represents successes in the population as “M.” The Excel output for this same
problem is presented in Table 5.14.

Hypergeonetric with N =24,
M=8 and n =24

X
3

P(X =x)
0. 158103

Excel Output for a Hypergeometric Problem

The probability of x=3 when N=24, n=5,and A=8is: 0.158103
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Compute the following probabilities by using the hypergeometric formula.

a. The probability of x=3 if N=11, A=8,and n=4

b. The probability of x < 2if N=15,A=5,and n=6

c. The probability of x=0if N=9,A=2,and n=3

d. The probability of x > 4if N=20, A=5,and n=7

Shown here are the top 19 companies in the world in terms of oil refining capacity.

Some of the companies are privately owned and others are state owned. Suppose six
companies are randomly selected.

a. What is the probability that exactly one company is privately owned?

b. What is the probability that exactly four companies are privately owned?
c. What is the probability that all six companies are privately owned?

d. What is the probability that none of the companies is privately owned?

Company Ownership Status
ExxonMobil Private
Royal Dutch/Shell Private
British Petroleum Private
Sinopec Private
Valero Energy Private
Petroleos de Venezuela State
Total Private
ConocoPhillips Private
China National State
Saudi Arabian State
Chevron Private
Petroleo Brasilerio State
Petroleos Mexicanos State
National Iranian State
OAO Yukos Private
Nippon Private
OAO Lukoil Private
Repsol YPF Private
Kuwait National State

Catalog Age lists the top 17 U.S. firms in annual catalog sales. Dell Computer is

number one followed by IBM and W. W. Grainger. Of the 17 firms on the list, 8 are

in some type of computer-related business. Suppose four firms are randomly selected.

a. What is the probability that none of the firms is in some type of computer-related
business?

b. What is the probability that all four firms are in some type of computer-related
business?

c. What is the probability that exactly two are in non-computer-related business?

W. Edwards Deming in his red bead experiment had a box of 4,000 beads, of

which 800 were red and 3,200 were white.* Suppose a researcher were to

conduct a modified version of the red bead experiment. In her experiment, she

has a bag of 20 beads, of which 4 are red and 16 are white. This experiment

requires a participant to reach into the bag and randomly select five beads

without replacement.

a. What is the probability that the participant will select exactly four white beads?

b. What is the probability that the participant will select exactly four red beads?

c. What is the probability that the participant will select all red beads?

*Mary Walton, “Deming’s Parable of Red Beads,” Across the Board (February 1987): 43—48.
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5.31 Shown here are the top 10 U.S. cities ranked by number of rooms sold in a recent

year.

Rank City Number of Rooms Sold
1 Las Vegas (NV) 40,000,000
2 Orlando (FL) 27,200,000
3 Los Angeles (CA) 25,500,000
4 Chicago (IL) 24,800,000
5 New York City (NY) 23,900,000
6 Washington (DC) 22,800,000
7 Atlanta (GA) 21,500,000
8 Dallas (TX) 15,900,000
9 Houston (TX) 14,500,000

10 San Diego (CA) 14,200,000

Suppose four of these cities are selected randomly.

a. What is the probability that exactly two cities are in California?

b. What is the probability that none of the cities is east of the Mississippi River?

c. What is the probability that exactly three of the cities are ones with more than
24 million rooms sold?

5.32

A company produces and ships 16 personal computers knowing that 4 of them have
defective wiring. The company that purchased the computers is going to thoroughly
test three of the computers. The purchasing company can detect the defective wiring.

What is the probability that the purchasing company will find the following?

a. No defective computers

b. Exactly three defective computers

c. Two or more defective computers

d. One or fewer defective computer

5.33 A western city has 18 police officers eligible for promotion. Eleven of the 18 are
Hispanic. Suppose only five of the police officers are chosen for promotion and that
one is Hispanic. If the officers chosen for promotion had been selected by chance
alone, what is the probability that one or fewer of the five promoted officers would
have been Hispanic? What might this result indicate?

DECISION -
DILEMM{

Suppose that 14% of cell phone
owners in the United States use only
cellular phones. If 20 Americans are

randomly selected, what is the probability that more than 7
use only cell phones? Converting the 14% to a proportion, the
value of p is .14, and this is a classic binomial distribution
problem with n=20 and x > 7. Because the binomial distri-
bution probability tables (Appendix A, Table A.2) do not
include p = .14, the problem will have to be solved using the
binomial formula for each of x=38, 9, 10, 11, ..., 20.

Forx = 8 ,,Cy(.14)3(.86)"? = .0030

Life with a Cell Phone

Solving for x =9, 10, and 11 in a similar manner results in
probabilities of .0007, .0001, and .0000, respectively. Since the
probabilities “zero out” at x = 11, we need not proceed on to
x =12,13, 14, ..., 20. Summing these four probabilities (x =38,
x=9,x=10,and x=11) results in a total probability of .0038
as the answer to the posed question. To further understand
these probabilities, we calculate the expected value of this
distribution as:

w=n-p=20014) = 2.8

In the long run, one would expect to average about 2.8
Americans out of every 20 who consider their cell phone as
their primary phone number. In light of this, there is a very
small probability that more than seven Americans would do so.

The study also stated that 9 out of 10 cell users encounter
others using their phones in an annoying way. Converting this
to p=.90 and using n=25 and x < 20, this, too, is a binomial



problem, but it can be solved by using the binomial tables
obtaining the values shown below:

x Probability
19 .024
18 .007
17 .002
16 .000

The total of these probabilities is .033. Probabilities for all
other values (x = 15) are displayed as .000 in the binomial
probability table and are not included here. If 90% of all cell
phone users encounter others using their phones in an annoy-
ing way, the probability is very small (.033) that out of 25 ran-
domly selected cell phone users less than 20 encounter others
using their phones in an annoying way. The expected number
in any random sample of 25 is (25)(.90) = 22.5.

Suppose, on average, cell phone users receive 3.6 calls per
day. Given that information, what is the probability that a cell
phone user receives no calls per day? Since random telephone
calls are generally thought to be Poisson distributed, this prob-
lem can be solved by using either the Poisson probability for-
mula or the Poisson tables (A.3, Appendix A). In this problem,
A =3.6 and x= 0; and the probability associated with this is:
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et (3.6)%3°
£ o

= .0273

What is the probability that a cell phone user receives 5 or
more calls in a day? Since this is a cumulative probability
question (x =5), the best option is to use the Poisson proba-
bility tables (A.3, Appendix A) to obtain:

x Probability
5 1377
6 .0826
7 .0425
8 .0191
9 .0076
10 .0028
11 .0009
12 .0003
13 .0001
14 .0000
total 2936

There is a 29.36% chance that a cell phone user will receive 5
or more calls per day if, on average, such a cell phone user
averages 3.6 calls per day.

SUMMARY

Probability experiments produce random outcomes. A vari-
able that contains the outcomes of a random experiment is
called a random variable. Random variables such that the set
of all possible values is at most a finite or countably infinite
number of possible values are called discrete random
variables. Random variables that take on values at all points
over a given interval are called continuous random variables.
Discrete distributions are constructed from discrete random
variables. Continuous distributions are constructed from con-
tinuous random variables. Three discrete distributions are the
binomial distribution, Poisson distribution, and hypergeo-
metric distribution.

The binomial distribution fits experiments when only
two mutually exclusive outcomes are possible. In theory,
each trial in a binomial experiment must be independent of
the other trials. However, if the population size is large
enough in relation to the sample size (n < 5%N), the bino-
mial distribution can be used where applicable in cases
where the trials are not independent. The probability of get-
ting a desired outcome on any one trial is denoted as p,
which is the probability of getting a success. The binomial
formula is used to determine the probability of obtaining x

outcomes in # trials. Binomial distribution problems can be
solved more rapidly with the use of binomial tables than by
formula. Table A.2 of Appendix A contains binomial tables
for selected values of n and p.

The Poisson distribution usually is used to analyze phe-
nomena that produce rare occurrences. The only information
required to generate a Poisson distribution is the long-run
average, which is denoted by lambda (A). The Poisson distri-
bution pertains to occurrences over some interval. The
assumptions are that each occurrence is independent of other
occurrences and that the value of lambda remains constant
throughout the experiment. Poisson probabilities can be
determined by either the Poisson formula or the Poisson
tables in Table A.3 of Appendix A. The Poisson distribution
can be used to approximate binomial distribution problems
when 7 is large (n > 20), pis small,and n-p = 7.

The hypergeometric distribution is a discrete distribution
that is usually used for binomial-type experiments when the
population is small and finite and sampling is done without
replacement. Because using the hypergeometric distribution
is a tedious process, using the binomial distribution whenever
possible is generally more advantageous.

KEY TERMS

binomial distribution

continuous distributions

continuous random
variables

discrete distributions
discrete random variables
hypergeometric distribution
lambda (A)

mean or expected value
Poisson distribution
random variable
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FORMULAS

Mean (expected) value of a discrete distribution

Mean of a binomial distribution

p=E® = Z[x-P(»)]

Variance of a discrete distribution

o’ =

Z(x = - P(x)]

Standard deviation of a discrete distribution

o= VE[(x— p? Px)

Binomial formula

o pr g =t gt

M =mn-p
Standard deviation of a binomial distribution
()' = \( n . p . q
Poisson Formula
Ne
P(x) =
x!

Hypergeometric formula
4G N-aCu—x

P(x) =
(x) C.

ETHICAL CONSIDERATIONS

Several points must be emphasized about the use of dis-
crete distributions to analyze data. The independence
and/or size assumptions must be met in using the binomial
distribution in situations where sampling is done without
replacement. Size and A assumptions must be satisfied in
using the Poisson distribution to approximate binomial
problems. In either case, failure to meet such assumptions
can result in spurious conclusions.

As n increases, the use of binomial distributions to study
exact x-value probabilities becomes questionable in deci-
sion making. Although the probabilities are mathematically
correct, as 1 becomes larger, the probability of any particu-
lar x value becomes lower because there are more values
among which to split the probabilities. For example, if
n =100 and p = .50, the probability of x = 50 is .0796. This
probability of occurrence appears quite low, even though
x =50 is the expected value of this distribution and is also
the value most likely to occur. It is more useful to decision
makers and, in a sense, probably more ethical to present

cumulative values for larger sizes of n. In this example, it is
probably more useful to examine P (x > 50) than P (x = 50).

The reader is warned in the chapter that the value of A
is assumed to be constant in a Poisson distribution experi-
ment. Researchers may produce spurious results because
the A value changes during a study. For example, suppose
the value of A is obtained for the number of customer
arrivals at a toy store between 7 P.M. and 9 P.M. in the month
of December. Because December is an active month in
terms of traffic volume through a toy store, the use of such
a A to analyze arrivals at the same store between noon and
2 .M. in February would be inappropriate and, in a sense,
unethical.

Errors in judgment such as these are probably more a
case of misuse than lack of ethics. However, it is important
that statisticians and researchers adhere to assumptions and
appropriate applications of these techniques. The inability
or unwillingness to do so opens the way for unethical deci-
sion making.

SUPPLEMENTARY PROBLEMS

CALCULATING THE STATISTICS 5.35 Use Table A.2, Appendix A, to find the values of the fol-
lowing binomial distribution problems.
a. P(x=14/n=20and p=.60)
b. P(x < 5|n=10and p=.30)
c. P(x = 12|n=15and p=.60)
d. P(x > 20/n=25and p=.40)

5.34 Solve for the probabilities of the following binomial dis-
tribution problems by using the binomial formula.
a. If n=11 and p=.23, what is the probability that x = 4?
b. If n=6and p= .50, what is the probability that x = 1?
c. If n=9and p=.85, what is the probability that x > 7?
d. If n=14 and p=.70, what is the probability that x = 3?
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Use the Poisson formula to solve for the probabilities of
the following Poisson distribution problems.

a. If A=1.25, what is the probability that x = 4?

b. If A =6.37, what is the probability that x = 1?

c. If A=2.4, what is the probability that x > 5?

Use Table A.3, Appendix A, to find the following Poisson
distribution values.

a. P(x=3|A=1.8)

b. P(x < 5|A=3.3)

c. P(x=3/A=21)

d. P2 < x = 5/A=42)

Solve the following problems by using the hypergeomet-

ric formula.

a. If N=6, n=4,and A= 5, what is the probability that
x=3?

b. If N=10, n=3,and A=5, what is the probability that
x =12

c. If N=13, n=>5,and A= 3, what is the probability that
x =

TESTING YOUR UNDERSTANDING

5.39

5.40

In a study by Peter D. Hart Research Associates for the

Nasdaq Stock Market, it was determined that 20% of all

stock investors are retired people. In addition, 40% of all

U.S. adults invest in mutual funds. Suppose a random

sample of 25 stock investors is taken.

a. What is the probability that exactly seven are retired
people?

b. What is the probability that 10 or more are retired
people?

c. How many retired people would you expect to find in
a random sample of 25 stock investors?

d. Suppose a random sample of 20 U.S. adults is taken.
What is the probability that exactly eight adults invested
in mutual funds?

e. Suppose a random sample of 20 U.S. adults is taken.
What is the probability that fewer than six adults
invested in mutual funds?

f. Suppose a random sample of 20 U.S. adults is taken.
What is the probability that none of the adults invested
in mutual funds?

g. Suppose a random sample of 20 U.S. adults is taken.
What is the probability that 12 or more adults invested
in mutual funds?

h. For parts e—g, what exact number of adults would
produce the highest probability? How does this com-
pare to the expected number?

A service station has a pump that distributes diesel fuel to

automobiles. The station owner estimates that only about

3.2 cars use the diesel pump every 2 hours. Assume the

arrivals of diesel pump users are Poisson distributed.

a. What is the probability that three cars will arrive to
use the diesel pump during a one-hour period?

b. Suppose the owner needs to shut down the diesel
pump for half an hour to make repairs. However, the

5.41
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owner hates to lose any business. What is the probabil-
ity that no cars will arrive to use the diesel pump dur-
ing a half-hour period?

c. Suppose five cars arrive during a one-hour period to
use the diesel pump. What is the probability of five or
more cars arriving during a one-hour period to use
the diesel pump? If this outcome actually occurred,
what might you conclude?

In a particular manufacturing plant, two machines (A

and B) produce a particular part. One machine (B) is

newer and faster. In one five-minute period, a lot con-

sisting of 32 parts is produced. Twenty-two are produced

by machine B and the rest by machine A. Suppose an

inspector randomly samples a dozen of the parts from

this lot.

a. What is the probability that exactly three parts were
produced by machine A?

b. What is the probability that half of the parts were pro-
duced by each machine?

c. What is the probability that all of the parts were pro-
duced by machine B?

d. What is the probability that seven, eight, or nine parts
were produced by machine B?

Suppose that, for every lot of 100 computer chips a com-
pany produces, an average of 1.4 are defective. Another
company buys many lots of these chips at a time, from
which one lot is selected randomly and tested for defects.
If the tested lot contains more than three defects, the
buyer will reject all the lots sent in that batch. What is the
probability that the buyer will accept the lots? Assume
that the defects per lot are Poisson distributed.

The National Center for Health Statistics reports that

25% of all Americans between the ages of 65 and 74 have

a chronic heart condition. Suppose you live in a state

where the environment is conducive to good health and

low stress and you believe the conditions in your state
promote healthy hearts. To investigate this theory, you
conduct a random telephone survey of 20 persons 65 to

74 years of age in your state.

a. On the basis of the figure from the National Center for
Health Statistics, what is the expected number of per-
sons 65 to 74 years of age in your survey who have a
chronic heart condition?

b. Suppose only one person in your survey has a chronic
heart condition. What is the probability of getting one
or fewer people with a chronic heart condition in a
sample of 20 if 25% of the population in this age
bracket has this health problem? What do you con-
clude about your state from the sample data?

A survey conducted for the Northwestern National Life
Insurance Company revealed that 70% of American
workers say job stress caused frequent health problems.
One in three said they expected to burn out in the job in
the near future. Thirty-four percent said they thought
seriously about quitting their job last year because of
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work-place stress. Fifty-three percent said they were

required to work more than 40 hours a week very often

or somewhat often.

a. Suppose a random sample of 10 American workers is
selected. What is the probability that more than seven
of them say job stress caused frequent health prob-
lems? What is the expected number of workers who
say job stress caused frequent health problems?

b. Suppose a random sample of 15 American workers is
selected. What is the expected number of these sam-
pled workers who say they will burn out in the near
future? What is the probability that none of the work-
ers say they will burn out in the near future?

c. Suppose a sample of seven workers is selected ran-
domly. What is the probability that all seven say they
are asked very often or somewhat often to work more
than 40 hours a week? If this outcome actually hap-
pened, what might you conclude?

According to Padgett Business Services, 20% of all small-

business owners say the most important advice for start-

ing a business is to prepare for long hours and hard
work. Twenty-five percent say the most important advice
is to have good financing ready. Nineteen percent say

having a good plan is the most important advice; 18%

say studying the industry is the most important advice;

and 18% list other advice. Suppose 12 small business
owners are contacted, and assume that the percentages
hold for all small-business owners.

a. What is the probability that none of the owners would
say preparing for long hours and hard work is the
most important advice?

b. What is the probability that six or more owners would
say preparing for long hours and hard work is the
most important advice?

c. What is the probability that exactly five owners would
say having good financing ready is the most important
advice?

d. What is the expected number of owners who would
say having a good plan is the most important advice?

According to a recent survey, the probability that a pas-

senger files a complaint with the Department of

Transportation about a particular U.S. airline is .000014.

Suppose 100,000 passengers who flew with this particu-

lar airline are randomly contacted.

a. What is the probability that exactly five passengers
filed complaints?

b. What is the probability that none of the passengers
filed complaints?

c. What is the probability that more than six passengers
filed complaints?

A hair stylist has been in business one year. Sixty percent
of his customers are walk-in business. If he randomly
samples eight of the people from last week’s list of cus-
tomers, what is the probability that three or fewer were
walk-ins? If this outcome actually occurred, what would
be some of the explanations for it?
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A Department of Transportation survey showed that 60%
of U.S. residents over 65 years of age oppose use of cell
phones in flight even if there were no issues with the
phones interfering with aircraft communications systems.
If this information is correct and if a researcher randomly
selects 25 U.S. residents who are over 65 years of age,

a. What is the probability that exactly 12 oppose the use
of cell phones in flight?

b. What is the probability that more than 17 oppose the
use of cell phones in flight?

c. What is the probability that less than eight oppose the
use of cell phones in flight? If the researcher actually
got less than eight, what might she conclude about the
Department of Transportation survey?

A survey conducted by the Consumer Reports National
Research Center reported, among other things, that
women spend an average of 1.2 hours per week shop-
ping online. Assume that hours per week shopping
online are Poisson distributed. If this survey result is
true for all women and if a woman is randomly selected,
a. What is the probability that she did not shop at all
online over a one-week period?
b. What is the probability that a woman would shop
three or more hours online during a one-week period?
c. What is the probability that a woman would shop
fewer than five hours in a three-week period?

According to the Audit Bureau of Circulations, the top
25 city newspapers in the United States ranked accord-
ing to circulation are:

Rank Newspaper
1 New York Times (NY)
2 Los Angeles Times (CA)
3 New York Daily News (NY)
4 New York Post (NY)
5 Washington Post (DC)
6 Chicago Tribune (IL)
7 Houston Chronicle (TX)
8 Phoenix Arizona Republic (AZ)
9 Long Island Newsday (NY)
10 San Francisco Chronicle (CA)
11 Dallas Morning News (TX)
12 Boston Globe (MA)
13 Newark Star-Ledger (NJ)
14 Philadelphia Inquirer (PA)
15 Cleveland Plain Dealer (OH)
16 Atlanta Journal-Constitution (GA)
17 Minneapolis Star Tribune (MN)
18 St. Petersburg Times (FL)
19 Chicago Sun-Times (IL)
20 Detroit Free Press (MI)
21 Portland Oregonian (OR)
22 San Diego Union-Tribune (CA)
23 Sacramento Bee (CA)
24 Indianapolis Star (IN)
25 St. Louis Post Dispatch (MO)
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Suppose a researcher wants to sample a portion of these

newspapers and compare the sizes of the business sec-

tions of the Sunday papers. She randomly samples eight

of these newspapers.

a. What is the probability that the sample contains exactly
one newspaper located in New York state?

b. What is the probability that half of the newspapers are
ranked in the top 10 by circulation?

c. What is the probability that none of the newspapers is
located in California?

d. What is the probability that exactly three of the news-
papers are located in states that begin with the letter M?

An office in Albuquerque has 24 workers including man-

agement. Eight of the workers commute to work from

the west side of the Rio Grande River. Suppose six of the

office workers are randomly selected.

a. What is the probability that all six workers commute
from the west side of the Rio Grande?

b. What is the probability that none of the workers com-
mute from the west side of the Rio Grande?

c. Which probability from parts (a) and (b) was greatest?
Why do you think this is?

d. What is the probability that half of the workers do not
commute from the west side of the Rio Grande?

According to the U.S. Census Bureau, 20% of the work-
ers in Atlanta use public transportation. If 25 Atlanta
workers are randomly selected, what is the expected
number to use public transportation? Graph the bino-
mial distribution for this sample. What are the mean and
the standard deviation for this distribution? What is the
probability that more than 12 of the selected workers use
public transportation? Explain conceptually and from
the graph why you would get this probability. Suppose
you randomly sample 25 Atlanta workers and actually
get 14 who use public transportation. Is this outcome
likely? How might you explain this result?

One of the earliest applications of the Poisson distribution
was in analyzing incoming calls to a telephone switch-
board. Analysts generally believe that random phone calls
are Poisson distributed. Suppose phone calls to a switch-
board arrive at an average rate of 2.4 calls per minute.

a. If an operator wants to take a one-minute break, what
is the probability that there will be no calls during a
one-minute interval?

b. If an operator can handle at most five calls per minute,
what is the probability that the operator will be unable
to handle the calls in any one-minute period?

c. What is the probability that exactly three calls will
arrive in a two-minute interval?

d. What is the probability that one or fewer calls will
arrive in a 15-second interval?

A survey by Frank N. Magid Associates revealed that 3%

of Americans are not connected to the Internet at home.

Another researcher randomly selects 70 Americans.

a. What is the expected number of these who would not
be connected to the Internet at home?
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b. What is the probability that eight or more are not con-
nected to the Internet at home?

c. What is the probability that between three and six
(inclusive) are not connected to the Internet at home?

Suppose that in the bookkeeping operation of a large

corporation the probability of a recording error on any

one billing is .005. Suppose the probability of a record-

ing error from one billing to the next is constant, and

1,000 billings are randomly sampled by an auditor.

a. What is the probability that fewer than four billings
contain a recording error?

b. What is the probability that more than 10 billings con-
tain a billing error?

c. What is the probability that all 1,000 billings contain
no recording errors?

According to the American Medical Association, about
36% of all U.S. physicians under the age of 35 are women.
Your company has just hired eight physicians under the
age of 35 and none is a woman. If a group of women
physicians under the age of 35 want to sue your company
for discriminatory hiring practices, would they have a
strong case based on these numbers? Use the binomial
distribution to determine the probability of the com-
pany’s hiring result occurring randomly, and comment
on the potential justification for a lawsuit.

The following table lists the 25 largest U.S. universities
according to enrollment figures from The World Almanac.
The state of location is given in parentheses.

University Enrollment
University of Phoenix (AZ) 160,150
Ohio State University (OH) 51,818
Arizona State University (AZ) 51,234
University of Florida (FL) 50,822
University of Minnesota (MN) 50,402
University of Texas at Austin (TX) 49,697
University of Central Florida (FL) 46,719
Michigan State University (MI) 45,520
Texas A&M University (TX) 45,380
University of South Florida (FL) 43,636
Penn State University Park (PA) 42914
University of Illinois (IL) 42,728
University of Wisconsin (WI) 41,466
New York University (NY) 40,870
University of Michigan (MI) 40,025
Florida State University (FL) 39,973
University of Washington (WA) 39,524
Purdue University (IN) 39,228
Indiana University (IN) 38,247
University of California, Los Angeles (CA) 38,218
Florida International University (FL) 37,997
University of Arizona (AZ) 36,805
California State University, Fullerton (CA) 35,921

California State University, Long Beach (CA)
University of Maryland, College Park (MD)

35,574
35,300
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a. If five different universities are selected randomly
from the list, what is the probability that three of them
have enrollments of 40,000 or more?

b. If eight different universities are selected randomly
from the list, what is the probability that two or fewer
are universities in Florida?

c. Suppose universities are being selected randomly
from this list with replacement. If five universities are
sampled, what is the probability that the sample will
contain exactly two universities in California?

In one midwestern city, the government has 14 repos-

sessed houses, which are evaluated to be worth about the

same. Ten of the houses are on the north side of town and

the rest are on the west side. A local contractor submitted

a bid to purchase four of the houses. Which houses the

contractor will get is subject to a random draw.

a. What is the probability that all four houses selected
for the contractor will be on the north side of town?

b. What is the probability that all four houses selected
for the contractor will be on the west side of town?

c. What is the probability that half of the houses selected
for the contractor will be on the west side and half on
the north side of town?

The Public Citizen’s Health Research Group studied the

serious disciplinary actions that were taken during a

recent year on nonfederal medical doctors in the United

States. The national average was 2.92 serious actions per

1,000 doctors. The state with the lowest number was

South Carolina, with 1.18 serious actions per 1,000 doc-

tors. Assume that the numbers of serious actions per

1,000 doctors in both the United States and in South

Carolina are Poisson distributed.

a. What is the probability of randomly selecting 1,000
U.S. doctors and finding no serious actions taken?

b. What is the probability of randomly selecting 2,000
U.S. doctors and finding six serious actions taken?

c. What is the probability of randomly selecting 3,000
South Carolina doctors and finding fewer than seven
serious actions taken?

INTERPRETING THE OUTPUT

5.60

Study the Minitab output. Discuss the type of distribu-
tion, the mean, standard deviation, and why the proba-
bilities fall as they do.

Probability Density Function

Binomal with n = 15 and n = 0. 36
AX = X)
0. 001238
. 010445
.041128
100249
. 169170
. 209347
. 196263
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. 079841
. 034931
. 011789
. 003014
. 000565
. 000073
. 000006
. 000000

O OO OO0 OoOOo

5.61 Study the Excel output. Explain the distribution in terms
of shape and mean. Are these probabilities what you
would expect? Why or why not?

x Values

0

©W oo ~NOOT s WN =

_
- O

Poisson Probabilities: 1= 2.78
0.0620
0.1725
0.2397
0.2221
0.1544
0.0858
0.0398
0.0158
0.0055
0.0017
0.0005
0.0001

5.62 Study the graphical output from Excel. Describe the distri-
bution and explain why the graph takes the shape it does.

0.2 —
0.18 —
0.16 —
0.14 —
0.12 —

0.1 —

Probability

0.08 —
0.06 —
0.04 —
0.02 —

Binomial Distribution: #» = 22 and p = .64

4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

X Values

5.63 Study the Minitab graph. Discuss the distribution
including type, shape, and probability outcomes.

Probability

0.3

<
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e
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Poisson Distribution: Lambda = 1.784
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ANALYZING THE DATABASES

1. Use the Consumer Food database. What proportion of the
database households are in the Metro area? Use this as the
value of p in a binomial distribution. If you were to randomly
select 12 of these households, what is the probability that
fewer than 3 would be households in the Metro area? If you
were to randomly select 25 of these households, what is the
probability that exactly 8 would be in the Metro area?

2. Use the Hospital database. What is the breakdown between
hospitals that are general medical hospitals and those that are
psychiatric hospitals in this database of 200 hospitals? (Hint:

In Service, 1 = general medical and 2 = psychiatric). Using
these figures and the hypergeometric distribution, determine
the probability of randomly selecting 16 hospitals from the
database and getting exactly 9 that are psychiatric hospitals.
Now, determine the number of hospitals in this database that
are for-profit (Hint: In Control, 3 = for-profit). From this
number, calculate p, the proportion of hospitals that are for-
profit. Using this value of p and the binomial distribution,
determine the probability of randomly selecting 30 hospitals
and getting exactly 10 that are for-profit.

KODAK TRANSITIONS WELL INTO THE DIGITAL CAMERA MARKET

George Eastman was born in 1854 in Upstate New York. A
high school dropout because of the untimely death of his
father and the ensuing financial needs of his family, Eastman
began his business career as a 14-year-old office boy in an
insurance company, eventually taking charge of policy filing
and even policy writing. In a few years, after studying account-
ing on the side, he became a bank clerk. When Eastman was
24, he was making plans for a trip to the Caribbean when a
coworker suggested that he record the trip. Eastman bought
considerable photographic equipment and learned how to
take pictures. He described the complete outfit of his photo-
graphic equipment as a “pack-horse load.” Eastman never
made the trip to the Caribbean, but he did spend the rest of
his life in pursuit of simplifying the complicated photographic
process, reducing the size of the load, and making picture tak-
ing available to everyone.

After experimenting for several years with various chemi-
cal procedures related to the photographic process at night
while maintaining his job at the bank during the day, Eastman
found a dry plate formula that worked, and he patented a
machine for preparing large numbers of dry plates. In April
1880, he leased the third floor of a building in Rochester, New
York, and began to manufacture dry plates for sale. Soon
Eastman realized that what he was actually doing was attempt-
ing to make photography an everyday affair. He described it as
trying “to make the camera as convenient as the pencil.” In
Eastman’s experiments, he discovered how to use paper with a
layer of plain, soluble gelatin mounted on a roll holder to take
pictures rather than using dry plates. In 1885, he began mass
advertising his products, and 1888, he introduced the Kodak
camera. By 1896, 100,000 Kodak cameras had been produced,
and film and photographic paper was being made at a rate of
about 400 miles a month. Today, the trademark, “Kodak,”
coined by Eastman, himself, is known around the world for
excellence in photographic products. Kodak has manufactur-
ing operations in North America, South America, and Europe,
and Kodak products are available in virtually every country in

the world. Kodak’s products include digital cameras, healthcare
scanners, printing equipment, imaging, radiography, projec-
tors, film, digital imaging products, and many more. By the year
2007, the Eastman Kodak company had 26,900 employees and
sales of over $ 10.3 billion.

Discussion

Suppose you are a part of a Kodak team whose task it is to
examine quality, customer satisfaction, and market issues.
Using techniques presented in this chapter, analyze and dis-
cuss the following questions:

1. According to general market information, Kodak is num-
ber three in the sales of digital cameras in the United
States, with a market share of 16%. However, your team
wants to confirm that this figure is constant for various
geographic segments of the country. In an effort to study
this issue, a random sample of 30 current purchasers of
digital cameras is taken in each of the Northeast, the
South, the Midwest, and the West. If the 16% market
share figure is constant across regions, how many of the
30 purchases of digital cameras would the company
expect to be Kodak cameras in each region? If 8 or more
of the 30 purchases in the Northeast are Kodak, what
might that tell the team? If fewer than 3 of the 30 pur-
chases in the South are Kodak brand, what does that
mean? Suppose none of the 30 purchases in the Midwest
is Kodak brand digital cameras. Is it still possible that
Kodak holds 16% of the market share? Why or why not?
If, indeed, Kodak holds a 16% share of the market in the
West, is it likely that in a sample of 30 purchases that 20
or more are Kodak? Explain to the team.

2. Digital cameras have been quickly replacing film cameras
in recent years. Companies that did not respond to the
rapid market change were severely hurt and several went
out of business. Kodak responded by embracing the new
digital picture-taking platform, while at the same time
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continuing its efforts in the production and marketing of
film and film cameras thereby creating a somewhat seam-
less segue into the digital market. Suppose the Kodak
team wants to ascertain if people take more or fewer pic-
tures with the digital format than they did with film cam-
eras. Suppose in a previous study using film cameras, it
was determined that, on average during daylight hours,
families on vacation took 1.5 pictures per hour. Using this
figure as a guide, if the Kodak team randomly samples
families on vacation in various parts of the United States
who are using digital cameras to take pictures, what is the
probability that a family takes four or more pictures in an
hour? What is the probability that a family takes six or
more pictures per hour? What is the probability that a
family takes nine or more pictures per hour? What might
the answers to these questions indicate about the usage of
digital cameras versus film cameras?

. According to company information, Kodak Easyshare
Digital Cameras ranked highest in customer satisfaction

in the $200 to $399 and $400 to $599 price segments in a
recent year. Suppose a consumer group conducts a study
of 60 recent purchasers of digital cameras, of which 14 own
a Kodak Easyshare Digital Camera. In the study, camera
owners are asked to rate their satisfaction with their cam-
eras on a scale from 0 to 100. The top 10 satisfaction scores
are taken, and 4 of the top 10 are from owners of Kodak
Easyshare Digital Cameras. Is this about what is to be
expected given the number of owners of this camera in
the pool of 60 purchasers? If not, how can you explain the
disparity? Suppose seven of the top 10 satisfaction scores
were obtained from Kodak Easyshare Digital Camera pur-
chasers. What might this indicate?

Adapted from: Information found at Kodak’s Web site: http://www.kodak.
com and “Kodak Tops USA Digital Camera Market” at Web site: http://www.
letsgodigital.org/en/news/articles/story_6315.html. http://www.macworld.com/
article/55236/2007/02/cameras.html; http://www.hoovers.com/eastman-kodak/
--ID_10500--/free-co-factsheet.xhtml

USING THE COMPUTER

EXCEL

Excel can be used to compute exact or cumulative proba-
bilities for particular values of discrete distributions
including the binomial, Poisson, and hypergeometric
distributions.

Calculation of probabilities from each of these distribu-
tions begins with the Insert Function (f,). To access the
Insert Function, go to the Formulas tab on an Excel work-
sheet (top center tab). The Insert Function is on the far left
of the menu bar. In the Insert Function dialog box at the
top, there is a pulldown menu where it says Or select a cat-
egory. From the pulldown menu associated with this com-
mand, select Statistical.

To compute probabilities from a binomial distribution,
select BINOMDIST from the Insert Function’s Statistical
menu. In the BINOMDIST dialog box, there are four lines
to which you must respond. On the first line, Number_s,
enter the value of x, the number of successes. On the sec-
ond line, Trials, enter the number of trials (sample size, ).
On the third line, Probability_s, enter the value of p. The
fourth line, Cumulative, requires a logical response of
either TRUE or FALSE. Place TRUE in the slot to get the
cumulative probabilities for all values from 0 to x. Place
FALSE in the slot to get the exact probability of getting x
successes in  trials.

To compute probabilities from a Poisson distribution, select
POISSON from the Insert Function’s Statistical menu. In
the POISSON dialog box, there are three lines to which you
must respond. On the first line, X, enter the value of x, the
number of events. On the second line, Mean, enter the

expected number, A. The third line, Cumulative, requires a
logical response of either TRUE or FALSE. Place TRUE in
the slot to get the cumulative probabilities for all values
from 0 to x. Place FALSE in the slot to get the exact proba-
bility of getting x successes when A is the expected number.

To compute probabilities from a hypergeometric distribu-
tion, select HYPGEOMDIST from the Insert Function’s
Statistical menu. In the HYPGEOMDIST dialog box, there
are four lines to which you must respond. On the first line,
Sample_s, enter the value of x, the number of successes in
the sample. On the second line, Number_sample, enter the
size of the sample, #. On the third line, Population_s, enter
the number of successes in the population. The fourth line,
Number_pop, enter the size of the population, N.

MINITAB

Probabilities can be computed using Minitab for the bino-
mial distribution, the Poisson distribution, and the hyper-
geometric distribution.

To begin binomial distribution probabilities, select Calc on
the menu bar. Select Probability Distributions from the
pulldown menu. From the long second pulldown menu,
select Binomial. From the dialog box, check how you want
the probabilities to be calculated from Probability,
Cumulative probability, or Inverse cumulative probability.
Probability yields the exact probability n, p, and x.
Cumulative probability produces the cumulative probabili-
ties for values less than or equal to x. Inverse probability
yields the inverse of the cumulative probabilities. If you want
to compute probabilities for several values of x, place them
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in a column, and list the column location in Input column.
If you want to compute the probability for a particular value
of x, check Input constant, and enter the value of x.

To begin Poisson distribution probabilities, select Calc on
the menu bar. Select Probability Distributions from the
pulldown menu. From the long second pulldown menu,
select Poisson. From the dialog box, check how you want the
probabilities to be calculated from Probability, Cumulative
probability, or Inverse cumulative probability. Probability
yields the exact probability of a particular A, and x.
Cumulative probability produces the cumulative probabili-
ties for values less than or equal to x. Inverse probability
yields the inverse of the cumulative probabilities. If you want
to compute probabilities for several values of x, place them
in a column, and list the column location in Input column.
If you want to compute the probability for a particular value
of x, check Input constant, and enter the value of x.
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To begin hypergeometric distribution probabilities, select
Calc on the menu bar. Select Probability Distributions
from the pulldown menu. From the long second pull-down
menu, select Hypergeometric. From the dialog box, check
how you want the probabilities to be calculated from
Probability, Cumulative probability, or Inverse cumula-
tive probability. Probability yields the exact probability of
a particular combination of N, A, n, and x. Note that
Minitab uses M for number of successes in the population
instead of A. Cumulative probability produces the cumu-
lative probabilities for values less than or equal to x.
Inverse probability yields the inverse of the cumulative
probabilities. If you want to compute probabilities for sev-
eral values of x, place them in a column, and list the column
location in Input column. If you want to compute the prob-
ability for a particular value of x, check Input constant, and
enter the value of x.
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